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I. A solution of the equations for the equilibrium of elastic solids having 
an axis of material symmetry, and its application to rotating spheroids. 
By C. Chkee, M.A., Fellow of ELing's College, Cambridge. 

[Read Nov. 25, 1889.] 

§ 1. If t„., t^.. denote the stresses and u, v, w the displacements in an elastic 
solid of uniform density p, acted on by an external system of forces X, Y, Z, the 
three internal equations are of the form 



dt dt dt .^ cPu 
dx dy dz '^ dt* 



.(1). 



If the axis of ;e^ be an axis of symmetry in the material, the stress-strain 
relations are* 



.(2). 



^ du . ,o - . ^\dv ^ .,dw . . fdw , du\ 

*- = * U'^dyr ^'HJ' *--'U + d«.J- ) 

When the solid is in equilibrium in the absence of the bodily forces X, F, Z, 
substituting in (1) from (2) and arranging the terms we get 



fV»«+(d-f)^+(f+fof+(d+d'-f-f')?T = o. 






dx 



dxdz 



fv^+(*-.)Sf (f+n |-K*+*--f-r) ^.0. 



dW + (0-ikl-d')$ + (d + 4')g 



= 0. 



..(3). 

••(4). 
.(5): 



* Saint-Venant's TUont de r&lattieiU dei Corg* Solidet de CUbteh, p. 77. 

Vol. XV. Part I. 
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2 Mr C. CHREE, ON A SOLUTION OF THE EQUATIONS 

where as usual 

'^ dx dy dz 

rri _ ^ ^ ^ /*j\ 

""d^^d^^d^ ^ ^* 

Differentiating (3) with respect to x and (4) with respect to y, then adding and 
arranging the terms, we get 

[(2f + r)V+(d-2f-f) ^,j«=[^(2f+r-d-d')v»+(2d + d'-2f-r)^] S'-^^^- 

Differentiating (5) with respect to z we get 

<*+«'')©+[«'• Hc-M-d-)^]£=« .(9). 

Combining (8) and (9) we find for the equation from which 3 or -?- must be 
derived 

fd (2f + O V . V + {(2f + f (c - 2d) - d' (2d + d')} V» ^ 



+ {od-(2f+f)(c-d) + d'(2d + d')}^]^^ = (10). 



dz 
In this equation it is obvious that S may be replaced by 3i + j-- 

§ 2. Confining our. attention to solutions containing only integral powers of the 
variables, it is obvious that (10) is satisfied by any term the sum of whose indices is 
less than 4. For our immediate purpose we do not require to carry the expression for 
S above the t^rms of the second degree of the variables, and so the equations we 
shall really have to do with at present are (8) and (9) not (10). 

All possible terms not higher than the second degree are included in 

+ 6B,.,«?y + 3il^,«^ + 3J5,.,y^ (11), 

^=similar expression with dashed letters (12), 

where -4,^^, A\^^ etc. are constants. 

The first of the two suffixes attached to a letter indicates the dimensions of the 
corresponding terms in the expressions for the displacements. A second suffix has not 
been attached to F^ and F^ because these constants in consequence of (8) and (9) are 
immediately connected with A^^ and A\^ by the relations 
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FOR THE EQUILIBRIUM OF ELASTIC SOLIDS. S 

(d - 2f - f) -<!„ + 2 (2f + r) i", = (2d + d' - 2f - r) il'„ + 2 (2f + r - d - dO ^,'. . .(13), 

(d + d')A. + (o-2d-d').i;. + 2dF,' = (14). 

From (13) and (14) we could substitute at once for F^ and F^, but it will be 
more convenient to retain them at present. 

Integrating (12) we find 

+ ZA\,z (a^-j^)+ 6B'^,xyz + ^A'^^xt^ + f^'^.y^ + F,'z («• + y») 

+ *(«.y) (15); 

where 

<f>(x,y)s7,x + ^,y + y^+7, (a^-jf) + ?.(«* + y*) 

+ i,,(«»-3a^) + ^(y»-3y«»)+\(«» + 3a!y*) + ;;;(y» + 8ya^) (16). 

Here o^, etc. are new constants; and all pos.sible terms of less than the fourth 
d^jree which can appear in the value of w are included. 

On account of (5) we have the following relations between the constants occurring 
in (11) and (15): 

(d + d')^^. + (o-d-d')ii;. + 4dj;-0 (17), 



(d + d') .1^, + (c - d ^ d-) .1',., + 4dX» = 0. 
(d + d') B^, + (o - d - d') B-^, + 4di:, = 0. 



If for , shortness 

4:,= -(f+f).i^.+(f+r-d-d')^'„. 

X, = (f+r)(^,,-6^„-2j',)+(d+d'-f-r)(4«-6ii'„-2^,'), 

r. = 6(f+f)(5'„-J5„)-6(d + d')fi'„, 
^, = 3 (f + f ) {A'^, - ^...) - 3 (d + d') 4;,. 

then substituting from (II) and (12) in (3), we have to determine u from 



.(18), 
.(19). 

.(20), 



_/(fM . d:u\ , .dru -r- . t . t .~r 



.(21). 



A complete solutioD, so far as terms of not higher than the third degree are con- 
cerned, is 

+ X,«'^ + /*y^-i«*'(X, + /*s)'^ (^2)- 

1—2 



Digitized by 



Google — 



.(»). 



4 Mb C. CHREE, on A SOLUTION OF THE EQUATIONS 

Similaii J if for dioflaeas 

F,-6Kf+r)(2?'„-5^^-(d+d')JB'J. 

y.-3(f+r)(5'^.-^,j-3(d+d')5'„. 

we find from (11), (12) and (4), 

+ a,'« + fi;y + j^z + a,' (j? - y») + fi^xy + y^xt + 6,> 

+ «.Vy + ,,y - fd-* « + 3,,') y^ + i;y« + ey - m-* ((;- + 3^,') ««• 

+ X,V* + /*.y^-ift|-(V + M.')^ (2*)- 

In consequence of the identity (6) the following relations sabeist between the 
constanto in (15), (22) and (24): 

a,+^;+^'^.-^,.«0 (25), 

2a. + 2i7. + ^;+il'^,-^^. = (26). 

^.-2«; + 2i:;+F,.-5,,=o (27x 

7. + < + ^'^.-^^, = (28), 

3a. + 3<?.-8/9; + < + i(^..-^;o-6^.. + 6^'..-2^. + 2^;) = (29), 

-3a. + 8i;; + 3ft' + (; + i(^,,,-^',.. + 6^,..-6^'...-2^. + 2^;) = (30). 

id-*(i,+5;)-^^, + ii;.-fd-»({,+3<?, + €;+3i;;) = (31). 

€,-3^.-3a; + (;'+3F,..-3B,., = (32), 

2X, + 7,' + 3^;,-8il,., = (33), 

7. + 2^' + 3F,,-35,, = (34), 

§ 3. Multiplying (31) by d/f, and adding it to the sum of (29) and (30), we 
obtain an equation identical with (13). There thus exist between the constants of the 
solution only 14 independent relations, viz. (14), (17), (18), (19), and (25) to (34). Since 
65 constants occur in the solution this leaves 51 of them arbitrary, to be determined 
by the surface conditions. 

(Dertain of these constants fall into sets which seem fitted for application to different 
problems The constants of any one set are associated with one or more of the constants 
occurring in the expression (11) for 8, The following table gives an analysis of the 
constants : — 
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FOR THE EQUILIBRIUM OP ELASTIC SOLIDS. 
TABLE I. 



Degree of 










[ 




terms in 
diflplacements 
in which Con- 


Associated 
Constants 






Constants 


Conneoting 
equations 


Unasflooiated 
Constants 


stants oocor 










i 




First 


1 






^.. 


(25) 


«. «.' A ^, 7, 7.' 




^%o -^Vo 7l «« 


& 




A. 


(17), (28) 




Second < 


j Al ^\l ^ ^l' 


'/l 




^*. 


(26) 


7. 7,' e, 6. < <t 




S%1 ^Xl «/ ^1 


r; 




5.. 


(27) 






' -^j.0 -^j;o ^xt -4'j;i 


^. 


^.'1 


-^j;o -^M 


(14). (29), 






«. /?.' < :?; 


i; 


<^.} 


(30). (31) 




Third - 


•^M -^M It \ 


\ 




A. 


(18). (33) 


% V, I &: V M. 




Al -^*i 7, 'h 


A*; 




^*. 


(19), (34) 




^ 


5., ^-^ 0.' A 


«» 


r; 


A. 


(32) 





There are thus 47 associated constants, of which however only 33 are independent, 
and 18 unassociated constants. The associated constants all occur in the expressions for 
strains causing a dilatation S; while the unassociated constants answer to strains in which 
the dilatation is zero. 

§ 4 By applying the solution consisting of (15), (22) and (24) to the problem of 
a straight cylinder of uniform elliptic section free from force on the curved surface, it 
may be demonstrated^ that Saint-Yenant's solution for an elliptic beam acted on only 
by terminal forces is the only possible one when terms of the fourth degree of the 
vai-iables x and y, measured in the cross section, are neglected. The constants entering 
into the solution are those associated with A^^^, A^^, B^^, A^^, and B^^^ and in addition 
the unassociated constants 6,, 7/ and 7^. It can be shown explicitly that the conditions 
on the curved surface require every other constant to be zero except certain of the 
unassociated constants appearing in terms of the first degree in the displacements. The 
terms however in which they appear merely represent rotations of the solid as a rigid 
body about the rectangular axes, and so do not properly refer to the elastic problem. 

For the same problem in the general case of any form of cross section the only 
constants left after satisfying the conditions on the sides are those associated with 
-^i.o' ^%i *"^^ ^%i' "^^^ solution agrees with Saint-Venant's, which is thus proved to be 
complete so £Eur as it goea 

§ 5. The proof of the completeness of Saint- Vena nt's solution is laborious, involving 
some heavy algebraic calculations. As it merely confirms results that meet with general 
acceptance, — ^based it is true on somewhat insufficient grounds, — it could hardly be 

* The method of proof is the same as for an isotropic beam. Cf. Quarterly Journal, Vol. xxii., 1887, p. 89, et seq. 
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6 Mr 0. CHREE, ON A SOLUTION OF THE EQUATIONS 

expected to be found interesting. Accordingly the first application I shall make of the 
previous solution is to the problem of a spheroid of uniform density rotating with uniform 
angular velocity about its axis of figure, which is also an axis of symmetry of the 
material. So far as I know, this problem has hitherto been solved only for the case 
of an isotropic* material, and in the paper referred to it was hardly attempted to 
deduce from the solution the true character of the phenomena. Thus the results obtained 
here may possess an intierest even for those who are not professed mathematicians. 

§ 6. If Q> denote the angular velocity and p the density of the spheroid it may 
be regarded as at rest, but acted on by "centrifugal" forces whose components, per 
unit volume, are 

In place of (3) and (4) we get, reintroducing X and Y and slightly altering 
the form 

('-•■)^,^f£^(»^o|.*S.<*.*)^X^.V.-0. (4.). 

while (5) remains unchanged. 

A particular solution of these equations is 

w*p x(a? + f) 
8(2f+r) ' 

«Vy(5^±y!) ]- (3-U 

''"" 8(2f+r) ' 1 

The general solution is contained of course in (22), (24) and (15). It would however 
be a needlessly long process to substitute the whole of these terms in the surface 
conditions. A comparatively small number of terms suffice to give a complete solution. 
As by means of these the surface conditions are exactly satisfied, the solution is on an 
entirely different footing from Saint-Venant's solution for beams, and the neglecting of 
the remaining terms requires no justification. The only terms required are those of the 
first 'degree depending on A^^^ and its associated constants, and those of the third degree 
depending on A^^, A^^ and their associated constants. Further from the symmetry 
around the axis of z we may at once assume 

< = «.' = r.= «., (36). 

• Quarterly Journal of Pure and Applied Mathematics, Vol. xzii.i, 1889, p. 11. 
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FOR THE EQUILIBRIUM OF ELASTIC SOLIDS. 7 

Thas the solution we propose to uae is in full, substituting i* for sf + i^, 

S=4^, + M„(2z*-r') + F,r'-i«,V/(2f+f') (37). 

| = J = ^ = a. + <?,r'+i^d-'{(f+r)(A,.,-.i;.-2ii'. + 2^;) + (d + d')(^;.-2^.')-81».) 

-i«V/(2f+n (38), 

w = A\,z + iiA'^,z{i^-f>) + F^zr' (39). 

The constants appearing in this solution are connected, as shown in the table of 
constants, by the relations (14), (13) — taken as more convenient than its equivalent 
(31),_(25), (29) and (30). Owing however to the relations (36) the relation (25) 
simplifies into 

a. = i(A..-^'...) • (25 a); 

while (29) and (30) both transform into the single equation 

8^, + ^,.,-ilV,-2F, + 2F;=0 (29 a). 

§ 7. Let the equation to the spheroid, prolate or oblate, be 

a"*(^+y*) + c-*i5"=l (40). 

The direction-cosines of the normal at the point x, y, z are in the ratio o^x : o^y : c^t. 
Thus the conditions for a free surface are 

a-*(a;e„ + y«J + c-*^« = (41), 

a"'(^., + y<„)+c-*^^ = (42), 

a"*(^« + y^)+c-*^««0 ..(43). 

The first two are however here identical as is obvious from the symmetry. 

The relations between the strains and stresses are given in (2). Employing these 
it will be seen that in the surface conditions the terms containing m or the constants 
associated with A^^ and A^^ are of the third degree in the variables a;, y, Zy while the 
terms containing the constants associated with A^^^ are only of the first degree in the 
variables. At the surface however the relation (40) holds; thus the terms in the surface 
conditions containing the constants associated with A^^^ can be made of the third degree 
by multiplying them by a^t^ + c^J^ which is there identical with unity. Doing this, 
and equating separately to zero the coeflSlcients of xr^ and X2^ in (41), we find 

2(T+na, + d'A\,, + a'{6r+^r)e» + a'A'iF:-kA',,) = ^^^^^ (44), 

2 (f + r) a. + d'A'^, + e (f + r)d-' {(f + f) (4,., - a\, - %f, + 2^;) + (d + d') {a\, - 2f;) - sir?.} 

+ c'd'A',., + a« {(f + 1) (J„,- 4',..- 2F.+ 2^.') + d' (A;.- 2F.') -8I».} =0 (45). 

Treating the surface condition (43) similarly, and equating separately to zero the 
coefficients of zr* and z*, we find 
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8 Mr C. CHREE, ON A SOLUTION OF THE EQUATIONS 

2d'a. + c^',,, 4- c« {(f + n (A,, - A',, - 2^, + 2F,') + d' (A\, - 2F;) - 8W,} 

+ aMc (F;« j^;j +4d't?.}= 2^^^ (46), 

2d'a, + c^;, + c»d'd-^ {(f + n (^3., - ^;, - 2^, + 2F;) + (d + d') (^'3., - 2F,') - 8«,} 

+ c«c^'3., = (47). 

The equations (44) — (47) combined with (13), (14), (25 a) and (29 a) are obviously 
sufficient, and no more than sufficient, to determine without ambiguity the 8 constants 
of the solution, viz. il,,„ A\,,, a„ A^^, A\^ F^ F^ and tf,. 

§ 8. The actual determination of these constants is a somewhat laborious process, 
and presents no novel features. Further a statement of the values of the individual 
constants seems hardly likely to be of service in the solution of any other problem. 
I shall thus not occupy space by recording here the values of the constants or the 
algebraic steps by which they were obtained, but shall proceed at once to give the values 
of the displacements. Their accuracy may be easily tested by reference to the equations 
which they require to satisfy, viz. (3 a) or (4 a), (5), (41) or (42), and (43). 

For shortness let 

D = |c«f + {c (f + r) - d'«} [3c 4- 2c*a-*d-^ {c (2f + 1) - d' (2d + d')} + 8c*a-* (2f + f')] . . .(48) ; 

then the values of the displacements are as follows : 

D u _ D V _ D Ur 
(o^p X a>^p y <o*p r 

= i«'^" { c(f4-?)^d-» "*■ 4 ^ ^'^''^'' t"" (^^"^ ^^) " ^^^^ "*■ ^*'*" t"" (^^"*" ^^^ "■ ^^^ 

- ir" p+ c'a^cjd' + ''^^'^^"'^^ U4o^a-^{c(f + r)-d^}1 

- i^» [cd'd-*(2d-d') + icM"? (3f + 2t) + 2(fa^ {c(3f + 2t) - d'»}] (49), 

^w = -z [ia'cd' { ^(f//).^.^ + 2| + ic« ^ {c (3f + 2r) - 2d-l + 2cVM' (2f + f)] 

+ zr^ Fed' + cv-* |(c (f + n - d'^) ^-t^+ c (2f + nj] 

+ i^[id-^{c(3f+2r)(dH-d')+2d'"(d-d')} + 2cV»d'(2f+r)] (50). 

§ 9; The elastic constants occurring in the preceding solution are not those which 
direct experiment would immediately lead to, and thus the application of the formulae 
to a solid whose elastic properties had been determined by the usual methods might 
be found laborious. It will thus be advantageous to transform the expressions into others 
in which the elastic constants occurring are such as practical men may be expected to 
become conversant with. 
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FOR THE EQUILIBRIUM OF ELASTIC SOLIDS. 9 

It is necessary of course to fix on five constants, and there is little doubt as to 
what three of these should be. Suppose two straight bars of uniform rectangular section 
cut out of the material, the axis of one of the bars coinciding with the axis of symmetry 
of the material, while in the other this axis of symmetry is perpendicular to one of 
the lateral faces. Let E and E denote the values of Young's modulus for the respec- 
tive bars under longitudinal tension, and 17, rj[ the ratios of the lateral contraction to 
the longitudinal expansion in the experiments determining E and E, the direction in 
which 7/ is measiured being perpendicular to the axis of symmetry; and finally let G 
denote the modulus of torsion for the first of the two bars twisted about its longitudinal 
axis. Then the constants it is proposed to use here are E, E\ 97, rf and 0, The 
notation is Saint- Venant's, who has pointed out how the several constants may be found 
by experiment. 

Experimental methods at present in use ought to supply trustworthy values of 
E, Ey and G with comparative ease. The determination of r] and i) is by no means so 
easy, and not improbably two more convenient constants might be selected. Still it 
must be remembered that the strictures that have been so frequently passed on the 
seemingly unsatisfactory determination of ''Poissons ratio" are really in the main directed 
against experiments in which all substances, even hard drawn wires, are regarded as 
isotropic bodies. There is no very obvious reason why satisfactory results should not be 
obtained when observers take the trouble to find out what exactly are the quantities 
whose magnitudes they determine with such extreme nicety. 

§ 10. In Saint- Venant's Clebschy pp. 83, 84, are given the relations between the 
several constants for the kind of material treated here. The following relations are in 
part directly taken from this source, and in part deduced algebraically: 

d=G, 

f=i^/(l + V). 

c = i^ (1 - ri')l{E (1 - v) - iE'i,'), 
d'lc^vS'/E(l-v'). [ (51). 

(f+r)/c=i^/j?(i-V), 
{o(f+r)-d'*i/o=i^/(i-V), 
cf/{c (f + r) - d"} = (1 - v')/a + v') 

R^^ If n 1-^?" { E{l-rf)-i E'r,*\*^ 

= i(ll+i?') + c»a-^^j^-^j|f-2,(l+V) + Va-»^^^]....(52). 

the equations (49) and (50) transform into: — 

Vol. XV. Part I. 2 
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'"^I ^ + 40 ^'"* J?»(l-V) 1 ^ '' 

From phjTsical considerations alone we are led to treat 1/ as essentially a positive 
quantity. From (52) it is obviously positive when c/a is small, and if in any kind of 
material it could change sign as c/a increased then a spheroid of this material could 
be constructed such that all the displacements would become infinite however slow the 
rotation. 

These expressions it must be admitted appear somewhat formidable. It will be 
found however that their length does not present an insuperable barrier to the drawing 
of general conclusiona To permit the mind more easily to grasp these conclusions we 
shall consider first some special cases of comparative simplicity. 

§ 12. When terms in c' and ^ are neglected we get the following solution, applicable 
to a very flat oblate spheroid, 



-^ , r (06). 



This solution does not satisfy the equations (3 a), (4 a) and (5), and there is no reason 
to expect any approximate solution of the kind to do so; because while a term in u 

of the order a?^ may be negligible when z is small, yet when operated on by ^ its 

contribution to the equation (3 a) is just as important as that of any other term in the 
expressions for the displacements. It is thus impossible to test the accuracy of such 
approximate solutions by means of the internal equationa 

§ 13. It is well known that the distribution of electricity on a flat circular plate 
has been deduced by a mathematical treatment which regards the plate as the limiting 
form of a flat oblate spheroid. It would also appear that except near the rim there is 
a good agreement between theory and experiment. We are thus led to investigate whether 
(53) may not satisfactorily be applied to the case of a rotating circular plate. 
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FOR THE EQUILIBRIUM OF ELASTIC SOLIDa 11 

The only way of testing the matter is by finding how exactly (53) may satisfy the 
suifEkce conditions for a right circular cylinder of radius a and length 2c. These conditions 
are the following: — 

xt^ -f ytjg^ = when r = a, for all values of z between — c and + c, \ 

^„ + yt^ = o „ „ ,[• 

^«= ^i. = when z= ±c, for all values of r < a, f ^ 

C =0 „ „ , J 

Of these the first and the last, which answer to the vanishing of the normal stresses 
on the curved surface and on the flat ends, are identically satisfied. This is not however 
exactly the case with the other two, as the solution yields tangential forces of the 
order za on the curved surface, and of the order cr on the flat ends. Thus while the 
surface conditions are not all identically satisfied, they are approximately satisfied in a 
thin plate, and the approximation becomes closer the thinner the plate. 

It will be noticed however that if each term of the solution (53) were multiplied 
by one and the same constant the resulting solution would satisfy the surface conditions 
(54) to the same degree of approximation that (53) itself does. Thus all we are safely 
entitled to assume is that (53), which gives very approximately the absolute magnitudes 
of the displacements in a flat oblate spheroid, gives to a somewhat less close degree 
of approximation the laws of variation of the several displacements and their relative 
magnitudes in a thin circular plate. Considering that the volume of a flat spheroid is 
less than that of the corresponding flat plate in the ratio 2:3, we should expect the 
absolute magnitudes of the displacements to be decidedly larger in the plate. 

§ 14. To derive its full interpretation from the solution (53) we require to know 
something of the relative magnitudes of the elastic constants which appear in it. In 
all ordinary elastic solids the constants c, f etc. can hardly fail to be positive quantities, 
and the same is obviously true of E, E and (r. It is conceivable that in some 
exceptional substances r) or i{ might be negative, though it seems a somewhat remote 
possibility. If we assume here that all the constants are positive, then it follows from 
the expressions in (51) for c and d'/c that 

1>^'' \ (55). 

^(l-i7')>2J?Vl 

Thus in (53), u^ must be everywhere positive and w everywhere negative. Consequently 
every element of the flat spheroid, or of the thin circular plate, increases its distance 
from the axis of rotation and approaches simultaneously the central or, as it may be 
termed, ''equatorial" plane. 

Confining our attention at first to the flat spheroid, we notice that the centre of 
an originally plane section perpendicular to the axis of rotation diminishes its distance 
z from the equatorial plane by the amount 

2®*/>a'^i7(3 + i7')^^(ll+V) (56); 

2—2 
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and the section itself becomes very approximately a paraboloid of revolution, whose latus 
rectum is 

^*^(ll + V)-Wpa'i,(H-i,') (57). 

The axis of the paraboloid is the axis of rotation, and the concavity is directed 
away from the equatorial plane. 

The curvature of the originally plane cross sections continually increases with their 
distance from the equatorial plane, and for a given material and given angular velocity 
is independent of the radius a — supposed of course great compared to the thickness 2c. 

The diminution of the polar axis 2c is 

4«V*ci;(3 + V)^^(ll+V) (o8). 

It thus varies directly as the density, as the thickness and as the squares of the angular 
velocity and the radius. It also varies directly as 7f and inversely as E. On the other 
hand it is quite independent of K, and increases only about 20 per cent as 17^ 
increases from to 1. 

The increase in the equatorial semi-axis, or radius, a is 

2«V(l-V)-^'(ll+i7') (59). 

It thus varies directly as the density, as the square of the angular velocity, and 
as the cube of the radius. It varies inversely as E^ and diminishes as rjf decreases, but 
is entirely independent of E or of 17. 

In the circular plate, as in the flat spheroid, every originally plane section per- 
pendicular to the axis of rotation becomes very approximately a paraboloid of revolution 
about that axis ; and the latus rectum of the generating parabola varies inversely as 
the original distance of the section from the central section, as the density, and as the 
square of the angular velocity, while it is independent of the radius of the plate. 
Owing to this change in its originally plane surfaces the plate will present a bicon- 
cave appearance. As the actual measurements of the displacements might be easier for 
the plate than for the spheroid it may be as well to state explicitly the following 
relations, the diminution in thickness being measured along the axis of rotation : 



(60), 



.(61). 



Increase in radius of plate _ a (1 — 1;') j& 
Diminution in thickness „ ~ 2c ^(S + ^O-^' 

Curvature at centre of face of plate 1 2 (1 + 17') 
Diminution in thickness „ a* 3 + i;' 

If the ratios on the left-hand sides of these equations could be experimentally 
determined it is obvious that a great deal of light would be thrown on the nature of 
the material. 

§ 15. To arrive at a more complete knowledge of the effects of rotation, an 
analysis of the strains is necessary. For our purpose the most convenient normal strain 
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components are 

the longitudinal = -r- , 

„ radial = -^ , 

„ transverse = ujr. 

The first is directed parallel to the axis of rotation, the second along the perpendicular' 
on the axis of rotation directed outwards, and the third is perpendicular to the other 
two. 

Referring to (53) we see that in a flat spheroid, or a thin circular plate, the 

longitudinal strain is everywhere a compression, and the transverse everywhere an 

extension, and that the numerical measures of both these strains are greater the nearer 

the element considered to the axis of rotation. A cylinder whose axis is the axis of 

rotation, and whose radius is 

\i 

(62), 



M3(1+V)J 



divides the volume into two portions in the inner of which the radial strain is an 
extension while in the outer it is a compression. The expression (62) is necessarily less 
than a so long as t)' does not vanish, so that except in this extreme case the radial 
strain actually is a compression near the rim of the circular plate and in the super- 
ficial equatorial regions of the flat spheroid. 

§ 16. The next case that presents itself is that of a very elongated prolate spheroid 
in which c/a is very large. Near the centre of its length the surface of such a spheroid 
differs very little from that of a right circular cylinder of radius a. We are thus led 
to expect that a solution obtained from (49 a) and (50 a) by making c/a infinite while 
z/a remains finite, being strictly applicable to the central portions of an indefinitely long 
prolate spheroid, will apply very approximately to the case of a right circular cylinder, 
provided the length of the cylinder be great compared to its radius and its terminal 
portions be excluded from the solutioa The solution in question is 



«r = gE'jE-Ey) f"' {JSa-v'){^ + n')- *^V} - r" (1 + ,') {^ (1 - v) - '2E'ff}l 






k..(63). 



Unlike (53) this solution, though deduced as an approximation from the general 
solution, itself satisfies the internal equations. There can thus be no doubt that it gives 
the absolute magnitudes of the displacements in any rotating solid whose boundary 
conditions it may happen to satisfy. It will be found to satisfy identically the first 
three surface conditions (54) for a right circular cylinder of finite length. The last of 
equations (54) is not exactly satisfied, as firom (63) we get for all values of z 

^. = (»V(a*-2r^J5:i;(l+V)-4(-ff-^i7'). 
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It will be noticed however that 



.'0 



and thus the sum of the normal forces over a terminal cross-section vanishes. Now 
Saint- Venant's solution for beams acted on by terminal forces only secures that the 
integral of the stresses taken over the ends should have required values, and notwith- 
standing it is regarded by the highest authorities as perfectly satisfactory provided the 
length of the beam be great compared to its greatest transverse dimension. Thus (63), 
which satisfies exactly 3 out of 4 surface conditions, and is as regards the remaining 
condition in no respect less satisfactory than is Saint-Venant's solution as regards the 
terminal conditions in the ordinary beam problem, will doubtless be accepted by the 
majority of elasticians as a very approximate solution for the case of a rotating circular 
cylinder whose length is great compared to its diameter. The portions of the cylinder 
immediately adjacent to its ends ought however to be excluded. 

§ 17. Assuming iy'<l, and noticing that in accordance with (55) J? — ^V must 
be positive, we see from (63) that each element of the long cylinder, as of the flat 
plate, increases its distance from the axis of rotation and approaches the central plane 
5 = 0. In the long cylinder, however, the longitudinal displacement varies only as the 
distance from the central section, so that each cross-section remains plane. 

The shortening in a length 2c of the cylinder amounts to 

w^pa^oqjE (64). 

It thus bears to the shortening in the polar axis 2o of a flat oblate spheroid of 
the same density and central section, rotating with the same' angular velocity, the ratio 
11 4- V • 4(3-1-1;'), which for uniconstant* isotropy is 45:52, and is for every material 
less than 11 : 12. 

The increase in the radius of the long cylinder is 

fi)Va'(l-V)/4i&' (65). 

This bears to the increase in the equatorial semi-axis of the flat oblate spheroid 
of the same density and central section, rotating with the same angular velocity, the 
ratio 11 4- V : 8, which is for every material a little less than the ratio, 3:2, of the 
volumes of a cylinder and spheroid of the same axial thickness and central section. 

We also see from (63) that throughout the long cylinder the longitudinal strain is 
everywhere a compression, and the transverse strain an extension. Also the radial strain 
is an extension inside and a compression outside of the coaxial cylinder 



r ^(l-V)(3+i?')-4JB'^' 1* 



* i.e. Isotropy in which Poisson's ratio is 1/4, or in Thomson and Tait's notation m-dft. 
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In order to apply to our problem this radius must not exceed a, which is the 
case only when 

When this inequality becomes an equality the radial strain just vanishes over the 
surfoce of the rotating cylinder, and if the inequality be reversed then the radial strain 
is everywhere an extension. In the case of uniconstant isotropy the radial strain is a 
compression throughout one-fifteenth of the area of the cross-section. 

§ 18. The next case we proceed to consider is that of uniconstant isotropy. In 
a material of this kind there is only one elastic constant. The one employed here is 
Youngs modulus E^ which is identical in Thomson and Tait's notation with 5n/2 or 
5m/4. The expressions for the displacements in this case are: 

"- ^m^ &a-^lW^ ) {ina- + 195o'+280c'a--5^(9-M8c'a- + 20c'a-*) 

- he (51 +66c*o-^} (67), 

In considering the strains we shall also want the following expressions: 

% 'eoE(9 + Jk lec'a-) t"^**' + ''''''■ 2«<^^" " - '''' (^ -^ ^^-"^ -^ ^"^''^"^ 

- 5«* (61 + SSc'a-*)} (69), 

t-WE(9^ ?c??TT6^-, {39a«-Hl30c'+60c«a--10^(3+19c'a-)-30^(5+2c'a-))...(70). 

d9 "^ rfr~6^C9 + 8c»o-^+16c*a'^j ^ ^' 

% 19. Writing 

v=«V'(117 + 195c^a-^ + 280cV*)/60ir(9 + 8c'a-«+16c*a-^) (72), 

a,»=a'(117 + 195c»a-* + 280cV*)/5(9 + 18c»a-" + 20c*a-") (73), 

/8,'=a»(117-hl95c'a-*-h280cV*)/5(51 + 56c'a-^) (74), 

we get u> = v(l-r'/a,*-^//8,') (75). 

Thus as Vy a," and /8," are necessarily positive for all values of cja, it follows that 
M, and ujr are positive inside and negative outside the spheroid whose equatorial and 
polar semi-axes are respectively o^ and /8,. Obviously a^ is more than twice a", whatever 
c/a may be. Treating a as constant and varying c, it is easily seen that /S^ is greater 
than c so long as c/a is less than ^39/20, but that for greater finite values of cja the 
value of /8j is less than c. The least value of fijc is very nearly -989, occurring when 
cja is approximately 2-08. Thus for all values of cla exceeding JS9I20 the difference 
between fi^ and c is extremely small. They become equal when c/a becomes infinite. 
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It follows that so long as c/a is less than >/39/20 every element of the spheroid 
increases its distance from the axis of rotation, and the transverse strain is everywhere 
an extension. When c/a exceeds ^/39/20 there is an extremely limited superficial volume 
surrounding each extremity of the axis of rotation within which the elements diminish 
their distances from the axis of rotation, and where the transverse strain is a com- 
pression; elsewhere the distance' of an element from the axis of rotation increases, and 
the transverse strain is an extension. 

When c/a equals ^39/20, or when it becomes infinite, the volumes within which 
the elements diminish in distance from the axis of rotation and the transverse strain 
is a compression, become reduced to the extremities of the axis of rotation. 

§ 20. Similarly from (68) 

^ = -T.^(l«r"/a/-;^»//3.») (76); 

where t = (»'/»a« (39 + 130cV^+ 60cV*)/30 j&(9 + Sc^a"^ + I6cV*) (77), 

a,«=a*(39 + 130c'a"^ + 60c*a-*)/10(3 + 19c"a-^) (78), 

^^« = c»(39aV'+130 + 60cV«)/10(5 + 2c'a-0 (79). 

Thus T, a^ and ^,* being essentially positive, w is of the opposite sign to z inside 
and of the same sign outside the spheroid whose equatorial and polar semi-axes are 
respectively a, and )3,. It is easily proved that a, equals a when c/a has approximately 
the values '43 and '90, and that it is only when c/a lies between these limits that a, 
is less than a. The least value of aja is about '97, answering to c/a = '65 approximately. 
It is obvious that ^, considerably exceeds c for all values of c/a. 

It follows that when c/a lies between '43 and '90 there is a very limited superficial 
volume close to the equator, the elements within which increase in distance from the 
equatorial plane, while elsewhere the elements approach this plane. When c/a lies outside 
these limits every element throughout the spheroid approaches the equatorial plane. 



§ 21. From (69) 



^ = .{l-r^/V-^/i8,«} (80), 



where v is given by (72) and fi* by (74), while a^ equals a*/S and so is known from (73). 
It is obvious from (73) that o^ is always less than a. It may ako easily be found 
that as c/a increases from zero, aJa commencing with the value >/l3/15 diminishes at 
first, attaining a minimum value of about 908 when c/a is '65 approximately. It then 
increases continually as c/a increases ftirther, passing through its initial value JlSfTE 
when c/a equals is/ 39/20, and finally reaches the value ^/l4/15 when c/a becomes infinite. 
It may be remarked as a somewhat curious fact that aJa and aJa attain their minimum 
values for the identically same value of c/a. The variations in the value of ^, have 
been already traced. 
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The conclusions from these data are as foUows: — ^The radial strain is for all values 
of c/a an extension throughout all but a small portion of the spheroid. There is always 
however in the equator a superficial volume throughout which the radial strain is a 
compression. As c/a increases from zero this superficial volume extends towards the 
poles, and eventually reaches them when cla = JS9j2{). For greater values of c/a this 
volume forms a layer completely enclosing the rest of the spheroid. The thickness of 
this layer in the equator continually diminishes from about "0690 when c/a ^JS9/20 to 
about "0340 when c/a ^oo. At the poles the ratio of the thickness to c attains a 
maximum of about "01 when c/a = 2*08 approximately, and then continually diminishes 
and vanishes in the limit when c/a becomes infinite. 

§ 22. From (70) 

^ — T(l-7-/V-^//8.«) (81), 

where t is given by (77) and a^ by (78), while fi^^fi^/S and so is known from (79). 

Thus -J- is negative inside and positive outside the spheroid whose equatorial and 

polar semi-axes are respectively o^ and fi^. The variation of «, with the value of c/a 
has been already traced in § 20. As c/a increases from zero /3Jc diminishes from 
infinity and becomes unity when c/a^JS9/20. It attains a minimum value of about 
'986 when c/a = 2*21 approximately, and then continually but slowly increasing becomes 
unity when c/a becomes infinite. 

The observed variations in the values of a^ and fi^ lead us to the following results : — 
When c/a is less than *43, or when it lies between '90 and >/39/20, the longitudinal 
strain is a compression throughout the entire spheroid. When c/a lies between -43 and 
-90 the longitudinal strain is an extension throughout a small superficial volume in the 
equator, elsewhere it is a compression. When c/a has any finite value exceeding ^/39/20 
the longitudinal strain is an extension in a small superficial volume surrounding each 
pole, being elsewhere a compression. Lastly when c/a becomes infinite the longitudinal 
strain is everywhere a compression, except at the poles themselves where it vanishes. 

8 23. It will be observed that -j- , , ^ and — are the normal strains when for 
^ dz dr r 

the coordinate axes at each point we take the parallel to the axis of rotation, the 

perpendicular on this axis produced outwards, and a third axis at right angles to the 

other two. The only remaining strain is the tangential or shearing strain j~^ + 3-~ i^ 
the plane of zr. 

From the expression (71) for the shearing strain it will be seen that it vanishes 
along the whole of the polar axis and everywhere in the equatorial plane. On the 
positive side of this plane it is everywhere of one sign, and this sign is negative or 

Vol. XV. Part I. 3 
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A dearer idea possibly of the general character of the phenomena may be obtained 
from a study of the accompanying figures (see Plate I.). Each figure is intended to 
represent the state of some particular strain throughout a section of the spheroid by a 

plane through the axis of rotation. The strain represented is the radial -j^ when the 
lines are straight and horizontal, the transverse — when the lines are curved, the 

longitudinal -^ when the lines are straight and vertical. When the lines are thin the 

strain is an extension, when thick a compression. The boundary line is drawn thin or 
thick according as the particular strain is an extension or compression in the surface at 
the point considered. 

The surface volumes in which the sign of a strain differs from that at the centre 
are as a rule very considerably exaggerated in thickness. If drawn accurately to scale 
some of them could hardly be seen without a microscope. 

§ 24. The displacements whose experimental determination appears most feasible are 

the increase u^ in the equatorial semi-axis, and the diminution ^w^ m the polar 

semi-axis. The amounts of these quantities per unit of original length, ie. uja and 

— wjc, are given in the second and third columns of the following Table IIL The fourth 

du ___ 
column gives the common maximum value v of ujr and -j^. This is found at the 

centre and, as will presently appear, see § 31, is the absolutely greatest strain existing 
anywhere in the spheroid. According to Saint- Venant's theory of rupture if the angular 
velocity be increased until v reaches a certain limit, determined by experiment, the 
spheroid will rupture — or more correctly the material will cease to obey the laws of 
perfect elasticity. The fifth column gives the maximum longitudinal compression, i.e. r 

or the value of —3- at the centre. The last column gives the maximum stress-difference 
az 

at the centre — i.e. the difference 4iE{v + T)/5 between the algebraically greatest and least 

of the principal stresses found there. On the maximum stress-difference theory of rupture 

the absolutely greatest maximum stress-difference found in the solid supplies the place 

taken on Saint- Venant's theory by the greatest strain. In certain special cases the 

absolutely greatest value of the maximum stress-difference unquestionably is found at the 

centre, but I have not proved this universally true, so in general we are only entitled 

to regard the value given in the last column of the table as an inferior limit to the 

value of the absolutely greatest maximum stress-difference existing in the spheroid. 

As a basis of comparison a may be regarded as remaining constant while o/a passes 
through the values indicated in the first column. The displacements and strains are thus 
all expressed in terms of fo^pd^jE. This represents a numerical quantity whose value can 
be easily calculated when the angular velocity, the equatorial diameter, the density, and 
Young's modulus for the material are known. 

3—2 
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TABLE IIL 



Value of e/a 



Increase of 

equatorial diameter 

per unit length 



infinitely small 

•2 

•4 

•6 

•8 
1-0 
1-2 
1-4 
1-6 
1-8 
2 
3 
4 
infinitely great 



It, / >^pa* 
'a I B 

IS 

•1364 
1456 
•1390 
•1717 
•1803 
•1851 
•1875 
•1886 
•1891 
•1892 
•1888 
•1883 
•1875 



Deereaseof 
polar diameter 
per unit length 

-ll>, / M*p<t' 

e I B 

•14 

•1507 

•1647 

•1743 

•1719 

•i6o 

•1472 

•1352 

•1255 

•1180 

•US 

•0968 

•0910 

•08S 



Greatest strain 



'l-w 



•216 

-2234 

•2422 

•2669 

•2874 

•2d8 

•3037 

•3047 

•3041 

•3030 

•3017 

•2972 

•2950 

•2916 



Greatest 
longitudinal 
compression 

14 

1580 

1913 

2235 

2367 

2S1 

2176 

2029 

1898 

1791 

1705 

1469 

1376 

125 



TLT ftTJinnni 

Btress-differenoe 
at centre 



•2S 

•3051 

•3468 

•3924 

•4192 

•4S 

•4171 

•4060 

•3931 

•3857 

•3778 

•3553 

•3461 

•S 



It will be understood of course that in the preceding as in the succeeding table 
the entries do not as a rule give the exact values, but the last figure of each decimal is 
chosen so as to make the result as correct as the number of figures retained will permit 

§ 25. The approximate positions and values of the maxima of the several quantities, 
supposing <u, p, E and a to be constants, can be obtained firom the preceding table. The 
following more exact results were obtained by direct calculation from the formulae: — 

TABLE IV. 



Qaantity 


Value of e/a supplying maTimnm 


Maximum 


Ua 1 a^^pa^ 

a/ E 

c 1 E 


2-06 
•658 


•1892 
•1749 
•3047 
•2367 
•4246 


V39/20=1396 

•826 

1 956 
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§ 26. The most notable results in the two preceding tables are the extremely small 
change in the increase per unit length of the equatorial diameter or in the value of the 
greatest strain as c/a increases from 1 to ao, and the fact that the absolutely largest 
value of the greatest strain — ^and so according to Saint-Venant the greatest tendency to 
rupture — occurs in the critical spheroid. 

It is important to bear in mind that the above maxima are calculated on the 
hypothesis that the length of the equatorial diameter is the same in all the spheroids. 
If this be varied and some other quantity kept constant different results of course will 
be obtained If for instance c and a both vary while the volume remains constant, a 
biquadratic equation in c'/a' is obtained whose roots determine for what forms of spheroid 
the greatest strain v — or Saint- Venant's tendency to rupture — has its greatest and least 
values. All the terms of this equation are however of the same sign, and so no true 
maximum or minimum can exist. The correct interpretation is that when the mass of 
the spheroid is constant Saint-Venant's tendency to rupture continually diminishes as the 
polar axis 2c increases from to oo. The same conclusion also follows if the constant 
quantity be the moment of inertia about the axis of rotation. 

§ 27. Taking the axes specially for each point considered, as in the case of the strains, 
we get for the stresses in the case of uniconstant isotropy the following expressions: — * 






} (82). 



The first three are normal stresses directed respectively parallel to the axis of rotation, 
along the perpendicular on this axis directed outwards, and along the perpendicular to 
these two directions. The last is a tangential or shearing stress in the meridian plane, or 
plane containing z and r. 

From (67) — (71) we obtain the following convenient expressions for the stresses: — 
^ -15(9 + 8c*a-*+16cV*)ta*~ V '^ ?)j ^^^^' 

+ (18 + 36c»a-» + 40c*o-')3 (85), 

„ _ -a,*p(S9-20<fa*)r z . . 

'"•~15(9 + 8c*o-» + 16c*o-*) ^ ''• 
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§ 28. There are at every point, as is well known, three principal stresses parallel 
to three rectangular axes, whose directions are such that the tangential stresses vanish 
over the elements whose normals are these axes. <P is one of these principal stresses, 
and the corresponding strain ujr is everywhere one of the three principal strains. The 
two other principal stresses lie in the plane 2t, but coincide with Z and JR only when 
12. vanishes, and so in general only along the polar axis and in the equatorial plane. 
These principal stresses are the two values of 

i[i2 + Z±{(i2-Z)» + 41j;}*] (87). 

If we suppose the square root always to represent a positive quantity, then the 
algebraically greatest principal stress in the meridian plane answers to the upper sign, 
and the angle a which its direction makes with the perpendicular on the axis of rotation 
directed outwards is given by 

r ^-ji^|(y-.4ii.-|' -| ^^^ 



[ = tan-^R 



As this expression concerns us practically only when R^ is not zero, we may say that 
tana is everywhere of the same sign as 12.. It is thus by (86) negative or positive 
for z positive according as c/a is less or greater than the critical value >/39/20. It 
follows that the angle which the direction of the algebraically greater principal stress in 
the meridian plane makes with the perpendicular on the axis of rotation directed outwards 
is oblique or acute according as c/a ia less or greater than the critical value. 

§ 29. On the surface of the spheroid 1 — r^/a* — -3*/c" vanishes, and it is very simply 
proved from the expressions (83)— (86) that the two principal stresses in the meridian plane 
are there directed along the tangent and the normal Also, from above, the principal 
stress along the tangent is the algebraically greater or the algebraically less according as 
c/a is less or greater than the critical value. Further the principal stress directed along the 
normal is zero, this being in fact a consequence of the surface conditions. Thus the 
tangential meridional stress is a tension or a pressure according as c/a is less or greater 
than the critical value. The algebraical expression for this stress may easily be found to be 

(oV(39-20c^a-») aV 



15(9 4-8c*tt-"+16c*a-^) ' p* 



.(89), 



where p is the perpendicular from the centre of the spheroid on the tangent plane at the 
point considered. Comment on the applications of this remarkably simple result seems 
unnecessary. 

The complete change that takes place in the character of the meridional surface stress 
as c/a passes through the value J39/20 seems an ample justification of our designation 
of it as the ^critical value. There also appears for this value of c/a an important change 
in the character of the surface value of * the stress perpendicular to the meridian plane. 
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For from (85) we find for the suiface value of ^ the expression 

So long as c/a is less than the critical value it is obvious that ^^ is positive for all 
values of r/a and so all over the surface. When c/a attains the critical value ^^ is still 
everywhere positive but just vanishes at the pole& For all greater values of c/a, ^^ is 
negative within a small area surrounding each pole, being elsewhere positive. Thus for 
all values of c/a below the critical the surface stress perpendicular to the meridian plane 
is everywhere a tension. But for all values of c/a above the critical there is a small 
area round each pole within which this stress is a pressure. 

It may also be easily proved that the surface tension at right angles to the meridian 
has its greatest Value at the poles or on the equator according as c/a is less or greater 
than *55 approximately. 

§ 30. In the critical spheroid the state of stress is extremely simple as the only 
stresses which do not vanish are 12 and <I>, and these are everywhere principal stresses. 
Of these R vanishes all over the surface and elsewhere is positive, while <I> vanishes 
only at the poles being elsewhere positive. Excepting at the poles 4> is everywhere greater 
than 12; and so, as both are positive and the third principal stress is zero, ^ is everywhere 
a correct measure of the maximum stress-difference. Its greatest value obviously occurs 
at the centre. Thus the critical spheroid is one of the special forms in which it is actually 
proved that the tendency to rupture on the maximum stress-difference theory, as well as 
on the greatest strain theory, occurs at the centre. It will be noticed that over the surface 
of the critical spheroid <I> varies as the square of the perpendicular on the axis of rotation. 

§ 31. For values of c/a other than the critical the determination of the algebraicaUy 
greatest principal stresses is a matter of some little difficulty. It is however worthy of 
notice as it leads at once to the greatest principal strain, which is required in applying 
Saint-Venant's theory of rupture. 

Let P and Q denote the algebraically greater and less of the two principal stresses 
in the meridian plane. Then the algebraically greatest principal stress is either <I> or P. 
From the formulae for <I> and P we easily find 

<I> = P according as 

2tt, _ dt^ _ dw> {fdt^ _ dw\^ fdu^ ^i?\1* /Qi ^ 

r dr dz<\\dr dz) ^\dz^'dr)] ^^^''• 

Thus <I> is the greatest principal stress when — "^"""X^"^ ^® positive, and when its 

square exceeds (^- j") +(^+ >7~) 5 otherwise P is the greatest principal stress. 

* Here and in what follows snrfaoe valaee are dutrngoished by the suffix «. 
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Substituting the expressions for the strains from (67), (69), (70), (71), I find by a 
straightforward and not very laborious calculation on the above lines that so long as cja 
is below the critical value, * is everywhere — excepting the axis of rotation where it equals 
-R which is there a principal stress — the algebraically greatest principal stress. Thus for 
all values of oja below the critical iijr is at every point in the spheroid the greatest 
strain, and so is the correct measure of Saint-Venant's tendency to rupture. A glance at 
(67) will show that its greatest value is found at the centre. This is given in Table IIL 
under the heading v. 

When c/a exceeds the critical value there is a small superficial volume round each pole 
within which <I> is not the algebraically greatest stress, though elsewhere it continues to be 
so. Within these small volumes, however, the values of the maximum stress-difference and 
of the greatest strain are for finite values of cja much less than are the corresponding 
values found at the centre of the spheroid. Thus so far as the question of rupture is 
concerned, the fact that when da exceeds the critical value small regions exist around the 
poles in which <I> is not the greatest principal stress nor ujr the greatest strain is of 
no material consequence, though of course a point well worthy of notice on its own account. 
This leaves the value of v given in Table in. a correct measure of the tendency to rupture 
on Saint- Venant's theory even when cja exceeds the critical value. 

§ 32. The determination of the maximum stress-difference throughout the whole of 
the spheroid would be a laborious process which seems hardly worth the trouble. The 
value at the centre is given in the last column of Table ill. In the critical spheroid it 
was shown above that this is the absolutely greatest value of the maximum stress-difference, 
and in a previous paper* it was proved that the same was true for a sphere of any 
isotropic material. 

If the values m and n of the elastic constants in the general case of isotropy be 
substituted in the general expression (53) for a flat rotating spheroid, it can easily be 
proved that the stress Z everywhere vanishes, and that consequently, excluding the surface 
where all meridian stresses are of order z at least, the principal stresses in the meridian 
plane are respectively R and zero, when terms in s? are neglected. Further the value of 
R is nowhere negative. The third principal stress is <I> along the perpendicular to the 
meridian plane. ^ is everywhere not less than 22 — it is equal to R along the axis of 
rotation, — ^and its greatest value exists in the axis, where it is constant so long at least 
as terms in s^ are neglected. Thus the greatest value of the maximum stress-difference 
is correctly given by the value of 4> at the centre of the flat spheroid. 

The expressions obtained from (63) for a very elongated prolate spheroid of isotropic 
material, whether unioonstant or not, are even more simply treated. The stresses Z, R and 
<b are everywhere the principal stresses, and ^ — Z is everywhere a correct measure of the 
maximum stress-difference. It is easily proved that its greatest value occurs in the axis of 
rotation, at every point of which the value is the same. 

* Bee the Society's TranMactiofu, Vol. ziv., pp. 298— S94. 
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We are thus certain that in the cases of the flat oblate spheroid, the sphere, the 
critical spheroid, and the elongated prolate spheroid, the numbers in the last column of 
Table m. give the greatest value of the maximum stress-difference occurring anywhere, 
and there seems t-o me every probability that such is in general the case. I thus believe 
this column to give in each instance the true measure of the tendency to rupture on 
the stress-difference theory; but except in the four special cases just mentioned, we are 
strictly speaking only warranted in regarding the results as supplying minima for the 
correct measures of the tendency to rupture. 

§ 33. After our examination of these special cases it will be unnecessaiy to enter 
into great detail in discussing the general case, for which the displacements are given by 
the expressions (49 a) and (50 a). 

Assuming the original elastic constants c, f etc., as well as 17, r{ etc. all positive, 
we have as already explained the relations (55). From the latter of these it follows that 

JS? (1-1?') (3 + V)> 4^17*1 

Bearing in mind these relations, we see from (49 a) and (50 a) that : — 

w^-r'z{l-f>lci:-:?lff,'). 



.(92). 



^'- V{l-r*lci:-^lffr). 



> (93). 



where v, r', at',*, ff*, a'/. /8',», a'/saV/S, and ^* = ff*/S are aU positive constants depending 
on the values of e/a and on the elastic constants. For the special case of uniconstant 
isotropy these reduce to the corresponding undashed constants p, t, etc. 

There is thus for each displacement, or normal strain, a dderrmmng spheroidal sur&ce 
over which the displacement, or strain, vanishes. Also u^r and -j^ are positive inside and 
n^;ative outside their determining spheroids, while the reverse is true of w and -^ . When 
a determining spheroidal surface lies wholly outside of the material rotating spheroid the 
corresponding displacement or strain is, if ti^, u^jr, or -~, everywhere positive, but if w 

or -J- everywhere negative throughout the solid. 

The only remaining strain is the shearing strain in the meridian plane, whose value 
is given by the simple expression 

S■M*t)-'if¥-m^^'^ i^y 

Vol. XV. Part I. 4 
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Thus it vanishes everywhere along the polar axis and in the equatorial plane, and throughout 
the rest of the spheroid changes sign only with z. The sign is — or + for z positive 
according as cja is less or greater than the critiml valtie 

i-iF^owri ^^^^- 

In the critical spheroid whose axes possess this ratio the shearing strain is everywhere zero. 

§ 34. The expressions for v, a'* etc. are somewhat complicated, and a consideration 
of the magnitudes of the semi-axes of the determining spheroids does not so easily lead to 
the desired results as does the following method. 

The signs of the displacements and strains at the centre of the spheroid are already 
known. Thus if we determine their signs at the surface of the material spheroid we can 
tell whether any portion of the solid lies outside of the determining spheroids. To get 
the sign of any displacement or strain at the surface, it is simplest to make the expression 
for it homogeneous by substituting a"V + c"*-2* for unity. There are then in each expression 
only two coefficients whose signs have to be considered Employing this method we find 
over the sur£Ebce 

Employing the last of equations (55) it is easily proved that for all values of cfa, 
however large O/E may be, the coefficient of r* is positive. The coefficient of ^ is 
obviously positive or negative according as c/a is less or greater than the critical value. 

It follows that for all materials of the class here considered, so long as c/a is less 
than the critical value, every element of the rotating spheroid increases its distance from 
the axis of rotation and the transverse strain is everywhere an extension. When, however, 
c/a exceeds the critical value there is in all such materials a superficial region surrounding 
each pole wherein the distance of each element from the axis of rotation is diminished 
and the transverse strain is a compression. 

§ 35. The expression for the surface value of w is not quite so manageable. It is 
the following: — 

«v^ ^•" r~2i^ 4^n ^ ^^" ^ — ^1 — BTii-v-) — J 

-♦^«-^i^^3ff2] m 
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By means of the second of equations (55) it is not very difficult to prove that, whatever 
be the value of OjE, the coefficient of 2^ is negative for all materials of the kind here 
considered. The coefficient of r^z is certainly negative if cja be either very small or very 
large, but in general it will be positive when cja lies between certain limits depending 
on the material, the superior of which is decidedly less than the critical value. C.f. § 20. 

It follows that if cja be either very small or very large every element diminishes 
its distance from the equatorial plane. In most if not all materials, however, of the kind 
treated here, — certainly in all isotropic materials, — there is between certain limiting values 
of cja depending on the material a superficial equatorial region within which the elements 
increase in distance from the equatorial plane. 

§ 36. For the surface value of ,-- we get 

+ j^j...-.arj:K3±i)_*s(^)| (98). 

The coefficient of s? is positive or negative according as cja is less or greater than the 
critical value. The coefficient of r* is negative for all values of cja for all materials 
in which 

^iy'(l-i70>^V(l + 3V) (99)- 

This includes all isotropic materials in which m<3?i. 

For other materials however, including isotropic materials in which m>3n if such 
exist, the coefficient of r* becomes positive when cja is sufficiently increased above the 
critical value. 

We conclude that while cja is below the critical value the radial strain is everywhere 
an extension, except in a superficial volume about the equator where it is a compression. 
As cja increases the superficial volume approaches the poles and eventually reaches them 
when cja attains the critical value. In materials whose elastic constants satisfy the relation 
(99) there is for all values of cja above the critical a superficial layer completely 
surrounding the spheroid wherein the radial strain is a compression, while elsewhere it is 
an extension. In materials whose elastic constants do not satisfy (99), — including isotropic 
materials for which m>3n, — ^when cja exceeds a certain value, greater considerably than 
the critical value, the superficial volume in which the radial strain is a compression splits 
up into two volumes one surrounding each pole, and as cja further increases these polar 
volumes continually contract. The materials in which this splitting up of the superficial 
layer into two polar volumes may naturally be expected are those in which Young's 
modulus for the direction parallel to the axis of rotation is small compared to that for 
the perpendicular directions. 

4—2 
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dw . 
§ 37. The Burface value of -^ is given by 

ly (dw\ , r ^(i-V) . (^ar' ( , _ . _ i,^^i . _ e'v {e -Em 

+ ^|-«^ — 2J~+ ^•(1-i;T} <^^^- 

The coefficient of r* is the same as that of i^z in (97), and its sign has been already 
treated of in considering that expression. The coefficient of s? is negative or positive 
according as cja is less or greater than the critical value. The conclusions these data 
lead to are as follows: — 

For small values of cja the longitudinal strain is in all materials everywhere a 
compression. In most if not in all materials, — certainly in all isotropic materials — there 
exists within certain limiting values of cja, the superior of which is decidedly below the 
critical value, a superficial region about the equator wherein the longitudinal strain is an 
extension; elsewhere it remains a compression. Between this superior limit of cja and 
the critical value the longitudinal strain is everywhere a compression. Finally when cja 
exceeds the critical value there exists in all materials a superficial region round each pole 
wherein the longitudinal strain is an extension; elsewhere it is a compression. 

§ 38. It will be observed that on the whole the variations of the strains and 
displacements in the general case follow very closely the variations which occur in the 
special case of uniconstant isotropy. In fact, with one exception presently to be noticed, 
when a, etc. are replaced by a\ etc., >/39/20 by the *' critical value" (95), and '43 and '90 
by the two positive values of cja obtained by equating the coefficient of r* in (100) to 
zero, Table ii. in § 23 may be applied to all but certain exceptional materials whose 
existence is somewhat problematical. 

The single exception is that of materials in which the i*elation (99) does not hold. In 
such materials, as already explained, the superficial volume wherein the radial strain is a 
compression becomes for large values of cja limited to circumpolar regions This is a rather 
noticeable departure from the phenomena described in uniconstant isotropy, and is worthy of 
special attention because the relation it requires between the values of the elastic constants 
seems likely to be by no means uncommon in materials in which Young's modulus in 
the direction of the axis of symmetry is small compared to that in the perpendicular 
directions. 

§ 39. The expressions for the stresses in the general case are on the whole wonderfully 
simple. The tangential or shearing stress in the meridian plane =Qx (corresponding shearing 
strain), and so is the product of the right-hand side of (94) into w^pG/iy. Its fluctuations 
in sign have been already noticed in treating the shearing strain. It will be noticed that 
the surfaces over which this shearing strain and stress have constant values are generated 
by the revolution about the axis of rotation of rectangular hyperbolas whose asymptotes 
are the axis of rotation and an equatorial diameter. 
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The expressions for the normal stresses, referred as previously to the fdndamental 
directions at each separate point for axes, are as follows: — 

*^«*-\§-T/-^<hkh^''-'-^'F^^ <«»)■ 

§ 40. From (101) it appears that for all values of c/a, whatever be the character 
of the material, the longitudinal stress vanishes over the surface of the spheroid whose 
equatorial and polar semi-axes are respectively a/^/2 and c. It is a pressure inside and 
a tension outside this surface when c/a is less than the critical value, a tension inside 
and a pressure outside when c/a is greater than the critical value. The volume throughout 
which it is a tension is thus under all circumstances equal to that throughout which it 
is a pressure. In the critical spheroid itself the longitudinal stress everywhere vanishe& 
Over the surface of the material spheroid for all values of c/a the longitudinal stress varies 
as the square of the perpendicular on the axis of rotation. 

In (102) it will be noticed that the coefficient of (1 — i^/a* — -8*/c") is essentially positive 
for all materials of the kind considered here, and that the coefficient of (1 — r^/a*) is positive 
or negative according as c/a is less or greater than the critical value. 

Thus so long as c/a is less than the critical value the radial stress is everywhere a 
tension, but when c/a exceeds the critical value it becomes a pressure in a superficial 
volume, whose thickness is greatest at the poles and zero in the equator. Over the 
surface of the spheroid, whatever be the value of c/a or the character of the material, the 
radial stress varies as the square of the perpendicular on the equatorial plane. The radial 
stress thus vanishes where the equatorial plane cuts the surface and in general nowhere 
else. In the critical spheroid however it vanishes at every point of the surface. 

The stress 4> at right angles to the meridian plane is equal to the radial stress at 
every point on the axis of rotation and everywhere else is algebraically greater than it. It 
is everywhere a tension so long as c/a is less than the critical value, but when c/a exceeds 
the critical value it becomes a pressure in a superficial volume around each pole. 

The remarks made on the position of the principal axes in the case of uniconstant 
isotropy, cf. § 28, apply verbatim to the general case. The stress 4> perpendicular to 
the meridian plane is everywhere a principal stress. Along the polar axis and in the 
equatorial plane the longitudinal and radial stresses Z and R are principal stresses, and 
this is also the case at every point of the critical spheroid, which has thus one of its 
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principal stresses everywhere zero. With these exceptions however the principal stresses 
in the meridian plane do not act along the fundamental directions, and the angle which 
the algebraically greater of them makes with the perpendicular on the axis of rotation 
produced outwards is everywhere obtuse or acute according as c/a is less or greater than 
the critical value. 

On the surface the only stress in the meridian plane is along the tangent, and it is a 
tension or a pressure according as c/a is less or greater than the critical value. Over 
the surface of any given spheroid it varies inversely as the square of the perpendicular 
from the centre on the tangent plane. 

§ 41. In the general case it seems scarcely worth while constructing tables for the 
values of the changes in the lengths of the equatorial and polar diameters and for the 
strains at the centre of the spheroid. To be practically useful such tables would have 
to assign numerical values to rj, rj', G/E and E'/E. It is doubtful if satisfactory ex- 
perimental determinations of these quantities exist for materials of the class here con- 
sidered, and a large amount of time would be required to make the arithmetical 
calculations necessary if all values theoretically possible were to be included. 

Further, materials of this class can doubtless support a greater strain in some 
directions than in others, so that the value of the greatest positive strain, or the 
greatest value of the maximum stress-difference, cannot on any possible theory immediately 
determine the tendency of the body to pass beyond the limits of perfect elasticity or 
to approach rupture. Saint-Venant it is true has applied his theory of rupture in a 
generalized form to such materials, but it seems on the whole advisable to postpone 
consideration of the question until a reasonable expectation exists that the theory cor- 
responds to the facts. 

§ 42. In the case of uniconstant isotropy the variation of the more important 
strains and displacements with the value of c/a have been already shown in Table ui. 
Since however in this country the biconstant theory of isotropy is almost universally 
accepted, I have calculated the values of the several quantities of that table for the 
values 0, '2, '4, '6 and I of the ratio of the elastic constants n : m. These answer 
respectively to the values '5, '4, -3, '2 ajid of Poisson's ratio. Every solid probably 
that has the least claim to be regarded as isotropic will be admitted to have positive 
values for Poisson's ratio and for the rigidity, so that and 1 are respectively the least 
and greatest values which can be attached to n/m. The results are thus of the utmost 
generality so far as isotropic materials are concerned. They are given in the following 
tables, V. — IX. The corresponding results for intermediate values of n/m could in general 
be obtained to a close degree of approximation by interpolation from the tablea 

§ 43. The quantity treated in Table v. is the total increase in the equatorial dia- 
meter divided by its whole length. It is for shortness spoken of as the increase per 
unit length, but it must be clearly understood that the radial strain varies from point to 
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point of a diameter, so that the change in any particular unit of length varies with 
the distance from the centre. In this as in the following three tables the numbers in 
the table must be multiplied by m^pd^jE to get the absolute values. This &ctor is an 
arithmetical quantity, and as such independent of the particular system of units employed 
The value of E must of course be determined by experiment and expressed in terms 
of the same system of units as the other quantities. 

In comparing the results answering to a given value of njm the equatorial semi- 
diameter a must be regarded as constant, so that the variations in the value of cja 
must be treated as proceeding from variations in c alone. Thus what Table v., for 
instance, immediately shows is how the increase in the equatorial diameter of a spheroid 
of given equatorial diameter, formed of given material and rotating with a given angular 
velocity, depends on the ratio of the polar to the equatorial diameter. 

Table vi. gives the total diminution of the polar diameter divided by its whole 
length. The actual longitudinal strain of course along the polar diameter is not in general 
constant but varies with the distance from the centre. 

Table vii. gives the algebraically greatest principal strain at the centre. It might equally 

correctly have been represented by i-f-) , because the radial and transverse strains are 

there the same. In certain cases— -e.g. for the values 0, 1, oo of c/a — this has already 
been proved to be the algebraically greatest strain occurring anywhere in the spheroid, 
and is then known to be the exact measure of the tendency to rupture on Saint- Yenant's 
theory. It may farther be shown, as in the corresponding case in uniconstant isotropy, 
that this quantity is in general the correct measure of Saint- Venant's tendency to rupture. 

Table viil. gives the numerical value of the third principal strain at the centre. 
It is a negative quantity and so is a compression, and its direction is the polar diameter. 
It does not in itself supply a measure of the tendency to rupture on any theory and 
so is of less importance than the greatest strain. Its variations have been deemed worthy 
of tabulation because the centre is in itself the most important point in the spheroid, 
and because the value of any given normal strain throughout the spheroid is as a rule 
small or great according as its value at the centre is small or great. 

The quantity tabulated in Table ix. is the maximum stress-difference at the centi^. 
For the values 0, 1, oo of c/a it measures exactly on the stress-diiFerence theory the 
tendency of the spheroid to rupture. For other values of c/a it can be regarded only 
as an inferior limit to the true tendency to rupture, as the existence of greater values 
elsewhere has not been foimally disproved. 

Being of the nature of a stress it is measured in terms of co'pa', and is thus given 
in absolute measure in terms of the system of units of length, time and mass which 
may have been adopted. 

Table x. is of a totally different character from the previous five. It gives the 
value of c/a in the critical spheroid answering to the assigned values of n/m. The 
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importance of the critical spheroid has been pointed out and most of its properties have 
been noticed in treating of the general case or of uniconstant isotropy. In the latter case 
it was stated in § 26 that the absolutely largest value of the greatest strain, for a given 
material and given equatorial diameter, occurs in the critical spheroid. This is not how* 
ever a peculiarity of uniconstant isotropy but, as may easily be proved from the expression 
for the greatest strain, is true of the general case of biconstant isotropy. We can thus 
lay down as a general law that: — 

In a rotating spheroid of given equcUoricd diameter formed of an isotropic medium, 
ike absolutely largest '* greatest strain'' at the centre, and so the greatest "tendency to rupture" 
on Saint-Vena/nfs theory y invariably occurs in the critical spheroid. 

Table V. 
Increase in equatorial diameter per unit length. 



a 



re" 



Value of 
«/a 




Value of n. 


•2 


•4 


•6 


1 


•087 


•105 


•124 


•148 


•18 


•2 


•091 


•109 


•127 


•146 


•183 


•4 


•102 


•119 


•137 


•154 


•191 


•8 


•126 


•144 


•163 


•181 


•217 


10 


•132 


•151 


•171 


•190 


•229 


2-0 


•131 


•164 


•178 


•2009 


•2476 


4-0 


•127 


•1514 


•1760 


•2006 


•2498 


00 


•125 


•15 


•175 


•2 


•25 



Table VI. 
Diminution of polar diameter per unit length. 







c 


E 






Valneof 

cla 




Value of f. 


•2 


•4 


•6 


1 


•304 


•239 


•175 


•114 





•2 


•308 


•244 


•181 


•121 


•007 


•4 


•314 


•265 


•194 


•136 


•025 


•8 


•287 


•241 


•195 


•149 


•0565 


1-0 


•263 


i 


•181 


•140 


•0571 


2-0 


•197 


•163 


•129 


•095 


•027 


4-0 


•174 


•141 


•108 


•074 


•0076 


00 


•16 


•iS 


•1 


•06 
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Table VII. 
Greatest strain at centre. 



&h 



c»*pa* 



Value of 

c/o 




Value of rt 
n/m 


•2 


•4 


•6 


1 


•152 


•179 


•204 


•229 


'^1 


•2 


•164 


•188 


212 


•234 


•276 


1 •* 


•190 


•213 


•233 


•252 


•286 


1 -8 


•218 


•252 


•277 


•296 


•325 


10 


•210 


•255 


•286 


•31 


•343 


20 


•160 


•231 


•282 


•319 


•371 


40 


•135 


•215 


•272 


•3150 


•3747 


oe 


•125 


•208 


•268 


•3125 


•375 



Table VIII. 
Lonffitwiinal compression at centre. 



■ 




fdw\ 
\dzl' 


'' E~- 






Value of 



Value of n 
nim 


■2 


•4 


•6 


1 


•304 


•239 


•175 


114 





•2 


•327 


•256 


•190 


■127 


•Oil 


•4 


•380 


•298 


•225 


158 


•038 


•8 


•437 


•347 


•271 


204 


•0847 


1^0 


•421 


•337 


•264 


2 


•0857 


20 


•319 


•256 


•198 


143 


•040 


40 


•269 


•215 


•163 


112 


•Oil 


00 


•25 


•2 


•15 


1 
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Table IX. 
Maximum stress-difference at centre, 

3-»/m tUA \dz),; 



(o^pa\ 



Yalae of 
cla 




Value of n 
nim 


•2 


•4 


•6 


1 


•304 


•298 


•292 


•286 


•St 


•2 


•327 


•318 


•309 


•301 


•286 


•4 


•380 


•365 


•352 


342 


•324 


•8 


•437 


•428 


•422 


•417 


•410 


10 


•421 


•422 


•424 


•425 


•429 


20 


•319 


•348 


•369 


•386 


•411 


40 


•269 


•307 


•335 


•356 


•386 


00 


•25 


•292 


■321 


•344 


•375 



Table X. 
Value of c/a in the critical spheroid. 



n/n»= 





•1 


•2 


•4 


•6 


•8 


•9 


1 


oiitioal valae 
of cfa 


•764 


•853 


•954 


1217 


1-633 


2518 


3-715 


00 



§ 44. The calculations on which these tables are based proceeded to 4 places of 
decimals. The last of these however has been retained only in a few cases where the 
variation of the quantity considered with the value of c/a is exceptionally slow. When 
less than 3 places of decimals are shown the value given in the table is the exact value 
of the quantity. 

The results of the Tables v. — ix. are also shown graphically in the accompanying 
figures 1 — 5, Plate II., as they seem peculiarly well adapted for this form of treatment. 
In all the figures the abscissae of the curves answer to the values of c/a, a special curve 
being drawn for each value of n/m. In the first four figures the curves for the value 
n/m^'5, answering to uniconstant isotropy, are also drawn. In the last figure this curve 
is omitted as in its earlier portion it could hardly be shown distinctly between the curves 
answering to the values '4 and "6 of n/m. 
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In the first four figures the ordinates give the numerical value of the coefficient of 
m*pa*/E, which is thus treated as the unit quantity. In the last figure the unit quantity 
is a>'/>a* simply. In the first four figures and the corresponding tables when a direct 
comparison is instituted, for a given value of c/a, between the values of the quantities 
which answer to the various values of n/m, the materials compared must be supposed to 
have the same Young's modulus and density. 

§ 43. From fig. 1, or Table v., it is seen at a glance that the way in which the 
increase in the equatorial diameter varies with the value of c/a is very similar for all 
possible values of n/m. As c/a increases from to 1 the increase in the equatorial diameter 
rises continually in every case, though somewhat slowly. As c/a increases further the 
variations in the quantity considered are remarkably small, so that the increase in the 
equatorial diameter is practically nearly independent of the eccentricity in all prolate 
spheroids. When n/m — 1 the curve continually approaches an asymptotic value as a superior 
limit In the other curves the ordinates show true maxima for finite values of c/a, all 
greater than unity and so denoting prolate spheroids, and the value of c/a answering to 
the maximum continually diminishes as n/m diminishes, i.e. as Poisson's ratio increases. 
Also it is obvious that for a given value of Young's modulus and a given density, the 
increase in the equatorial diameter invariably increases as Poisson's ratio diminishes, whatever 
be the value of c/a. 

§ 46. The ordinates of all the curves of fig. 2 show distinct maxima which answer 
to values of c/a less than 1, so that for a given material and a given equatorial diameter 
the diminution per unit length in the polar diameter is greatest in some form of oblate 
spheroid. It is also obvious from the figures that the spheroid in which the quantity 
is a maximum becomes more and more oblate as n/m diminishes, i.e. as Poisson's ratio 
increases. 

The dependence of the diminution* of the polar diameter on the value of Poisson's 
ratio is very marked. When Poisson's ratio becomes zero, the diminution of the polar 
diameter totally disappears in the limiting forms of the oblate and prolate spheroids 
answering to the values and oo of c/a, and is extremely small in all spheroids which 
differ much firom the spherical form. 

A comparison of figures 1 and 2 shows very strikingly how the class of isotropic 
materials in which the increase in the equatorial diameter is most marked is precisely 
the class in which the diminution in the polar diameter is least conspicuous. 

. § 47. The curves of fig. 8 resemble pretty closely those of fig. 1. Except in the 
case of n/w = l, the ordinates show true maxima for finite values of c/a, and the value 
of c/a at which the maximum appears continually diminishes as Poisson's ratio increases. 
The exact positions of the maxima are, as already explained, given by Table x. Except in 
the case of n/m = 0, the dependence of the greatest strain on the eccentricity is decidedly 
more conspicuous in oblate than in prolate spheroids. 
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§ 48. The curves of fig. 4 show a general resemblance to those of fig. 2. Their 
ordinates however exhibit much more pronounced maxima. . The spheroids in which these 
maxima occur are all oblate, and the oblateness increases but only to a very small extent 
as Pois8on*s ratio increases. It will also be noticed that for a given magnitude of spheroid 
the longitudinal compression at the centre diminishes rapidly as Poisson's ratio diminishes, 
and absolutely vanishes along with Poisson's ratio in the limiting oblate and prolate 
spheroids answering to the values and oo of c/a. In fact the isotropic materials in 
which the greatest strain at the centre is largest are precisely those in which the 
longitudinal compression is least and conversely. 

§ 49. In fig. 5 the closeness of the curves for all values of c/a less than unity 
seems very remarkable. This would indicate that on the stress-difference theory the 
numerical measure of the tendency to rupture at the centre in all oblate spheroids of 
isotropic material is nearly independent of the values of the elastic constants. This would 
not of course imply that the angular velocities causing rupture in oblate spheroids of the 
same size and shape are nearly the same for all isotropic materials of the same density, 
because one such material might stand a very much greater stress-difference than another. 
There is also a critical value of c/a^ lyiug in every case between '9 and 1, at which the 
value of the maximum stress-difference regarded as a function only of n/m becomes 
stationary. In all oblate spheroids in which c/a is less than '9 the maximum stress-difference 
coDtinually increases, though only to a small extent, as Poisson's ratio increases; whereas 
in all prolate spheroids the maximum stress-difference continually diminishes as Poisson's 
ratio increases. In oblate spheroids in which c/a lies between '9 and 1 the maximum 
stress-difference is practically independent of the values of the elastic constants. 

In all the stress-difference curves the ordinates possess distinct maxima. When n/m = l 
this maximum appears when c/a is nearly 1*2. In each of the other curves the maximum 
appears when c/a is less than unity, i.e. in an oblate spheroid, and the oblateness of this 
spheroid continually increases as n/m diminishes, i.e. as Poisson's ratio increases. In no case, 
however, does the spheroid in which the maximum occurs differ very much from the 
spherical form. 
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IL Non-Euclidian Geometry. By Professor Catlet. 



[Read January 27, 1890.] 



I CONSIDER ordinary three-dimensional space, and use the words point, line, plane, &c. 
in their ordinary acceptations; only the notion of distance is altered, viz. instead of taking 
the Absolute to be the circle at infinity, I take it to be a quadric surface: in the 
analytical developments this is taken to be the imaginary surface «;* + y' + 2:" + w' = 0, and 
the formulae arrived at are those belonging to the so-called Elliptic Space. The object 
of the Memoir is to set out, in a somewhat more systematic form than has been hitherto 
done^ the general theory; and in particular to further develope the analytical formulad in 
regard to the perpendiculars of two given linea It is to be remarked that not only all 
purely descriptive theorems of Euclidian geometry hold good in the new theory; but that 
this is the case also (only we in nowise attend to them) with theorems relating to 
parallelism and pei-pendicularity, in the Euclidian sense of the words. In Euclidian 
geometry, infinity is a special plane, the plane of the circle at infinity, and we consider 
(for instance) parallel lines, that is lines which meet in a point of this plane: in the 
new theory infinity is a plane in nowise distinguishable from any other plane, and there 
is no occasion to consider (although they exist) lines meeting in a point of this plane, 
that is parallel lines in the Euclidian sense. So again, given any two lines, there exists 
always, in the Euclidian sense, a single line perpendicular to each of the given lines, 
but this is not in the new sense a perpendicular line; there is nothing to distinguish 
it from any other line cutting the two given lines, and consequently no occasion to 
consider it: we do consider the lines — there are in fact two such lines — which in the 
new sense of the word are perpendicular to each of the given lines. 

It should be observed that the term distance is used to include inclination: we have, 
say, a linear distance between two points; an angular distance between two lines which 
meet; and a dihedral distance between two planes. But all these are distances of the 
same kind, having a common unit, the quadrant, represented by \ir\ and in fact any 
distance may be considered indifferently as a linear, an angular, or a dihedral distance: 
the word, perpendicular, usually represented by ±, refers of course to a distance = i7r. 
We have moreover the distance of a point from a plane, that of a point from a line, 
and that of a plane from a line. Two lines which do not meet may be -l, and in 
particular they may be reciprocal: in general they have two distances; and they have 
also a "moment" and "comoment", the values of which serve to express those of the 
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two distances. Lines may be, in several distinct senses, as will be explained, parallel; 
and for this reason the word parallel is never used simpliciter ; the notion of parallelism 
does not apply to planes, nor to points. 

Elliptic space has been considered and the theory developed in connexion with the 
imaginaries called by Clifford biquatemions, and as applied to Mechanics: I refer to the 
names, Ball, Buchheim, Clifford, Cox, Gravelius, Heath, Klein, and Lindemann: in particular 
much of the purely geometrical theory is due to Clifford. Memoirs by Buchheim and 
Heath are referred to further on. 



Geometrical Notions. Nos. 1 to 16. 

1. The Absolute is a general quadric surface: it has therefore lines of two kinds, 
which it is convenient to distinguish as directrices and generatrices: through each point 
of the sur£Bice there is a directrix and a generatrix, and the plane through these two 
lines is the tangent plane at the point. A line meets the surface in two points, say 
Ay C; the generatrix at A meets the directrix at C; and the directrix at A meets the 




generatrix at C; and we have thus on the surface two new points -B, D; joining these 
we have a line BD, which is the reciprocal o{ AC ; viz. BD is the intersection of the 
planes BAD, BCD which are the tangent planes at A, C respectively, and similarly AC 
is the intersection of the planes ABC, ADC which are the tangent planes at B, D 
respectively. 

According to what follows, reciprocal lines are ±, but ± lines are not in general 
reciprocal; thus the two epithets are not convertible, and there will be occasion throughout 
to speak of reciprocal lines. 

2. Two points may be harmonic; that is the two points and the intersections of 
their line of junction with the Absolute may form a harmonic range: the two points 
are in this case said to be ±. 

Two planes may be harmonic: that is the two planes and the tangent planes of 
the Absolute through their line of intersection may form a harmonic plane-pencil: the 
two planes are said to be ±. 
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Two lines which meet may be harmonic: that is the two lines and the tangents 
from their point of intersection to the section of the Absolute by their common plane 
may form a harmonic pencil: the two lines are said to be x. 

The locus of all the points x to a given point is a plane, the reciprocal or polar 
plane of the given point; and similarly the envelope of all the planes x to a given 
plane is a point, the pole of the given plane: a point and plane reciprocal to each other, 
or say a pole and polar plane, are said to be x. 

3. If a point is situate anywhere in a given line, the x plane passes always through 
the reciprocal line: each point of the reciprocal line is thus a point of the x plane 
i.e. it is X to the given point: that is, considering two reciprocal lines, any point on 
the one line and any point on the other line are x. Similarly any plane through the 
one line and any plane through the other line are x. 

A line and plane may be harmonic; that is they may be reciprocal in regard to 
the cone, vertex their point of intersection, circumscribed to the Absolute; the line and 
plane are said to be x. The x plane passes through the reciprocal line, and conversely 
every plane through the reciprocal line is a x plane. It may be added that the line 
passes through the x point of the plane; and conversely, that every line through the 
X point of a plane is x to the plane. Moreover if a line and plane be x, the line 
is X to every line in the plane and through the point of intersection. 

A line and point may be harmonic; that is they may be reciprocal in regard to the 
section of the Absolute by their common plane: the line and point are said to be x. 
The X point lies in the reciprocal line, and conversely every point of the reciprocal line 
is a X point It may be added that the line lies in the x plane of the point: and 
conversely that every line in the x plane of a point is x to the point Moreover if a 
line and point be x, the line is x to every line through the point and in the plane of 
junction. 

4. We may have a triangle ABC composed of three lines -BC, (7-4, AB in the same 
plane: the six parts hereof are the linear distances B^ C\ C, A\ A^ B oi the angular 
points, and the angular distances of the sides CA, AB) AB, BC; BC, CA. Similarly 
we may have a trihedral composed of three lines meeting in a point, say the planes 
through the several pairs of lines axe A, B, C respectively: the six parts hereof are 
the angular distances CA, AB; AB, BC; BC, CA of the three lines, and the dihedral 
distances B, C; C, A; A, B o{ the three planea According to the definitions of distance 
hereinafter adopted, the relation of the six parts is that of the sides and angles of a 
spherical triangle: in particular, if two sides are each = ^7r, then the opposite angles are 
each = ^7r, and the included angle and the opposite side have a common value; and so 
also if two angles are each = j7r, then the opposite sides are each = i7r, and the included 
side and the opposite angle have a common value. 

5. Let A, C he points on a line, and B, D points on the reciprocal line; by what 
precedes, each of the lines AB, AD, CB, CD is = Jtt: also each of the angles ACD, ACB, 
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CAB, CAD is =i7r. The line 4C is ± to the plane BCD and to the lines BC, CD, 
in that plane; it is also ± to the plane BAD and to the lines BA, AD iii that plane; 
and similarly for the line BD. From the trihedral of the planes which meet in C, distance 
of planes ACB, ^(72) = distance of lines BC, CD, viz. the dihedral distance of two planes 
through the line AC \8 equal to the angular distance of their intersections with the ± plane 
BCD; and it is therefore equal also to the linear distance of their intersections with the 

Fig. 2. 




other X plane BAD: and so from the triangle BCD, where BC, CD are each ^^ir, the 
angular distance BCD is equal to the linear distance BD; that is the distance of the 
planes ACB, ACD, that of the lines BC, CD that of the lines BA, AD and that of 
the points B, D are all of them equal; say the value of each of them is =^. And 
in like manner the distance of the planes ABD, CBD, that of the lines AB, BC, that 
of the lines AD, DC and that of the points A, C are all of them equal: say the value 
of each of them is =8. 

The theorem may he stated as follows: all the planes ± to. a given line intersect 
in the reciprocal line: and if we have through the given line any two planes, the distance 
of these two planes, the distance between their lines of intersection with any one of 
the X planes, and the distance between their points of intersection with the reciprocal 
line are all of them equal. 

And it thus appears also that a distance may be represented indifferently as a linear 
distance, an angular distance, or a dihedral distance. 

6. Consider a point and a plane: we may through the point draw a line ± to the 
plane, and intersecting it in a point called the ^foot': the distance of the point and plane 
is then (as a definition) taken to be equal to that of the point and foot. It may be 
added that the jl line is in fact the line joining the point with the ± point of the 
plane; and that the distance of the point and plane is equal to the complement of the 
distance of the point and the x point. Or again, we may in the plane draw a line ± to 
the point, and determining with it a plane called the roof: and then (as an equivalent 
definition) the distance of the plane and point is equal to the distance of the plane and 
roof. It may be added that the -l line is in fact the intersection of the plane with 
the X plane of the point, and that the distance of the point and plane is also equal 
to the complement of the distance of the plane and the -l plane of the point. 
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7. Consider a point and line: we have through the point a line x to the line and 
cutting it in a point called the foot; the distance of the point and line is then (as a 
definition) equal to the distance of the point and foot It may he added that the foot 
is the intersection with the line of a plane ± thereto through the point. 

Again consider a plane and line: we have in the plane a line x to the line and 
determining with it a plane called the roof: the distance of the plane and line is then 
as a definition equal to the distance of the plane and roof It may be added that the 
roof is the plane determined by the line and a point x thereto in the plane. 

8. If two lines intersect, then their reciprocals also intersect. Say the intersecting 
lines are X, F; and their reciprocals X', Y' respectively; then JST, the point of intersection 
of X, F, has for its reciprocal the plane of the lines X\ F; and similarly K*, the point 
of intersection of the lines X\ F*, has for its reciprocal the plane of the lines X, F: 
hence KK' has for its reciprocal the line of intersection of the planes XY and JTF; 
say this is the line A, meeting X, F, X\ Y\ in the points a, /8, a', ff respectively. Since 

Fig. 3. 




Ky K' are points in the reciprocal lines X^ X' (or in the reciprocal lines F, Y') the 
distance KK' is s^tt; and since the plane XY passes through the line A which is the 
reciprocal of KK\ the line KK' is x to the plane XY and also to each of the lines 
X, Y (it is also x to the plane X'Y' and to each of the lines X\ Y'), Again since 
the lines KK' and A are reciprocal, each of the distances JSTa, Kfi \& ^\ir\ that is the 
line A is X to each of the lines X and F (and similarly it is x to each of the lines 
X' and F'). Moreover the angle at K or distance of the lines X and F (which is equal 
to the distance of the planes KKX and K'KY) is equal to the distance afi of the 
intersections of A with the lines X and F respectively. We have thus for the two 
intersecting lines X and F, the two lines KK' and A each of them x to the two lines: 
where observe that KK' is the line of junction of the point of intersection of the two 
^ven lines with the point of intersection of the reciprocal lines; and that A is the line of 
intersection of the plane of the two given lines with the plane of the reciprocal lines. 
The linear distance along KK' between the two lines is =0; the dihedral distance between 
the planes which KK' determines with the two lines respectively is equal to the angular 
distance between the two lines. The linear distance along A is equal to the angular 
Vol. XV. Pabt I. 6 
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distanoe between the two lines; the dihedral distance between the two planes which A 
detennines with the two lines respectively is sO. 

9. If two lines are such that the first of them intersects the reciprocal of the 
second of them, then also the second will intersect the reciprocal of the first; the two 
lines iMre in this case said to be contrasecting lines; or more simply, to contrasect: and 
contrasecting lines are said to be ±. Supposing that the two lines are X, F and 
their reciprocals X\ Y' respectively, we have here X, F' intersecting in a point K, and 
X\ T intersecting in a point K': and the planes XY\ X'Y intersect in a line A 
which meets the lines Z, Y, X\ F' in the points % fi, a\ ff respectively* As before 
the lines KK' and A are reciprocal: the distance KK' is ^i^r; and KK' is x to 
the plane XY\ that is to each of the lines X, F"; and also to the plane X'Y, that 
is to each of the lines X', F; it is thus x to each of the lines X and F Again 
each of the angles at a, /3« a', /S' is =^7r; that is the line A is x to each of the lines 




X, Y\ X\ F, or say to each of the lines X and F Moreover the angle at K or say 
the angular distance of the intersecting lines X and Y' is equal to the distance afi'\ and 
similarly the angle at K' or say the angular distance of the intersecting lines X' and 
F is equal to the distance ti(fi: but the distances cui, fiff are each equal to ^tt; and 
hence the distances a^, cCfi are equal to each other and each of them is equal to the 
complement of the distance afi. Thus in the case of two contrasecting lines we have the 
lines KK' and . A each of them x to the two given lines ; where observe that KK' is 
the line joining the point of intersection of X with the reciprocal of F and the point 
of intersection of F with the reciprocal of X\ and that A is the line of intersection of 
the plane through X and the reciprocal of F with the plane through F and the reciprocal 
of X. The linear distance KK' between the two lines along the first of these lines is 

thus ss^TT. 

10. We have KK' and A reciprocal lines; on the first of these we have the points 
Kj K' which are x points: hence also the planes AK and AK* are x; but the plane 
Air is the plane AXF or say the plane AX, and the plane AK' is the plane AX'Y 
or say the plane AF; hence the planes AX and AF are x. Similarly the line A cuts 
the two lines in the points a, /3; and the line KK' determines with these two points 
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respectively the plane KK'a, that is KK'X. and KK'fi, that is KK'7\ and thus the 
linear distance between the two points a, /3 is equal to the dihedial distance between 
the two planes KK'X and KK'Y. Thus the x line A cuts the two lines in two points 
Oy the linear distance of which is, say 8: and it determines with them two planes 
the dihedral distance of which is ^^n. And the other x line KK' cuts the two lines 
in the points if, K' the linear distance of which is =^7r, and it determines with them 
two planes the dihedral distance of which is = S. 

11. Consider a line X and its reciprocal X': a line intersecting each of these also 
contrasects each of them and is thus jl to each of them: and similarly if F be any 
other line and F' its reciprocal, a line intersecting F and F also contrasects each of them 
and is thus ± to each of them. Hence a line which meets each of the four lines 
X, X', F, F is also x to each of them, or attending only to the lines Z, F, say it 
is a X of these lines: there are two xs; and clearly these are reciprocal to each other, 
for if a line meets X, F, X\ Y' then its reciprocal meets X\ Y\ X, F, that is the 
same four lines. Looking back to figure 2 we may take AB, CD for the given lines, and 
AC, BD for the two xs; as just remarked these are reciprocal to each other. The x AC 
cuts the two lines respectively in the two points A and C the linear distance of which 
is say =S; and it determines with them two planes ACBj ACD, the dihedral distance of 
which is say ^0. Similarly the other x BD meets the two lines respectively in the two 
points B and D the linear distance of which is « 0, and it determines with them two planes 
EDA, BDC the dihedral distance of which is »£. In the plane triangles which are the 
faces of the tetrahedron ABCD, there is in each triangle an angle opposite to AC or BD 
and which, or say the angular distance of the two including sides, is thus ^S ox Q. Except 
as aforesaid the sides, angles, and dihedral angles, or say the linear, angular, and 
dihedral distances of the tetrahedron are each of them » ^tt. 

12. Considering the lines X and F as given, the distances S and depend upon 
two fanctions called the Moment and the Comoment: viz. moment «0 is the condition in 
order that the two lines may intersect (or, what is the same thing, in order that their 
reciprocals may intersect): comoment »0 is the condition in order that the two lines may 
contrasect, that is each line meet the reciprocal of the other ona It may be convenient 
to mention here that the actual relations are 

sin 8 sin tf = Moment, cos 8 cos d « Comoment 

In particular if moment ~0, then the lines intersect; we have, say S = 0, and therefore 
cos = comoment ; if comoment « 0, then the lines contrasect, that is they are x : we have, 
say d^s^TT, that is sin £- moment. These are the two particular cases which have been 
considered above. 

13. Consider as above the two lines, Z, F met by the x S in the two points A 
and C respectively. Consider at -4 a line J x to the lines X, S; and take 11 the plane 
of the lines (X, S) and 12 the plane of the lines (Z, i). Similarly consider at (7 a line 
X" X to the lines F, S, and take 11, the plane of the lines (F, h) and ft, the plane of the 
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Digitized by 



Google 



44 Prop. OAYLEY, ON NON-EUCLIDIAN GEOMETRY. 

lines <r, K): we have thus through A two planes IT, fl meeting in the line X; and 
through two planes IT,, 12, meeting in the line F. It requires only a little reflection 
to see that the distances of these planes are 

(n, n^ = <?, (ft, n,) =& 

(n, a) ^iir, (n„ n.)=i7r; (n, ft,)=i7r, (n„ n)-^^. 

Fig. 6. 




In fact n, IIj are the before mentioned planes ACB, ACD the distance of which was 
sa0: fly n^ are planes having the common x AG, which is the line through the poles of 
these planes, and such that the distance AC is equal to the distance of the two poles, 
that is the distance of the two planes. Moreover from the definitions the distances (11, il) 
and (IIj, flj) are each «^Tr: the plane 11 passes through the x at (7 to the plane ft^ 
that is (n, n^—^ir; and similarly the plane 11^ passes through the x at ^ to the plane 
fij that is (IT^, fi)=:^7r; and we have thus the relations in question. 

The consideration of these planes leads, (see post 31 and 32), to the before mentioned 
equation, cos S cos ^ = comoment ; if instead of one of the lines, say F, we consider the 
reciprocal line F', then the angles S, are changed each of them into its complement, and 
we deduce immediately the other equation, sin £ sin d = Moment 

14. It may happen that instead of the determinate number 2, we have a singly infinite 
system of xs: viz. this will be so if the lines X, X\ F, F', are generating lines (of the 
same kind) of a hyperboloid. They will be so if the lines X and F each of them meet 
the same two lines (of the same kind) of the Absolute, say if JT, F each meet two directrices 
Dp D,, or two generatrices (jj, (7,; but it seems less easy to prove conversely that the 
lines X and F must satisfy one of these two conditions. Suppose first that X, Y eajch 
meet the two directrices D,, D, ; say X meets them in a^ o^ and F in /3^, fi^ respectively. 
We have at o^ a generatrix which meets D,, suppose in a^' and at o^, a generatrix which 
meets jD^, suppose in a/ ; joining a/, a^\ we have the line X' which is the reciprocal of A ; 
viz. X' meets each of the lines D^, /),: similarly the generatrices at fi^, /3^ meet D,, D^ 
in the points /8,', /3^ respectively, and joining these we have the line F' which is the 
reciprocal of F: thus Y' meets each of the lines D^ and D,: the line D^ meets the four 
geueratrices in the points a,, a/, fi^, yS/ respectively, and the line D, meets the same four 
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generatarices in the points <, a,, iS,', /S,: thus AH{aL^, <, )8„ yS/) ^AH(a^, a., /8/, )8J, -AF 
denoting anhannonic ratio as usual. But AH(a\, o^, /3^\ /3^^AH(a^, a^', fi^, /S,") and thus 
the equation may be written -4.^(0,, <, fi^, fij = AH (a., <, /8„ /S,') viz. the lines Z, Z'. F, Y\ 
cut Dj, Z), homographically ; and there is thus a singly infinite system of lines cutting 
Dj, D, homographically : that is Z, X\ Y, Y\ are lines (of the same kind) of a hyperboloid. 
And similarly if Z, Y each cut the same two generating lines 0^, (?,, then will X\ Y' 
also cut these lines and Z, X\ F, Y' will cut them homographically, that is Z, X\ F, Y' 
will be lines (of the same kind) of a hyperboloid. 




The condition may be otherwise stated; if the lines Z, F have for xs any two 
directrices D,, D, or any two generatrices (7^, 0^ of the Absolute, then in either case 
there will be a singly infinite series of xs: the ± distances are all of them equal; say 
we have 6^h, and therefore sin*£ = moment, oos*2 »comoment; and therefore moment 
+ comoment = 1 ; or as the equation is more properly written, ± moment ± comoment s 1. 

15. Two lines Z, F each of them meeting the same two directrices 2)^, D^ are said 
to be " right parallels " ; and similarly two lines Z, F each meeting the same two generatrices 
G,, Q^ are said to be "left parallels": the selection as to which set of lines of the Absolute 
shall be called directrices and which shall be called generatrices will be made further on, 
(see post 35). We have just seen that if two lines are right parallels, or are left parallels, 
then in either case there is a singly infinite series of x& It may be remarked that 
reciprocal lines are at once right parallels and left parallels; and that in this case there 
is a doubly infinite series of ±s, viz. every line cutting the two lines is a x. 

Observe that right parallels do not meet, and left parallels do not meet: their doing 
so would imply in the one case the meeting of two directrices, and in the other case 
the meeting of two generatrices. 

16. If instead of the foregoing definitions by means of two directrices or two generatrices, 
we consider a directrix and a generatrix of the Absolute, and define parallel lines by 
reference thereto, then it is at once seen that there are 3 chief forms, and several sub- 
forms; the directrix and generatrix meet in a point, or say an ineunt, of the Absolute, 
and lie in a plane which is a tangent plane of the Absolute: we may have two lines 
Z, F which 
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l"*. Each pass through the ineupt, neither of them lying in the tangent plane. 

2^. Each lie in the tangent plane, neither of them passing through the ineunt. 

'S"".* One passes through the ineunt, but does not lie in the tangent plane: the other 
lies in the tangent plane, but does not pcuss through the ineunt. 

Observe that in the cases 1° and 2° the lines X and F intersect, but in the case 
3"" they do not intersect The lines in the case 3° are I believe what Buchheim has 
termed /9-parallels, his a-parallels being the foregoing right or left parallels*. The subforms 
arise by omitting in 1°, 2°, or 3°, e^ the case may be, the negative condition in regard 
to the two lines or to one of them; as the question is not here further pursued I do not 
attempt to give names to these several kinds of parallel lines. 

Point-, line-f and plane-- coordinates : Oeneral formvlas. Art Nos. 17 to 20. 

17. We consider point-coordinates (a?, y, z, w) : line-coordinates (a, 6, c, /, g, A), where 
af+bg + ch^Of and plane-coordinates (f, 17, f, »); if we have a line which is at once 
through two points and in two planes, then the line-coordinates are given by 

a : b : c : f : g : h 

Similarly if a plane be determined by three points thereof, then the coordinates of 
the plane are given by 

f : 17 : f : 00 = 



«p yi> ^x^ ^i 

^«> Vv ^t> w« 

a?.» y.. ^B> ^s 



X 

^1' Vv ^V ^1 

^.> y,> ^%* w« 

^.. y.. ^v ^a 



1 

^1. yi» ^v ^1 

^,> y«> ^v ^« 

^a. y.* -^a' ^a 



«!' yi' ^v ^i 

^a» y«> ^t* ^, 
^a' ya» ^a' ^a 



f.. 


'/l. 


?.. 


1 


f.. 


Vf 


5.. 


®. 


?.. 


v,> 


r.. 


«. 



and if a point be given as the intersection of three planes, then the coordinates of the 
point are 

X : y : z : w =s 1 : 1 : 1 

fi> Vv &' ®i fi» Vty Si, ®i f,» ^7i, ?i, ®i 

f„ 1?,, (;, ®, f„ Vt» ?i» «a fa> ^1' &' ®a 

fa> ^a> fa* ®a fa» ^a' Si> «a fa» %> fa* «a 

18. The conditions in order that a point (x, y, z, w) may be situate on a line 
(a, b, c, /, flf, h) are 

Ay— fl^'^ + fltw = o, 

- ha . +fy + bw = 0, 
gx-fy . +cw=0, 

— Gw?— 6y — car . =0, 
viz. these constitute a twofold relation. 

* See Bndhheim, A Memoir on Biquatemiona. Am&r. Math. Jour, t. 7 (1885), pp. 298--826. 
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Similarly the conditions in order that the plane (^, fj, ^, a>) may contain the line 
(a, b, c /, flf, h) are 

6f — ai; . + A© = 0, 
-fi-9v-K . =0, 
viz« these constitute a twofold relation. 



19. The condition in order that two lines (a, 6, c, /, ^r, A), (il, B, (7, i^, G, H) may 
Supposing that the two lines meet, we have at the point of intersection 

gx—fy . +0^ = 0, Ox'-Fy . +OMf = 0, 

^ cuB'-by — cz =0, — -4.« — By - Cr . « ; 

and from these equations we can find the coordinates x, y, «, w of the point of inter- 
section in a fourfold form, viz. we may write 



X : y : z : w =/4. + bO'¥cH 
« /B'-bF 
« fO-^cF 
= bO^cC 



gA^aG 

gB + cH + oF 

gC-cG 

cA'-aO 



hA-oH 

hB-^bH 

hO + oF+bG 

aB^bA 



KG-gH 

fH'-hF 

gF^fG 

/A-^-gB + hO. 



There is no real advantage in any one over any other of these forms, but it is con- 
venient to work with the last of them 



w- 



bC-cB 



cA'-aJO 



aB-bA :fA+gB + hO. 



20. In like manner if two lines intersect the plane which 


contains each of them 


is given by 








f :i;:r:« = 


oF+gB + W 


bF-/B : cF-/C 


: cB-bO 


= 


aO-gA 


bQ + hC+/A : cQ-gC 


: aC-cA 


.= 


aH-hA : 


bH-hB : cH+fA + gB 


bA-oB 


- 


gH-hO 


: hF-/H : /0-gF 


: aF+bQ + cH; 


or say we have 








f : i; : f: »« 


gH-hG : 


KF-fH : fQ-gF 


.oF+bQ + eH. 
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The Absolute. Nos. 21 to 27. 

21. The equation is 

in point coordinates a? + j^ + j^ + v^=^0, 
in plane coordinates |* + i7* + (;* + o)* = 0, 
in line coordinates a* + 6"+c*+/*+5f* + A* = 0. 
Hence jl of plane (f, 17, f, aa) is point (f, 17, f, w), 

X of point (a, y, 5, w) is plane (a:, y, 5, w). 
Reciprocal of line (a, 6, c, f, g, h) is line (/, ^r, A, a, 6, c) ; 
Points («, y, z, w), {x\ y\ /, t^ are -l if xaf -{-yif +Z2f -^-wit/ — Q\ 
Planes (f, 17, t ^\ (?'. V, (T, «0 are x if fr+W + (t' + fi>» =0. 

22. A line (a, 6, c« /, ^» h) and plane (f , 17, ^^ m) are x when the line passes through 
the X point of the plane, that is the point (f, rj, ^, oi): the conditions (equivalent to 
two equations) are 

-af — 617 — cS" . =0. 

A line {a, b, c, /, g, h) and point (x, y, z^ w) are x when the line lies in the x plane 
of the point, that is in the plane {xy y, z, w)\ the conditions (equivalent to two equa- 
tions) are 

. cy^-bz-Jw^O, 

bx — ay . +Aw = 0, 
-fx-gy-hz . =0. 

Two lines (a, 6, c, /, g, h), (a\ b\ c\ f\ g\ hf) which meet, that is for which 
af + bsf + ch' + a'f+Vg-hc'h^O, are x if 

(wf + bV-hcc'-^ff+gg+W^O. 

23. There will be occasion to consider the pair of tangent planes drawn through 
the line (a, 6, c, /, g, h) to the Absolute. Writing for shortness 

P = . hy-gz-^-aw, 
Q^-hx . -Vfz-^bw, 

^= 9^-fy • +^' 
i8f = — flw? — 6y — c^ . , 
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it may be shown that the equation of the pair of planes is 

In fact writing for a moment (^, % ^, m) and (^', if, ^, e/) to denote the coefficients of 
(as, y, «, w) in P and Q respectively, so that (f , % ^ a) = (0, h, -g, a), (f , rf, f, ©O - (- h, 0, /, h), 
then equation of the planes is 

(r-P-f<2)*+(VP-i7(2)*+(rP-5Q)'+(«'P-«(2)»=o. 

that is (r+i;''+r+®'^i*-2(fr+w+(r+««»')-pQ+(r+'7*+r+»')Q*"0, 

viz. this equation is 

(6» + A* +/«) p. + 2 (/flr - 06) PQ + (a' + 5f* + A*) Q* = 0. 
Bat P, Q, J2, iS are connected by the identical equations 

, cQ-bR + f8 = (i, 

-cP . +aR + gS = 0. 

bP-aQ . +h8 = 0, 

-/P-gQ'-hR . =0, 

and using these equations to express 12, S in terms of P, Q, viz. writing 

R = -l(fP+9Q), 8 = -l(bP-aQ), 

we see that the last preceding equation is equivalent to P* + Q" + i? + S* = 0. 
24. Similarly if P^^ . cy-bz +fw, 

iJj= hx — ay . +Aw, 

functions which are connected by the identical relations 

hQ^-gR, + aS, = 0, 

gPt-fQi . +CiS,=0, 

-aP,-6Q,-cfi, . =0; 

then in like manner we have P^' + Qj' + -B^' + S^* = 0, 

for the equation of the pair of tangent planes from the reciprocal line (/, g, h, a, 6, c) 
to the Absolute. And we may remark the identity 

(P* + Q»4-i? + S') + (P,« + Q,« + iJ,« + S,«) = (a^ + 6« + c''+/« + (f + A")(^ 

Vol. XV. Part I. 7 
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We in fact have 



y 



w 



y 

z 

w 



a' + (^ + A* 


ab-fg 


ac — hf 


eg-bh 


ob-fg 


hc-gh 


bc—gh 


ah-ef 


oc-A/ 


<^+r+g' 


bf-ag 


cg-hh 


ak-cf 


bf-ag 


a' + ft'+c* 



and in like manner 



a 



w 



y 



b'+<^+r 


-ab+fg 


-ac + hf j -eg + bh 


-ab+/g 


(f + a'+g* 


-be+gh 


-ah + ef 
-bf+ag 

r+f+h' 


-ao + hf 
-cg + bh 


-be+gh 
-ah+cf 


a* + V + h* 


-bf+ag 



25. For the distance of two points (a?, y, z^ w) and (a/, /, /, v/) we have 



whence also 



cosSs 



sinSs 



xa/'^yj/'^z/-\'Ww' 



Vaj^ + y* + j8" + t(;^ Va/* + i/"+/" + w'»' 






where in the numerator (a, 6, c, /, g^ h) stand for the coordinates of the line of junction 
of the two points, taken to be eqtial to y/ — y'^, za/ — /x^ «y'— a?y, amZ — a/w, yvi — y'w, 
zv/ — z'w respectively. 

Similarly for the distance of two planes (f, 17, {; to) and (f', 17', f', «') we have 



whence also 



cosSs 



sinS: 



gr+^^+rr+w 






where in the numerator (a, 6, c, /, ^r, A) stand for the coordinates of the line of inter- 
section of the two planes, taken to be equal to fo)'-f'c», i/w -i/'w, fw'-fw, 17?' -17'?, 
(rf'-ff. Sv'-S'v respectively. 
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The distance of a point {x, y, Zy w) and plane (^, V, ^^ »') is the complement of 
the distance of the point {x, y, g, w) and the point (^, f)\ ^, o/) which is the x point 
of the plane ; viz. we have 

^g^ x^-^yv' + z^wo^' ^ 

" V^ + /+;?• + w* Vf^^'* + f '^ + (o'^ ' 

cooS:^ '^a' + b' + (^'^r_±f'¥h' 

where in the numerator {a, b, c, /, g, h) stand for the coordinates of the line of junctiop 
of the two points. Of course the same result might have been equally well derived 
from the formula for the distance of two planes. 

26. If we now consider a plane triangle ABC, and write 

(^i» Vt* ^v ^i) ^^^ ^^® coordinates of A, 
(«,, y,, -?,, w,) „ „ B, 

{^8' y^y ^8' ^8) " »» <7. 

then the coordinates 

a, 6, c, /, flf, h 

of the line BC will be 

yft-v^%y Vt-Vf» ^JSz-«Ji%y ^t^B-^.^v y«^8-y8^8. -^.^.-^.w,, 

and similarly for the coordinates of the lines BC, CA ; the equations 

which express that these lines meet in pairs in the points A, By C respectively are of 
course satisfied identically; and we then have for the sides and angles (linear and 
angular distances) of the triangle 

^^8* + y«' + V + ^t ^< + y8* + ^B + ^8* ' 
^«8'+y8'+V+<'^«8*+y8*+V+<' 

Va,-+v+c,-+/.'+f/8'+vA*+v+os''+/;-+s^."+v' 

and this being so, if with the values of cos a, cos 6, cose, we form the expression for 
cosa — cos6 cose, then reducing to a common denominator, the expression for the numerator 
is at once found to be 

= ^A + f>A + ^8 + A/i + fl^8fl^8 + AA' 

, ^, ., . cos a — cos b cos c 

and thence easily cos il = : — t-—. , 

•^ sm 6 sin c 

viz. the expressions for the angles in terms of the sides are those of ordinary spherical 
trigonometry. 

7—2 



cosa = ,-- — 
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27. Hence also 

. . VI — cos'a — co8'6 — co8*c + 2 cosa cosft coec 

sm A = . , . ; 

sin 6 flin c 

whence sin^ : sin^ : 8in(7 = 8ma : sini : sine, 

J . -n ^ coBa(l — cos'a — cos'ft — co8*c + 2cosaco8 6 cose) 

and co8^+co8BcosC/ = ^^ ,-^ — . -j-—. , 

sm'a sm b sm c 

J ,, cos A + cos B cas C 

and consequently cos a = -. — ^—. — v= — - , 

^ ^ sm 5 sm C 

which completes the system of formulaB. 

And similarly for a trihedral, that is if we have three planes A, B, C (meeting of 
course in a point, 0) then the dihedral distances BG, CAy AB and the angular distances 
CA, AB; AB, BC; BC, CA are related to each other in the same way as the angles 
and sides of an ordinary spherical triangle. 



Distance of a point cmd line. Nos. 28, 29. 

28. The point is taken to be («j, y^, z^, w^), the line (a, b, c, /, g, A). Drawing 
through the point a j. plane, say (f, tj, (, a>) meeting the line in the foot, and taking 
the coordinates hereof to be (a?,, y^, z^, w,), then ^x^-^tfy^ + ^^-^wcd^^O and 

• Ai7-5rf+a© = 0, giving say, f= . cr/i-hz^-\'fw^, 

We have here f« + ^«+ ^ + a>«=:(6« + c»+/«)a7^« + &c., 

where (6* + c* +/*) «i* + &c. denotes the before mentioned quadric function of (a?p y^ z^, w^), 
which equated to zero, and regarding therein (a?^. y^, z^, w^) as current coordinates re- 
presents the pair of tangent-planes from the reciprocal line (/, g, h, a, 6, c) to the 
Absoluta 

Resuming the question in hand we have then 
which with . Ay, — 5^^, + aw, = 0, gives say — a?,= . 017 — &$'+/»> 

9^%"/}/% • +ow, = 0, -^, = -6f-ai; . +Ai», 

-flw?,-6y,-c2r, . =0, -«;^=:-.yf-^-Af . , 
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that is a?,«(6*-l-c"4-/0a:j+ (-a6+/5r)yj+ (-ac + A/)^,+ (-cy + 6A)w„ 

We have therefore 

and x^ +y; +z^ +w^ =(a' + 6* + c'+/*+5^ + A') {(6' + c"+/*)a^,* + &a}, 

where (6* + c* +/") «j* + Ac. denotes in each case the above-mentioned quadric function of 

In verification of the expression for x^-vy^-^-z^ + w^ it is to be remarked that we 
have identically 

= (a» + 6« + c'+/" + fl^ + A*){(6" + c'+/')a?,' + &c.}; 
here on the left-hand side the whole coe£Bcient of x^ is 

where the last four terms are together = (6" + c* +/*) (a* + 51* + A"), and thus the whole 
coefficient is (as it should be) = (6" + c"+/*)(a* + 6» + c*+/* + 5'" + A*): and similarly for 
the coefficients of the remaining terms. 

29. Writing then S for the required distance we have 



cos8' 



^.^.+y.yt+^»^«+«^i^« 



V< + yj' + -f/ + < Vii?/ + y," + V + «^/' 



that is 



cosSb 



V(6' + c'-h/')g,* + &c. 



where (6* + c^ +/*)«/ + &c. is the above-mentioned quadric function 





«. 


Vx 


'x 


w, 


». 


V + <?+/* 

-ab+fg 
-ae + hf 


-ab+fg 


-ac + hf 


-og+bh 


y. 


c' + o'+5f» 


-bc + gk 


-ah + ef 


«. 


-hc-^-gh 


a*+b* + h* 


-bf+ag 


w. 


— cg + bh 


-ah + ef 


-bf+ag 


r+g'+h' 



Distance of a plans a/nd line. No. 30. 

30. This may be deduced from the last preceding result: the formula as written 
down gives the distance of the x plane {x^, y^, z^, w^ from the reciprocal line 
(/, 9, h, a, b, c): hence writing (f, 1;, f, ») for («j, y^, z^, w^ and (a, 6, c, /, g, h) for 
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(/• g, K a. 6. c) we have for the distance of plane (f, i;, ^ «>) and line (a, b, c, f, g, h) 
the expression 

codS^ ^(«' + g' + ^' )f + &c- 

'^r + v' + ^-^<o''^a' + b' + <^+f' + ^ + h'' 

where (o* + flr* + A') f* + &c. denotes the quadric function 

f i; f «» 

r 

CO 



a-H-Z+A* 


ab-fg 


ac-hf 


cg — bh 


ab-fg 


6» + A'+/* 


be-gh 


ah — cf 


ac — hf 


bc — gh 


bf-ag 


cg — bh 


ah — cf 


bf-ag 


a^ + b' + c" 



The theory of two lines. Nos. 31 to 38, 

31. Considering any two lines X, Y it has been seen that these have two x s, 
viz. each x is a line cutting as well the two lines X, F as the reciprocal lines X\ T\ 
say that one of them cuts the lines X, Y in the points A, G respectively, and the other 
of them cuts the two lines in the points B, D respectively: and take as before the 
distances AC and BD to be = 8 and respectively. 

The coordinates of the lines X, Y are 

(a, 6, c,/, g, h) and (a„ 6,, c^, /„ g^, A,) respectively; 

and if we consider as before the planes 11, fl, 11^, ft^ the coordinates of which are 
{I, m, n, p), (X, ft, Py «r), (ij, m^, 7i^, p^), [\, /i^, v^, isrj respectively, then X is the inter- 
section of the planes 11, ft, and we have 

a : b : c : / : g : h 

= lnr — \p : m^ — fip : n«r — vp : mv -- nfjL : nX^li/ : Ifi — m\ 

and similarly Y is the intersection of the planes 11^, Q,^ and we have 

a, : 6, : c, : A - 9t - K 

Also the planes (n, ft), (n^, ftj, (11, ftj, (11^, ft) being mutually x, we have 

Z\ +m/Lt +W1/ +PW =0, 

^A + ^i/^, + Wi^'i + Pi^i = 0, 
iXj +m/Aj +ni/j H-pBTj =0, 
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and for the inclinations to each other of the pUines (11, 11 J and (fl, flj 

VV+&C. Vx,» + &c. ' 

C08tf=A+^^+2?5L+^L 

32. The expressions for the coordinates of the two lines give 

« (W, + mm, + nw, + pp,) (XX, + A*A*i + »'»'i + «^«^,) 

= VP + &C. ^I'^'+'&ci A* + &a V\» + i&a cos S cos tf. 
But we have 

a' +6* +c* +/' +5^ +A* -(i' + m* + n*+/)^)(X* + A*' + i^ + flr')-(iX + m/i + n*; + y>iir)» 

«(i* + &c)(X* + &c); 
and similarly 

= (f; + &c.)(\*+&c.). 
Hence the last result gives 

V a" + &a Va/ + &c. 

or calling the expression on the left-hand aide the comoment of the two lines, and 
denoting it by M^, the equation just obtained is 

cos 8 cos ^ = comoment, » Jf,. 

And if for either of the lines we substitute its reciprocal, then for S, we have 
i^ — S, Jv — tf respectively, and consequently 



Va» + &c Va/ + &c. 



or calling the expression on the left-hand side the moment of the two lines and 
denoting it by if, the equation is 

sin 8 sin = moment, = Jf , 

where observe that M=^0 is the condition for the intersection of the two lines, if, = 
the condition for their contrasection*. 

* The foregoing demonstration of the fundamental Bigid Body in Elliptio Spaoe,' PML Trans, t. 175 (for 
fonnuls COB 9 eos tfs:Jlfi, sin d sin 9= IT, is in effect that 18S4), pp. 381—834. 
giyen by Heath in his Memoir **0n the Dynamics of a 
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38, But to determine the coordinates (A, B, C, F, 0, H) of the x line AC or BD, 
and the coordinates of the points A and G or B and D of the points in which it meets 
the lines X and Y respectively, I employ a diflferent method. 

We consider the lines (a, b, c, /, g, h), {a^, 6^, c^, /j, g^, A^), 
and their reciprocals (/, g. A, a, 6, c), (/, g^, \, a^, 6^, cj. 

A line (A, By (7, Fy G, H) meeting each of these four lines is said to be a per- 
pendicular. We have (^1, 5. C, F, G, H) (a, 6, c, /, g, h) = 0, 

(/, g, A, a, 6, c) = 0, 
„ K, 6,, c,, /i, ^Tj, A,) = 0, 

'» (/i» 5^1' *i' ^x» ^» = ^* 

equations which determine say A, B, 0, F 'm terms of &, j?^, and then substituting in 
AF-^BG + CH^O we have two values of G : H; i.e. there are two systems of values 
{A, Bf G, Fy G, H), that is two perpendiculars. 

The equations may be written 

{A^F){a ^f) + (B + G)(b +g) + (C+H)(c +A) = 0, 
(A^F){a,+f,) + (B + G)(\-^g,) + (C-^H)ic, + h,)^0, 
{A^F)ia -/)-h(5-G^)(6 ^g) + {C^H){c -A) = 0, 

Hence we have 



(i»+fl')(c. + A,)-(&, + «!'.)(« + *) 
A-F 

a-a 



C+Jff.= 
(a+/)(^ +5'.)-(a. +/t)(P+g), = 

(«-/)(^-5'.)-(a.-/.)(6-5').= 

«-7; 



(c + /i)(a. +/i)-(a H-ZXc. + A.) 

13 + /8 

B-G 
(c-A)(a.-/.)-(«-/)(c.-A,) 

equations which may be written A-¥F, B + Q, (7+i? = 2X(a + a, i8 + /8, C + y), 

^-^, 5-G. C'-jEr=2/*(a-a, i8-/S. ®-7), 

where 9 = 6c,-6,c+5fA,-5f,A, a = bh^-b^h-(eg^-c^g), 

18 = CO, - c,a + A/, - A,/ /3 = c/; - c,/- ^oA, - a,A), 
® = o6, - a,5 +/^, -/,sr, 7 = 0M7, - a,^- (6/, - 6,/). 

34. We have 

(.^ + (iy + (i!i+fiy + {€+yr={{a+fy + ib+gy + (c + hy}{(a,+/,r + (b,+g,y + {o, + hJ] 

- {(a +/) K +/.) + (6 +fl') (^ +5'.) + (o + h) (c, + A,)}'. 

(a-a)» + (18-/8)»+«a:-7)* = {(a-/r + (6-5')' + (c-/i)»}{K-/,)' + (6.-5'.)* + (c.-A.)'} 

-{(a-f)(a,-f,) + (b-g){b,-g,) + {c-h)ic,-h,)Y; 
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or putting 



the for^joing values are 



«r, = oa, + 66, + cc, + /A+gg^ + hh^. 
<r==aj^+bg^ + ch^ + a,/+ b^g + cji, 



Henoe 

A* + B' + CI* + F' + €P + H* = 4iK* [p*p* - (<r + <r.)«} = V {p*p* - ((r - <r.)*} ; 



or we may write X* = p*p* — («r — o-,)*, or say \ = ijp*p*— (<r - <r,)*, 

Making a slight change of notation, if we put 

^ _, flS^, + 6fl r , + cfe, + o,/+ 6,<y + c,A _ ^ 

Vo' + &c J a* + &c. PPi ' 

j^ ^ go, + 66 , + cc, +//; + g gi+_hhi ^ v^ 
' Ja' + SicJaJTl^. PPt' 

then the values are 



\ = rr,Vl-(Jf-Jf,)». /» = -rr,VH-(if + Jf.)*. 
And, this being so, the two systems of values of jI, B, C, F, Q, H, are 



X(a + a) + /»(a-a), 
X(18 + /9) + /t(18-y9), 
X(® + 7) + /t(®-7). 

X(a + a)-/t(a-a), 
X(i8+;8)-^(i8-;9), 

X((!t + 7)-/t(«-7), 



x(a + a)-/»(a-«), 

X (18 +y8)-/t (18-/3), 
X(® + 7)-/*(®-7). 

X(a + a) + /i(a-a), 
X (18 + /S) + M (38-/8), 

x(® + 7) + m(®-7); 



viz. the two perpendiculars are reciprocals each of the other. 



35. Before going further I notice that if 



a+f b + g c + h a—f b-g c 



■h ' 



then the four equations for (A, B, 0, F, 0, H) reduce themselves to three equations only : 
and thus instead of two perpendiculars we have a singly iafinite series of perpendiculars, 
(see ante 15). 

To explain the meaning of the equations, I observe that a line (a, 6, c, /, g, h) will 
be a generating line of the one kind or say a "generatrix" of the Absolute if 

a+/=0, 6+^ = 0, c + A = 0: 
Vol. XV. Part I. 8 
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and it will be a generating line of the other kind or say a "directrix" of the Absolute 
if a— /=0, 6-^ = 0, c — A = 0. Or what is the same thing, we have 

(a, b, c, —a, — b, — c) where a" + b* + c*=sO for a generatrix, 
and (a, b, c, a, b, c) where a* + b* + c' = for a directrix of the Absolute. 

Consider now two directrices (a, b, c, a, b, c) and (a^, \* <^t* ^» ^i* ^t) ' ^^ ^ ^^ 
{a, by c, f, g, h) meets each of these, then 

(a+/)a +{b+g)h +(c + A)c =0, 

(a+/)a,+(6 + 5r)b, + (c + A)c,-0, 
and consequently 

a+/ : i+^r : c+ A == be,— b^c : ca,-Cja : ab^-a^b, 

and similarly if (a^ b^, Cj, /j, g^, h^) meets each of the two directrices then 

»i+/i • K + 9i • c,+Aj = bc,-bjC : ca,-c,a : ab^-a^b, 
that is if the lines each of them meet the same two directrices of the Absolute, then 

a+/ b+g c + h ' 

and conversely if these relations are satisfied then the lines each of them meet two 
directrices of the Absolute. 

In like manner if the lines each meet two generatrices of the Absolute, then 

a—/ b — g c — h* 
and conversely if these relations are satisfied then the lines each of them meet the same 
two generatrices of the Absolute. In the former case the lines are said to be "right 
parallels" and in the latter case ''left parallels." 

A line (a, 6, c, /, g, h) meets the Absolute in two points, and through each of these 
we have a directrix and a generatrix: that is, the line meets two directrices and two 
generatrices. 

Through a given point we may draw, meeting the two directrices, or meeting the 
two generatrices, a line : that is, through a given point we may draw a line 

(^i> K ^i» fv 9v K) 
which is a right parallel, and a line which is a left parallel to a given line. That is 
regarding as given the first line, and also a point of the second line, there are two 
positions of the second line such that for each of them, the J-'s of the pair of lines, 
instead of being two determinate lines, are a singly infinite series of lines. 

86. Reverting to the general case we have found (A, B, 0, F^ (7, H) the coordinates 
of either of the lines J- to the given lines (a, 6, c, /, g, h) and (a^, \, o^, f^, g^, \): 
supposing that the x intersects the first of these lines in the point the coordinates of 
which are (x, y, z, w) and the second in the point the coordinates of which are 
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then we have for each set of coordinateB a fourfold expression; the choice of the form 
is indifferent^ and I write 

X : y : s : w^ cB-bO : aO-cA : bA-aB : fA+gB + hO, 
^1 • t/t ' «i • w^-o^B-bfi : afi-c^A : b^A-a^B :/^A+g^B+hfi, 

and we have then for the distance of these two points, 

,,,^- a^.+yy. '^zz. + ww, ^ J(jfz,- yzy + &c. . 

V«'.f-y" + i;' + w^>/a?," + yi" + V + ^i* Ja^-vy" + ^-^lif Jx* -{- y^ + z^ ^w^ 

where ^ s S or 0, according to the sign of the radical X : fu contained in the expressions 

for A, jB, (7, F, 0, H. 

I have not succeeded in obtaining in this manner the final formulss for the deter* 
mination of the distances: these in &ct are, by what precedes, given by the equations 

sinSsin^s JIf, cos 5 cos » if j. 
For then, writing ^ to denote either of the distances S, 0, at pleasure, we have 

sin' <f> cos* if> * 
that is cos*<^ + cos'^(if,*-if*+l) + ifi" = 0, 

or cog'^ = H-*'i*-^ + l±V^/ + ^*-2i/,W*-2Jlf,»-2if«+l}, 

which is the expression for the cosine of the distance. 

In the case where the two lines intersect Jf = 0, and if S be the x distance which 
vanishes, then S»0, and consequenUy ooq0—M^: the last-mentioned formula, putting 
therein Jf=0 and taking the radical to be =if/-l, gives cos*^=if,", that is ^ = ^, 
and co9*0=^M^ as it should be. 

37. I verify as follows, in the case in question of two intersecting lines, 

(a/, + hi + c^i + Gti/+ h9 + o,h = 0), 

the formula cosg = -7== ^ ' ^ ^^> , \ / , 

Jod'+y' + z' + w* Jx^ + y I + ^1 + Wj" 

We have here 

-4 = a = 6c, - bfi +gh^ - gji, 
5 = 90 = ca, - c^a + A/i - Kf 
C^(&^ab,^ap+fg,^f,g. 
F^a ^b\-bji-cg,+c,g, 

H=y =ag-a^g-bf,+bji, 

I stop to notice that these formulse may be obtained in a different and somewhat 

more simple manner: the two lines (a, 6, c, /, g, h) and (a^, 6,, Cj, /,, g^, h^ intersect; 

hence their reciprocals also intersect: the equations of the plane through the two lines 
and that of the plane through the two reciprocal lines are respectively 

(gK'g,h)x + (hf^''hJ)y'h(fg,-gf,)z + (af,+bg, + ch;)w^O, 
(6cj - 6jC) x-k-ica^- cfi) y-^- (ab^- ap) z + (/aj+ gb^ + hc^)w=^ 0, 

8—2 
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the line (il, JB, C, Fy 0, H) is thus the line of intersection of these two planes, and it 
is thence easy to obtain the foregoing values. 

From the values of A, B, 0, F, 0, H we have to find a?, y, z^ w and a:,, y^, ^,, w^ 
by the formulsB given above. We have 

x — cB — hG— c"aj — ccfl + chf^ — ch^f 

= -/(«/i + ^fl't + cA,) + a, (i" + c") - 6,a6 - c,ac ; 

or writing here aj/4-6jr+CjA in place of - (o/i + iyj + cAJ this is a linear function 
of a^ &p c^, and similarly finding the values of y, z, w we have 

w^a,(b'+c'+r) + b,(fg^ab) •^c.ihf-ca), 
y = «i(/5^-a&) +&i(c*+a"+fl^)+Cj(flrA-6c), 
z = a^(hf-ca) +b^(gh-bc) +Cj(a"+6* + A'), 
M; = aj(6A-cgr) +6j(c/-aA) + c^ (ogr - 6/*). 

And in like manner (I introduce for convenience the sign — , as is allowable) 
- y, = « (/ii7x - aj>,) + 6 (c,»+ a;+g,') + c ((^A - ^AX 

- Wj « a (6,A, - c jr,) + b (cj, - a,A,) + c (o^flr, - 6^,). 

38. Write for shortness 

j) = a" + 6* + c*, Pi-f*+f+f^*» -^-atf-k-bjg + cjh, and therefore 
5 = aa, + W, + cc,, ?i=^j + 5B^i + AAj, -o)=a/j + ftyj + cAj. 

We have 



«»=aj)-oj+/», 


«, = -« 


w + «.?+/.«». 


y = 6^-6}+5r«, 


y,=.-6r + 6,} + <^,», 


^»c^p-eq + h», 


«, = -cr + c,g + A,», 


«;«= — 


a, 6, c 




w, = - 


o, 6, c 


9 



from which we easily obtain 

a^ + y* + -«"»i>(pr - 3") + (p, +2p) a)«, 
and by expressing v^ in the form of a determinant 
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we obtain 

a;^ + y* + ^ + t(;*= (p +^j) (pr - g*4- »•), 

and in like manner 

a?/ + y/ + V+< = (r + rJ(pr-3' + «*). 

And again 

and by expressing ww^ in the form of a determinant 
we find 

^1 + yVi-^^^i + w^i =(? + qi)(pr-^ + «*)• 

Hence substituting in 

^0^ 'a^.+ m-^^^+^i 

yjof+y' + s^ + v^ Jx^+y^ + z^ + w,' ' 



the factor pr — ^ + ftf disappears, and we have 
the required result. 
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Ill, On the full system of concomitants of three ternary quadrics. By 
H. F. Baker, B.A., Fellow of S, John's College, Cambridge*. 

§ I. Summary. 

This Essay was undertaken to find the concomitants of three ternary quadrics. As 
such the net result is given in § III. For completeness I have given also a consecutive 
account of the present theory, § VII. It is possible that some of the concomitants 
given are themselves reducible, for some reductions eflTected have not been arrived at 
at all easily. With a view to rendering the process of obtaining them readable, I have 
studied extreme brevity — and it would seem quite practicable to apply the same abbreviated 
method to four conies. § II. is an explanation of the method; § lY. its application; 
§ V. investigates a quasi-reducibility of 18 types of forms, reducibility on multiplication by 
Ux ; § YI. gives some necessary identities ; § VII. contains a connected account of the 
theory as given by Gundelfinger, Rosanes, and in Clebsch's lectures; and finally § VIII. 
gives some notes on the geometry of the forms — though apparently any competent expression 
thereof requires the establishment of new geometrical ideas. § IX. gives a list of memoirs 
on three conies. 

§ II. Explanation of the method. 

The method here followed for obtaining the system of concomitants of a system of 
ternary forms in terms of which all others can be expressed as rational integral algebraic 
functions is based on the remark, due to Qordan or Clebsch (Ueber temare Formen 
dritten Qrades, Math. Annal. i. 90; Ueber bitemare Formen mit contragredienten Vari- 
abeln. Math. Annai. i. 359), that if, in the symbolic expression of any concomitant, con- 
taining one point variable x and one line variable u, wherein any letter a (symbol of a 
form Oaj*) which occurs, can occur only in the combinations a^, (bca), (bau), we omit the 
power of Obj (which occurs, say, / times), change (bau), (cau)... into b^, Cx... (say g such) 
and (bca), (6Va)... into (bcu), (6Vtt)... (say h such), we thereby both eliminate the letter a 
and also obtain a new invariantive combination ; namely, we deduce a concomitant of one 
degree less than the original (and which in fact has its order lessened hj f—g and 
its class by ^ — h). 

As then every concomitant of any degree r can be thus treated, it follows conversely 
that if we take every possible concomitant of the (r — 1)*^ degree, then in any one such 
choose among the components of the type bx, Cx... (any one of which may be repeated) 
a certain number 5r(>w).and replace them by (fcau), (cau)... respectively, a being a symbol 

* I am indebted to the great Idndness of Professor Cayley for several suggestions tending to help th» 
intelligibility of this essay. 



Digitized by 



Google 



CONCOMrrANTS OF THREE TERNARY QUADRICS. 63 

(of the form a^) which does not occur in the concomitant of the (r — I)**' degree, and at 
the same time replace some (say K jr + Alf>*n) of the type (hcu) by (J}ca\ and then 
multiply the result by aaj*""^* = Oj/ (thus obtaining a concomitant of the r* degree) and 
do this for every value of f, g and A, and for every possible selection of the components 
acted on, and for the symbols a of every form of which the obtained combination is to 
be a concomitant, we shall obtain finally every possible concomitant of the r^ degree. 

And under the title of "every possible concomitant of the (r — !)**» degree/' must of 
course be included all forms capable of arising by the process of the first paragraph from 
forms of the r*** degree, and therefore all products of the (r — 1)**^ degree obtained by 
multiplying forms of lower degree. If however a form K of the (r — 1)*** degree can be 
written as the sum of products and powers of forms of lower degree, and of products of 
forms of the (r - 1)^ degree with powers of the identical covariant Ux (namely is, as we 
say, a rational integral algebraic function of other forms), then, as each constituent of the 
sum must necessarily be also of the (r — I)**' degree, the process applied can only result in 
giving, from K, forms which are themselves sums of other forms of the r*** d^ree (some of 
these being, possibly, products). Thus, if in our enumeration of forms of the (r— 1)^ degree, 
we include simple products, we can exclude forms which are rational integral algebraic 
functions of other included forms, and we shall obtain a series of forms of the r^ degree, 
in terms of sums of multiples (by numbers or powers of v^ of which, all forms of the 
r^ degree are expressible and which are therefore by the same reasoning competent to 
give the similar system of the {r + 1)^^ degree. It is this sufficient system for the algebraic 
rational integral expression of all other concomitants which it is our aim to obtain for 
every degree. 

Thus far with the general theory. For the case of three ternary quadrics, a^, 6«*, c»", 
the method is considerably simplified. Here the derivatives from any concomitant of the 
(r - 1)*^ degree are obtained by only five distinct operations. (1) (The x operation.) Leaving 
u untouched and replacing one x by the point {vau)ag^^Q or {vhu)hx^O or (vct^)o« = [i.e. 
replacing flJi by (aw)i Obj = (a,-ut — ott^) a^^, etc.]. (2) (The u operation.) Leaving x untouched 
and replacing one u by the line OyOx^^O or 6^6^5 = or CyCjp = [i.e. putting for ui, ofi^ or 
bibx or CjCj. (3) (The xx operation.) Leaving u untouched and replacing two x% that 
is, writing for 7%nj8, (mau) {nau) or {mbu) (nbu) or (mcu) (ncu). (4) (The uu operation.) 
Leaving x untouched and replacing two u% that is, putting for UpV^, Oj/iq or bj/bq or CpC^. 
(5) (The xu operation.) Replacing one x and one t^ that is, writing for m^rip, {mau) dp 
or {mbu) bp or {m^m) Cp ; and upon any form each of these five operations, in their three- 
fold method, must be applied in all possible ways. And it is not necessary to consider 
products of the (r — 1)*^ degree in order to obtain all the requisite forms of the r*** degree. 
For first to clear the ideas it may be remarked that, since the number of places in which 
a letter a can be introduced, by changing either Vp into Op or mx into {mau), cannot 
be greater than two (for the second degrees of a are real coefficients), there is no utility 
in considering a product of more than two factors, for one, at least, of these fEtctors will 
remain unchanged and be a factor in the result. Further there is no utility in either 
of the two first of the 'five distinct operations,' as applied to products, for either of these 
will only modify one of the factors of the product and. not really bind the two together. 
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And finally any form obtainable from the product by any of the three remaining operations 
of the five can and wiU arise among the derivatives of each of the factors alone. This 
is best explained by example — the root of the matter lies in the remark that a simple 
invariantive product (of symbolical factors) involving a quantity r once, can be obtained 
by continued application of the two processes of changing Vi into Oj and Xi into {au)i, 
(each time multiplying by a^ if requisite), from the single term r^. So that the application 
of any one of the 'three distinct operations' spoken of to a product of two forms, which 
must, to bind them together, introduce a single letter, say a, into each, gives a result 
obtainable by taking one of them, introducing one a and multiplying by a» and then 
operating continuously on this o^, until the part of the result due to the other form is 
obtained. For example take the product a^ .h^ giving rise to aj)x{acu) Qku) and note that 
we can proceed thus: a^, (ix{(^y)Ox, ait{acu){chu)hx\ or take (abc)aJbgfig..{Vc'u)(&a'u)(a'b'u), 
giving rise to (abc) (adu) hffix Q>'c'd) (c'a'u) (a'Vu), (where c? = a or 6 or c), and we can pro- 
ceed thus : (abc) ajb^fix^ (abc) (adu) bafig4x9 (dbc) (adu) b^x (dh'u) bj, {abc) (adu) b^fix (dh'c') Cxbx, 
(abc) (adu) b^fix (dVc') (c'au) (b'a'u), making the form arise from (abc) aj^ofix '• ^^d it also 
arises from (fidu) (da'u) (a'b'u). And this reasoning remains valid in case particular com- 
binations of the letters are abbreviated by the use of other letters. To see this we may 
suppose the original letters explicitly reintroduced, in which case the form will generally 
be replaced by a sum of forms and a product of two forms replaced by a sum of 
producta But, for example, (A + B + C) (D + E + F) gives for its derivative the sum of 
the derivatives of (A+B + G)D, (A + B'hC)E, (A+B + 0)F, which latter derivatives are 
proved to be also derivatives of (A+B + C), as is also, therefore, eflfectively, the derivative 
of (A + B + C)(D + E + F). 

Passing now to the mode adopted of conducting the method thus justified — the three 
conies are written a^ — ax^^ax^=..,, &«" = &«' = &»""=•••> Cg?=..,, and their 'clusters' of 
tangents, namely (aa'uy, (66'^)*, (cc'uY are written Wa' = Wa'' = ^"'..., w^'=..., and Uy'=...; 
or say, we write (aaOi = o^a* — a^a/ = a<, etc. Then it is to be noticed that the factor a. 
in a form involves always the real factor a.' — for ttaO^Wa = Ja.' . ti« ; also a factor (aa'u) 
[unless the form contain also (aa'a") in which case it would be written immediately 
Muaaa' and not need the reductions in question] involves always the (real) second degrees 
of Oi, a,, a,. For (aa'u)f(a) = -(aa'u)f(a')=^\(aa'u)\f(a)-f(a% and, in f(a)-'f(a'\ 
a, a' only occur in the combinations (a/i')i and a, a' in the whole expression can be 
replaced by a^, Oj, a„ occurring to the second degree. So a factor (aa'a:) in an expression 
(wherein (ao'a") is, possibly, not another factor) shews that the expression is reducible to 
a form containing a, a' only in the second -degree — combinations of the three (aa')i> (<^Ot> 
(aa')3. And these are reducible, for (aa'xy = ^aa^ . a^^ and therefore (aa'ic) (aa'y) = Jaa'-OBjOy. 
In fact Wa" = (aau)\ whence (x(/ay = (aa' . ipa')* [where, as always, (ab,xy) is used for 



Oi Oj a» 
bi 62 6, 



asi X2 x^ 

Vi y« ys 



= aj)y — a^x = 



Oi Oa a, 
61 6i bt 

(0^)1 (^)a (^)z 



(ab)^ (oi), (ab), 
Xi x^ x^ 

yi y^ yz 



I 



or 



(xolaf = (oaKi'.' - aa'a'xY = 20^,^ . a^' - ^Qafla'a'^'af = 2aa;'aa» - ftta-K' = |a.' . a»«, 
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(and in case the expression does contain (ota^d?) (aaV^, this is ^a^^.Og^"). So that in our 
investigations where we are seeking to retain only terms which do not contain real factors 
of lower degree, we can always omit terms containing a factor (aafx), since this involves 
the real factor <u*. Such terms in (aa'x) are often, here, shortly written ocP; and in fact 
in any expression containing a and c^ we may interchange any a with any of, the result 
being only the neglect of reducible terms. For Mu^Va* = M [u^'Va + {uv . cw')] = Mu^'V^ + aaf» 
which is generally written here MuaVa'^Mua'Va', the sign = meaning, generally, ''equal to 
except for terms containing real feictors of lower degree," and always ''may, in our tables, 
be replaced by." A particular case is when a form reduces entirely to products of 
forms of lower degree : this I write =0. A further aid to brevity consists in only writing 
down, when there are several forms similarly arising from the different conies, only a re- 
presentative one, for example UaKbtc is used to represent the six forms ti«&«&«, uj)^Cxj fA0OfiCx, 
UfiafiC^, ttyOyOx, ujb^x. The various forms of a fundamental identity, used, are 

(abc) da — (bed) a^ + (cad) 6« + (abd) Cx, 

(abc) (def) = (bed) (aef) + (cad) (be/) + (abd) (cef). 

(abu) (bcv) - (abv) (6cm) = (abc) (bv/v), 

(uab) (ucd) = (tuic) (ubd) — (uad) (ubc\ 

(abu) (cdv) — (abv) (cdu) = (buv) (acd) -h (uav) (bed), 

[(cad) bx + (abd) cj* = [(abc) 4 - (bed) a»}« ; 

which, since the squared terms, on expansion, are immediately interpretable as real terms 
(for the case when a»*... are conies) gives 

(cad) (abd) bgfix = — (obe) (bed) a^x- 
Further bjby « bybx + (66' . a?y), 

bJb^xV = i (^«'- V + V- V') - (hV.xyy. 

And as typical, the following examples may be given, 

1. {al3y) byCfib^b x'b^x =- (g^y) 6^^6aV6^ + (afiy) jbV . yx) e^Kb^x 

= b^ . (afiy) Cfib^by'Cx + (a/Sy) (66' . 7a;) c A V, = (afiy) (W . yx) c^6. V. 

= i («/87) ( W' . yx) (bj>: - 6A0 o^Cx = i (a ^){^'yx)(Pxa)e^C x 

= \ [{fiyx) c. + (yaa) e^ + (afix) Cy] (fi^yx) (ffxa) c^ 
.= i (l3yx)(fi'yx)(^xa)CaC0 + W • (yax)(ffyx)(ffxa) s \(fiyx)( ffyx){ffxa)eae ^ 

+ \c,\(afix)(fffix)(ffxa) 
^i(l3yx) (fi^xa)e. {{I3yx)et,'-^{^fix)cy^(^yfi)ex} 
^i(fiyxy.{al3'x)CaCt,' + ^ siOy«)«.(a^a?)c.c/ 

= 0; 

and the second column will be, in the work, omitted. The thin lines « ', underneath, 

indicate the associations of the parts. 

Vol. XV. Part I. 9 
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2. {vbc){vb'ir){aM)(ab'o) 

= {(bc</) (bua) - (bca) {buc')} {ub'c') {ab'c) 

= Q>cc') Qma) (ub't/) (ab'c) + (abc) {vb'c') {c'vh) (Vca) 

= i6A' (a^O {(dm) + ( ahc) jvb'c') {{vhb') {c'ca) + (bc'V) {uca) + {c'vb') (bca )] 

« (ate)* . (ti6V)« - i (abu) V (oft't^) 6^ - i {(^ca) c/ + (cc'a) u^] [(cab) (c'vh') - (cofcO (c'vb)} 

^(abc)K(vb'(f)^\(alm)by\[(Vvb)a^'\'(v^^ 

*etc. 

= (a6c)* . (vb'cy - i (oftw)* . 6/" - J (caw)* . c^^ - ia^ayW^Wy + J (w^Oy - t^o^)' 

= — a^OfUfiUy. 

3. (M(a6cO(a6'c)(6Vu)(cVu) 

= [{ab'c){ifa'u)] {(abc') (b'a'u)] (bcu) 

= {(ab'c') (ca'u) + (ft'ccO (aa'w) + (cat/) (b'a'u)] {(ab'c') (ba'u) + (bc'b') (aa'u) + (a66') (c'a'u)] (bcu) 

= etc. 

=:= (a6V)* . (ca'u) (ba'u) (bcu) - i (waft) o^fty . (tta'6')' - i (<*o'a') c^'a^' • (ucay + J (0^7) tt«upUy 

^i(al3y)u^UfiUy. 

4. (aJc) afibyitfiU^yCx = {(w6c) o^ + (ai«c) 6^ + (abu) Cy] a^byU^Cti 

= (ubc) ayttfibyUfiCx + V * (^^) ^^^^^« + i V • (^^) A^tx<^^ = (^) <^fif^y^»Ox 

= {(tifta) c^ + (wac) 6^ + (abc) u^] a^byU^Cx 

=s (t^a) a^y . c^c«u^ + J 6^' . (tioc) ayU^^ + w^* . (aic) a^^x = (t^) o^fty . c^u^Cx ; 
i. e. (o&c) afibyUfiUyCx ^ 0, 

and the second column would be omitted in the work. 

Note. In verification of the theory given, it ia worthy of remark that though Oordan 
(Math. AnnaL i. 90, 'Ueber temEre Formen dritten Qrades') does not apparently recognise 
that it is not necessary to consider the derivatives of products of forms, yet this is really 
not soothe arrangement only is different As a fact all his 34 concomitants do occur, 
independently of the products, in Tables L — xxix. (pp. 103 — 106), except the last one 
u^u^Ujf(spt) (page 102, 12*« Ordn.), which occurs on page 128 as equivalent to 7 of page 127, 
namely ufu^^ (cdu) (bcu) (abu)^ (adu). This last form would however, in accordance with 
our theory, arise also, independently of products, from Ut*. For putting 

w>, = (a'b'c') (b'cfv) (c'a'u) (a'b'u), 
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and then v = c, the form in question is 

ut'dt (cdu) ia'Vc') (6Vc) {(fa'u) (a'Vu) {boa) (aba)* (adu\ 
and we should have the following series of derivatives: 
of degree 6. th^dt^*, 

7. ut*dtdx(dau)a^\ 

8. ut%filit(dau)(abuy.ba^, 

„ „ 9. ut^ (dcu) (dau) (abuy (bcu) Cg, 

„ 10. u^dt (dcu) (dan) (dbuY (bca) (cb'u) ft,'*, 
„ 11. V(it((iwi)(daw)(o6M)«(6(«0(c6'cO(6Vtt)6a^V, 
„ 12. Vt*dt(d(m)(dau)(abuy(b(m)(cb'(0(Vc'a')(b'^^^^ 
which is the form in question. 

The form here of seventh degree Ut^dtd^ (dau) a^g* does occur in Gordan's work as the 
heading of Table xvii., page 111, under the form u^a^fgi(abu)b^: and in our arrangement 
there should occur under 3 of that table the form u^a^a^ [aha) (&cu)' c%, which is the same 
as the form above of 8th degree. But this form it is unnecessary for Gordan to write 
down since it arises from the product \u^atja,^.c^^u^a^(a^J^)c^ of two forms included 
in the table, § 4, page 101 (viz. under V^ Ordn. and 6*® Ordn.), namely by changing Xi into 
i)yvi)i and getting u?a^9 {chu) (c6t«)' o^. Our arrangement, if longer, possesses the advantage 
that all possibilities are exhausted in the course of the work — at any stage it is exhaustive 
so far as it has gone — while Gordan's arrangement is not trustworthy until the examination 
is completely finished. 



§ III. Statement of the system obtained. 



zero degree. Ug =(011) 






(1 form) 




degree 1. a," = (102) 






(3 forms) 




,. 2. (212) -(6cm) 6^ 


«.« = (220), 


(6cm)» = (220), (9 forms) 




, (300)x-o.' 


(3) 


degree 


4. (410) =(6ctt)6.c.(=iM.a,») 


(3) 


(300). = 6.' 


(6) 




(402), = 6.0.6^ 


(8) 


(300). = (a6c)« 


(1) 




(402). = 087a')' 


(3) 


(311), = «.6.6, 


(6) 




(421), = (6c«)6.Q,tt. 


(6) 


(311), = (o6c)(6c«)a„ 


(3) 




(421). = (5cu)6/J,M^ 


(6) 


t(303) ^{abc)ajb^ 


(1) 




t(421), = iafhc) (uea,) (uab) a,' 


(3) 


(330) = (bcu) {eau) {dbu) 


(1) 




(421)4 = 087a;) «,«, 


(3) 



9—2 
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degree 5. t(601), = (abe) ajb^c, (= i,cyi,) (3) 


degree 6. (600) « (afiy)* 


<1) 


(501), = (/97^)a,a,(=i6A=i<V«) (3) 


(611), = (ai87)087«)ti. 


(3) 


(520) ^UfU^OfOy (3) 


t(611), = a^o^A«/» 


(6) 


(512).= (/87a:) o,a.«, (6) 


t(630), = (ai87)«.M^it, 


(1) 


t(512), = (06c) a,«,6^ (6) 


t(630).= (a6tt)a^6^«^Uy 


(6) 


(512),= (/97a;)c^tt, (6) 


t(630),-(6cu)%tt^,c. 


(3) 


„ 7. t(710), = (a/37)a,a,tt. (3) 


(603), = (/87«)(7«a')(«i8«) 


(1) 


t(7lO), = (6ctt)a^^^ (3) 


t(603),= (/87«)(a^6» 


(6) 


f{721) =(afiy)bJ,,UfU, (6) 


t(603), = (;87a;)6^^^. 


(3) 


„ a f{801),^{fiyx)byCfib,c, (3) 


„ 9. t(911) ':'afia^^.c,cuf 


(6) 


i{801),-{a'be)a^yc^' (3) 


„ 10. t(lOlO) - (a'/37) 6yC,6.c.tt.. 


(3) 


t(812) = (a'/37) (7«:) {afiai) «.. (3) 







The 18 forms marked i* are reducible when multiplied by u^. Each form is either 
its own reciprocal or its reciprocal appears in the table. The number of forms corre- 
sponding to any type is given by the number in brackets which follows. 

§ lY. Establishment of the system. First a/nd second degrees. 
The first degree forms from .which we start are 0^^ bx\ c«'. 
From a»* = (102), a^ {aa'u) a^' = 0, 

dx {aim) bx, 
{aa'uY = vjy 
[abu)\ 
Thus the second degree forms are typified by 

(212) = (6cw) 6^«, 

(220),-ti.«, 

(220),-(6cw)«. 

Third degree. 

From (212) = (fccw) 6^« we proceed to shew that we get (300), = a.*, 
(220), = V (300), = 6.«, 

(220), = {bcuY (300), = [abc)\ 

(311), = t«^6A, 
(311),= (a6c)(6ct«)a», 
(303) ^{abc)aj)^, 
(330) « {bcu) {cau) {abu). 
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Derivatives from 

(212) = (6ctt) 6, Cg. From u, - (220). (220). = {beu)*. 

1. {heu)K{eau)a, =(311),. 11. u.6A=(311)i. 13. (6cu) (6ca) a, = (311),. 

2. {bcu)b,{d/u)W =(311), and (300),. 12. 6.» s(300),. 14. (6c«)(6cc')c/= (31 1), and 

8. (6ctt) 6, («?'«)(!.' 2(311X. 17. o.» =(300),. (300).. 

4. {bca)ajb^ =(303). 15. {bca)* =(300),. 

5. (fcccOci'iwc =0. 16. {bcey =(300),. 

6. {heu) {bau) (cau) = (330). 

7. (tett) (66'«) (c6'm) =0. 

a (&ca)6.(ca«) ^(311),. 

9. (bcb') b, (eb'u) = (311), and (300),. 
10. (iccO 6, (cc'm) h(311),. 

Of these 1. £-(aic)(a&u)c . t(, = (311)» 

2. = - (bcuY . 6.'* + (beu) b', . {(»'«) c, + (<*'6) «.} 

S i CMfl («^ - ttaC^) - i tt,C* (m^C, - tM^) 

= i {c' . V - 2«, c^^«^ + V . 0,*} = (311X and (300)^ 

3. = i «^. (&A - &««r) = (311).. 
7. =i(66'«){ }-0. 

9. =-icfl(M^c,-w*C(i)s(811X and (300),. 
14. = i 6,«» - &,«,) = (311X and (300),. 

FourfA degree. 

We proceed to shew that from 

(311X = uAie we obtain (410) =(6cu)6,c„ 

(31 IX = (abc) (beu) a, (402X = b^cjb^p,, 

(303) = (oftc) (a^ (402X = (fiyxy, 

(330) =(6c«)(co«)(a6«) (421^ = (6cm) ft.CxU., 

(421), -(6ctt) &/?.«,, 
(421), = (o'6c) («co) (uo6) o,', 
(421)4 '^ (/^^) u^tif . 
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From (311X = w.6A- From (311X-(a6c)(6ott)a,. 

L M.6.(6ou)a» = (421),. 8. (dbc)lbcu)im'u)a',s(4i21\. 



2. tt.6.(W«)6',s(421)4. 

3. «.6.(6ctt)cbs(*21)i. 9. (abc)(beu){ab'u)b':,= 



(410) 
(421X 
U*21),. 



4. b'J>'JbJ>,s (402),. 

5. o»eJ>J),s{402)i. 10. (oftc) (ftco') <»'«a* = (*02),. 

6. 6'A(66'tt) = 0. IL (oftc)(&c6')6'*a,s(402),. 

7. cA(6cw) = (410). 12. (a6c)(6ca')Caa'u) = 0. 

13. (o6c)(6c6')(ai'w) = («0). 

From (qbo)aJb^e. From (&cu) (cau) (a&u). 

14. (oic)(oa'«)6<,caa', = 0. 18. (ftcoO (com) (ottt) o', s (421),. 

15. (a6c)(a6'«) 5^', = (402),. 19. (tccO (com) (o6m) c'. = IJJ J?J 

((*zi;j. 

16. (aic)a„(6a'«)(ca'w) = (421),. 20. (6ctt) (cooO (oioO = (410). 

17. (ahc) a, (&c'«) (cc'tt) s (421),. 21. (6c«) (coc') {abc') = (410). 

Of these 
2 = i tt^ (/Sea;) «. = (421)4. 
4 = 6.» . 6/ - (66 '. xay = (402),. 

8 « i (6cw) «, (c.6a — cA)- 

9 = (abc) (b'eu) (o6'«) 6« + (abc) (ab'u) {(»'«) c, - (cbV) «,} 
= (06c) (6'cm) (oi'u) 6a + i^ Mpc« (ocm) o^ — i c^ (ac«) a^ 
= (410), (421), and (421),. 

10 = (6000' • ^' + (^"O «« • ((««'<') *» - (*<«0 <^} = i c.*« (i«C» - M.) - J 6.C* (^c, - 6,^) 
= 6.e«6sC2. 

11 ^—^CfOgiOfiCx — a^fi). 
IS =' + iefi (can) Of. 

14 = i «.6aC (cA - cjb,) . 

15 = (a6c) cjb'x {(bb'u) a, — (066^ t**} - iM^c»a»(o^Ca - a»cj) - J w»o^c(o^(^ - a»Cfl) = + ^u, . 0^0^(1^. 
11 = ^iiLflx(aub) by. 

19 = i 6^ (abu) (lu/tx - MaOy). 
21 ^^ay(avb)by. 
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Fifth degree. 

We proceed now to shew that from 

(410) =(6ctt)6«c., we obtain (501)i = (oftc) asB&.Ca. 
(402)i = KcJ>^, (501), = (/97a;) a^Oy. 

(402), = {0^x)\ (520) « UfiU^f^ay. 

(421)i = {bcu) KcsU^, (512)i = (^ya?) a^OseMy. 

(421), « (ftcu) 6yO,Uy, (512), = {abc) a^u^b^^. 

(421), = {a'hc) {wa) [uab) u'„ (512), = ifir^x) <y:^Uy. 

From (410) « (ftcu) 6.C.. From (402X ■= KcJ>^. From (fiyxf = (402),. 

1. (6ca)aa6.c. = (601)i. 3. Kc^{hau)a^ =(512),. a 087a?) O7 . at«)a» = (512^. 

2. (6cc')c'Ac.s (501),. 4. 6.c.(66m)6'^s(512X. 9. (^7^)(^7 . cw) c«s(512),. 

5. &.c.(«^^)c'*C^ = {(5ji)^^ ^°- Oy-au)» =(520X 

6. 6.c.(6att)(cai«)=0. 11. (/By.cuf =0. 

7. 6.c.(ftc'tt)(cc'ti) = (520). 

From (421), = (6cm) t.CaW.. From (4sil\^(bou)byCaiUy. 

12. (ftctt) 6,tta(catA)ajB =0. 27. (bcu) byVy(cau)a^^O. 

13. (6cw)M.(c6'u)6'. =(520). 28. (bcu) byUy(cb'u)V^ = 0. 

14. (6ctt) 6.11^ (cc'm) c', =(520). 29. (bcu) byUy(cc'u)&x^O. 

15. (bcu)b^cJ/J/^ =(512),. 30. (6cw) 6t^<?*o, =(512),. 

16. (6cw) 6.c*c'.c'* =(501), and (512),. 31. (bcu) byb\cj}'» =(512),. 

17. (bca) aJbaCxUa =(512),. 32. (bca) byUyCafix =(512),. 

18. (bd>)b'Jb^c^u^ =(512X. 33. (bcb')byUyCj)'^ =(512),. 

19. (bcc')c'J}^CgU^ =0. 34. (bcc)byUyC^'x =0. 

20. (J>cu)ba(cb'u)b\ =(520). 35. (fcci^) 6/iy (caw) =0. 

21. (bcu)b^(cc'u)c'^ =(520). 36. (ftcw) M'r (c6'«) =0. 

22. (bca)b^Ua(cau) =0. 37. (bca)byUy(cau) =0. 

23. (6c6')6.ii.(c6'w) =(520). 38. (bcb')byUy(cb'u) =0. 

24. (6cc')6«w.(cc'w) =(520). 39. (bcc')byUy(cc'iC) =0. 

25. (6c6')6.c,6'. =0. 40. (6ca) ft^a^c, =(501),. 

26. (bcc')bjii^\ =(501),. 41. (bcb')b^\c^ =0. 
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From (421)4 = (/97a;) «ptty. 



From (421), = (o'6c) (uca) (uab) a'. 



42. 


(By . au) itffliyOg = 0. 


49. 


(a'bc) (uca) (uab) (a'a"u)a".. 


, = 0. 


43. 


(0y . lm)ufitujbx =0. 


50. 


(a'bc) (uca) (uab) (a'b'u) b'. 


= (520). 


44. 


{^x)a,fli^ =(512X. 


5L 


(a'bc) (uca) (a"ab)a'^% 


= (501X and (512)». 


45. 


(fiy.au) OfiUy =(520). 


62. 


(a'bc)(uca)(b'ab)a'J>', 


= (512X. 


46. 


(/37.cu)c,tV'* =0- 


53. 


(a'bc)(uca)(c'ab)a':fi'^ 


= (501), and (512),, 


47. 


{fiyx)afay s(501),. 


54. 


(a'bc)(uca)(a"ab)(a'a"u) 


= 0. 


48. 


(fiyx)c,fiiyC, =(512),. 


55. 


(a'bc) (uca) (b'ab) (a'b'u) 


= (520). 






56. 


(a'bc) (uca) (c'ab)(a'c'u) 


= (520). 






57. 


(a'bc)(a"ca)(a"ab)a'x 


= (501X. 






58. 


(a'bc)(b'ca)(b'ab)a'. 


= (501).. 



Of these 

3 = (bac) uJbaOgfix or say (ahc) u^a^^^. 

4 = J (/9aa?) t^^CaCj. or say = ^ ifil^) ^Oya*- 

6 = (ahc) (bcu) a«u. = J (6cw)* . a«*. 

7 = ^ tUgba (uybcL — i^«6v). 

9 = (/97a?) c^c^Wy. 
10 = — 2afiayUfiUy. 
11=0. 
12 = (cau) 6at^a {(tea) u^ + (cud) bg + (vba) Cx] = Ux (cau) 6« (abc) u. + Ca-i^a (vha) (cau) 6. 

= — ^« (6c?m) (abu) a«Ca + Ca.M« (t^fta) (bau) c« = 0. 
18[=-6Aw..(6'cw)'-] 

= (6cti) Uj/x (bb'u) Ca=i C^UfiUa (UfiCx - Ugfifi). 

14 =5 J Wy (6yW» — bxV^) baUa. 

15 = (6cw) {bb' . oa?) Cx6'« ~ ^ (/Sew?) (w^Ca — w«c^) Cx- 

16 = (6cw) (cc' . xa) bjo'x =* i (7^«) (6yW« — 1«^) 6«. 
18 = - J c^ (/Soa?) Cjcit.. 

20 = {bcu) b'a {(Jjb'u) c« — (c66') t^«} = ^ w^c« (m^c. — w.c^) — J c^u^ (ufiC^ — w«c^) = — UaU^CaCfi. 

21 = i t*y6a (M« " ^«^)- 

22 = — (oftw) (6cw) Caa« = 0. 

23 = — ^ C/iw« (w^c. - w«c^). 
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27 =(6ctt)aytiy(c6u)aaj« — (6cw)* . OyOst^^O. 

28 = (6cw)6'ytiy((*tt)6', = -(6ctt)» • b\u^\^0. 

29 = (bcu) CyUy (bc'u) c\ + (6cm) d^u^ (cfru) c', + (6cm) My« (cc'6) c', s 0. 

30 = (&Ca) fryMyCsO^. 

31 = (6cm) (66' • 7flf) 6V« s J (/Sya?) (M^Cy — m/j^) c,. 

33 = -ic^()»ya?)MyCaj. 

35 = — (a6c) (a6M) MyCy s 0. 

36 s (6cm) My6'y (c6'6) s - J c^iAy (M^Cy - u^^. 

37 = - (a6M)(6cM) CyOy = 0. 

38 = - i C^My (M^Cy - lAyC^) s 0. 

39 = u^yU^hy' = - (tt6 . 77O* s - f Cy* . (m6c)*. 

42 = 0(=M^*...-My«...). 

43 = M^' . bytt^g. 

45 = — OyUfiafilty. 

46 = (c^My — CyM^) C^MyC, S 0. 

49 = ^M. (i*ca) (Ma6) (c.6a. — CaB6«) s ^m, (uca) (moc) 6,6, — Jwa (M6a) (Ma6) c^^ = 0. 

50 = (uca) {a'Vu) b\ (bua) (bca) = (Mca) (a'6'M) 6', {(6mc) (baa') - (6Ma') (6ac)} 

= i 6. (6mc) 6'. (m6'c) m. - (Mca) (6ac) (a'6'M) {(6^0 6. + (66'a') m« + (6m6') a^} 

s ^ M A (m6'c) {(66'c) m« + (6m60 c,} - i (a'66') (Mca) u^ {(acb) (ua'b') - (ac6') (Ma'6)} 

+ i (m660 (Mca) a'^ {{acb) (ua'b') - (ac6') (Ma'6)} 
= i MJ^M.c^ (c^« — c.M^) - J M^M.c» (c^M. — c«M^) — J a' ^9 (uca) [c^ (aua) — a^ (cua')} 

+ i w^a « (Mca) {cfi (aua') — a^ (cMa')} 

= — i Ma; . CaCpUaUp + i MapM.C^ (c.M^ — C^M.) + J Mj^'^ (MCa) {(cOtt') M^ — (tUUl') Cp] 

— i u^upCp (c.M» — p,M«) - J M^a'fl. (mco) . {(caaO up - (Moa') c^} 

= - i Ma. . CaCpUaUp + I UgfiaCpU^Up + ^ MajC.M^ (c.M^ - C^M.) - | M»C^M. (C.M^ - C^M.) -^Ug. C^CpU^Up 

+ i U^UpCp (C^U^ - CxM.) 
= — i M, . CaCpUaUp + i M. . C^CpU^Up — ^ % . C^Cfi^^Up — i MjB . C^CpU^Up — J t*aj . CJ)pU^Up 

+ 4 Ma- . C^CpfU^Up 
= ~|^ • CftC^aM^. 

51 = i 6a (a'6c) a', . (c.Mjj — c«Ma) = ^ (a6c) ajb^c^ . Mj. — i (a6c) c^^J>^. 

52 = i a^ (Mca) a'« (a'^Ca- - a'asC^) s ^ (oa' . /Stc) iyucd) a'pCt^ = J («/9a?) c^ (cjnp - c^m.). 

Vol. XV. Part I. 10 
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53 = (a'bc) (uca) c'« . {(cV6) a^ + ((/aaO M = (bc'a) (uca) a» . {(bc'a') c, + (bcc') a^ - (a'cc") b^} 

= i byas^'x[(auc)(a'bc')-(auc'){a'bc)} - ^ a'yojbaf {(auc) (a'bc')-'(auc') (a'bc)} + i c'A (it6c)(cc' . oa?) 
= i ftyOaja'a. {lAy (aa'6) — Oy (ua'b)] — i a'yojbig {wy (aa't) - o^ (tui'b)} 4- J (7aa?) &» (6yW. - 6.Wy) 
= - i ftyOaj (aa' . yx)(y>a'b) - J babgiUy (ouvy) + i (aa' . ^7) b^{\w!b) + J (700:) 6^6^^^. - J (700?) bJb^Uy 
= - i 6y (aya?) (6.% - b^u^) - J (700;) 6.6^;^^ + i (70^?) 6« (6«tty - 6^^.) 

+ i (7*=p) M«^« "" i (7*^) 6A^ 

64 = — i (ttca) t^a (aftc) 6. = i (fccu) (oitt) a«c. = — J a.' . Q>cuf. 

55 = i (i*ca) o^ (cn^a') a^ = i (uca) a'^ [{caa') u^ - (t^oa') c^} s J c«% (CaW^ - CfiU^) 

56. Consider it under the form (tibc){vb'c')((ibc')(ab'c). This is given as example 2 of 
§ IL, where its value is written down. It is ^u^t^^Oy. 

57=-^(a'6c)a'a:6.c.. 

58 = i a^ (aa'c) c^a'as = i c. (a^ic) c^. 

This completes the establishment of the fifth degree. We have arrived at all the 
forms written down on page 71 and no others. 



Sixth degree. 

We proceed now to shew that from 

(501)i = (abc) aJbaCa, 
(50l\=(ffyx)afiay, 

(520) ^UfitbyafiOy, 

(512)a = (dbc) afiUfibsfifg, 
i512\ = (fiyx) c^fiUy, 



we obtain 

(600) =(a/87)». 

(611), = (0/87) (/97^)w.. 

(611)j = afiOybybxiifi- 

(630)i = (a/87) UaUfiVy. 

(630)2 = (abu) a^by UfiVy, 
(630), = (bcu) UfiU^^fi, 

(603X = ifiyx) {yoix) (al3x). 

(603), = (ffyx) ajb^fiby. 

(608\^ (l3yx)b^J>yCfi. 

From (501X = (abc) aj)„pa> From (501 ), = (/87a?) a^Oy. From (520) == u^u^Oy. 

1. {pho) {aa'u) b^CaCdx = 0. 3. {^y , au) a^dya'x = (611)i. 5. a '^a'^t^a^Oy = (611X. 

2. (oftc) (ttb'u) baCaVx = (611),. 4. (^7 . bu) Of^Oybx = (611),. 6. d^c'^n^fiOy s (611),. 

7. a'^a'yOfiOy = (600> 
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From 


(512X = 087»)oflO.tt,. 


From 


(612X = (a6c)a^«^6^. 


8. 


(J3y.a'u)afia^',Uy 


= 0. 


23. 


(o6c) aptip (ab'u) <yt'g 


= 0. 


9. 


(fiy . bu)apajbgu^ 


sO. 


24. 


{abc)apup{hb'u)cj)'» 


= 0. 


10. 


Oy . CU) UfOtfi-eUy 


= 0. 


25. 


(abc) opUp (bc'u) c^^ 


= 0. 


11. 


(/87<^)a^(ao'«)oX 


s(611).. 


26. 


(abc) a^iipbg (ca'u)a'. 


= 0. 


12. 


(fiyx) ap {abu) bgUy 


= 0. 


27. 


(abc) apupbg (c6'm) b'g, 


= 0. 


la 


(fiyx) Op (acu) c,tt. 


= (611X. 


28. 


(abc) apupbx (ecu) c'. 


= 0. 


14. 


ifiyx) o^Os^'/t', 


= (603X. 


29. 


(ahc)apa'pa'J>^ 


= (603X. 


16. 


(fi^x) a,f}4>4>» 


=.(603V 


30. 


(abe) apc'pb^ 


= (603),. 


16. 


037 . a'w) Op (aa'tt) «, = (630X. 


31. 


(abc)apa'p(ba'u)cx 


= 0. 


17. 


(ySy . hi) ap if^tni) u, 


= (630).. 


32. 


(aic) apc'p (bc'u) c. 


= (611V 


18. 


(fiy . cu) Op (acu) Uy 


= 0. 


33. 


(o6c)a^V6a(ca'tt) 


^(611). 


19. 


(fiy . a'v) apo^'y 


= (611X. 


34. 


(abc) apc'pb, (oc'u) 


= 0. 


20. 


Oy . bu) opajby 


= 0. 


35. 


(abc) apUp (ba'u) (ca'u] 


► s(630). 


21. 


(fiyx) Up (aa'u) o'. 


= (611X. 


36. 


(abc)apup(bb'u)(cb'u] 


) = 0. 


22. 


(^x)apiabu)by 


= (611V 


37. 


(abc) Offlip (bc'u) (cc'u) 


.=(630). 



From (512\^ (J3yx)csfi^. 

38. (fiy • a'w) Qgfi^u^^ = 0. 

39. 0^7 . hi) c^^u^^ s 0. 

40. 037 . c'u) OififiU^'^ = 0. 

41. (fiyx) (cau) Cfitijax =0. 

42. (fiyx)(cbu)c^x =0. 

43. ifiyai) {co'u) c^v^'x = 0. 

44. 037a?) c^fiO^x = (603),. 

45. (0yx) c^fibybx s (603),. 



46. (fiy . au) c^^Oy = (611),. 

47. (fiy . bu) Cafifiby s 0. 

48. 037a;) (cau) CfiOy = (611),. 

49. (/3yx) {dm) Cpby = 0. 

60. Oy . au) (cau) c^Uy = (630),. 

51. (I3y . bu) (chi) c^Uy = (630),. 

52. Oy . c'w) (cc'w) CfiUy s 0. 



1 = i %i' (c«'6« — cjba') 6«c« and w«'Ca'6«6j^« s t(«'6«c« (6c . oa') = ^bx(cu . aa') (6c . ««'). 

2 = (a6c) c«6', {(vab) b\ + (a6'6) t^.} s (a6c) 6'a56'« {(a6c) w. + {uac) 6.} - i a^c^Ua (a^Cx - o^^^) 
= (v4ic) (abc) b\ (W . or) + ^ c^c^a^a^^ = ^ OSoa?) (woe) (a^^ — o^c^) + ^ Caq^a^OxU^ 



=* 



^^^« + .^ CaCfi<lfi<lxUu ^ i U^CfiO^fiL^ + ^ CaCfiOfiaxUa = CaCfiafiflsUa H (611),. 



ti^ ti« t^« 
a^ a« CE« 

C^ C« Cjr 

3 = (a'fiUy - a'yW^) afiaya'x and d^u^^a^x = u^^x (aa' . yfi) = -i (a/87) (flf/9«?) ^. 

4 = byUfiapOybx. 



10—2 
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6 = a aiAyO^ {axi' . yff) s - ^ (afiy) (afix) Vy. 

7 = {afiyy. For = i(a^».aV + aT'aV)'-i(aa'.^7)». 

8 =s (a* fitly — a'yiiii) dficyix^ = — OgfiLfiUfi . a'ya'xUy. 

9 = byV^Ti/tfioJbx = dfitZxUfi . h^x^* 

10 = c^afiC^x • ^'- 

11 = i (/97a?) u^ (afix) Uy^-^Ux {api) {yax) u^. 
afib^Vy s Ufi {cLJbx -^ <^J>y) o^fibgUy = bx* t UfitUgafiOy — ag^fiUfi . b^x^» 



afiCxUy = — c^ (OyWaj — a«t^) a^Cflftiy = — i^aj , CfiafiCgfiUftiy + i^^* . (WgflfCfi. 



14 = (/87a?) a^a « (aa' . ^7) = J 087a?) (70a;) (a/3x). 

15 = (C03),. 

16 = (a'fiVy - a'yt^^) (cta'w) a^tty = — i w«w^^^ (*/87). 

17 = (a6u) byUfiafitiy. 

18 = O/ia^ (ocu) . Uy'. 

19 = a'pUyOfiOt^'y = a'fiiiyOx {cut' . /97) s ^ (0/87) (fluc/9) lAy. 

20 = by* . Ufifififix. 



- 


a* 


<h 


Ox 




h 


by 


h 


«* 


«r 


u. 


= 


Op 


a. 


Os 




Cf 


Cy 


c« 




Up 


It, 


«, 



22 = 



a^ Oy Oaj 
6^ 6y bx 

ICfi Uy Ux 



afihy = UfiCuJbf^fiby 



23 = (a&c) a'fiibfi (bau) c^x = (^) (&au) c^ . a'^u^a^^. 

24 = (oftc) Caj6 xw^ {(6W) 6^ + iyiba) 6'^ + (66'a) ^^^}. 

25 = (oftc) (6ai/) c'fiUfiCtifi'x = (o^c) (6au) Ca- . dfiU^dx^ 

26 = (a6c) Ufidx {(a't^) c^ + (wca) a ^} = ^ u^u^^^ {cj>x — Ca^«) = — i 6at»tA. . CffixH* 

27 s (a6w) a^c^6« {cb'y) Vx - {(ab'u) bx 4- (o WQ t^g + (6'&tf )ag) aficfi x (c6'w) s (6'6c)6a! . (cb'u) . a^a^ti^ = 0. 

28 = ^ u^fiV^bx (b-Zhi — bafiby) = i u^^x • ^a/f^s. 

29 = {abc) a'fibifix (««' . P^) = i (fl^) {cjb^ — c^ft.) 6a<J« = — i (flfi^) Cfibjb^x- 

30 = (oJc) afic'jbx (cc' . «/9) = i (^7«) «^/9a5 (fcy^as - ^afiby) = ^ (/97J») afibyojbx. 

31 = (oftc) w^a ^ (6a'a) c« = — J 6«ti^c« (c«6^ — c^6«) = 0. 

32 = (abc) (abc') c^fl^Ufi = (c'bc) (ahd) c^fifiUfi + (ab'cy . CajC/ii^/i = i 6va^tt^ (ayfta! — oJ>^ = i a^ayUfibybx. 

33 = (oJa') a^c^ftje (ca'w) s — ^ baCffix (UaC^ — w^c.) = J CaCfiiifibJbc. 

34 s i6aJ^(6ya^ — ft^Oy) a^ = 0. 
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^^ 



35 = (phfu) afiCp {ba'u) (ca'u) = (aba) {ca'u) c^ [(bau) a^ + (6a'a) ti^} = — i c^u^6. (bcu) u.. 

36 = i Ufia^Ufii)^ (uca) = i (au . ff^ u^Ofe (uca) = 0. 

37 = ^ tLyOpUf/by (aub), 

38 s (a^t^ - a^Y^) Ctfipu/k'» = V • ^V^fi^fifi "~ <^^ • o^flx^h^ 

39 = fra^Y^Y • ^^^^^• 

40 = t^' . c'pc'gfigfip. 



41 



42: 



C^ Cy (^ 

(Z^ Gty ^ 

U^ tty tis 

c^ Cy c« 

6^ 6y hx 



CfiU/ig = c, (a^iAy - OyUp) CfiUiOg = - upcpcg . ivv«- 



C^Myfta. = Up (Cyfej. - C«6y) C^t*y6« S - (VJ^tt^ . ia^YWr* 



C^C «Uy S CjB (c'^Uy — C\y^) C'^Uy s 0. 



tt^ Oy t*« 
43=i0^ Cy Ca, 

t^^ t^Y % 

46 = (O^Uy - OyUfi) (y^Oy = OfiOyUyC^fi. 

48 = byVfCsfi^y = 0. 



48» 


c* 


c. 


c. 




a* 


«» 


Ox 




«» 


it. 


«» 


49 = 


Cf 


Cy 


<^ 




h 


by 


6. 




»/» 


«» 


w. 



CfiOy = Cs (a^t«Y - <lyUfi) CpOy = (hCUfifiCgUy. 



C^y = W^ (Cyft, - Ca^y) O^y S 0. 



50 « {ttfiVy - Oy^^) (caw) c^i*Y - " (caw) upUyOyCfi. 

51 = &Y^^^^ (c&u). 

52 = c'fiCfi . Wy" (cc'w) = 0, 

Thus justifying the system of the sixth degree. 

Seventh degree. 
We proceed now to shew that firom 
(611X = (a/37)()97^)tt., 
(611)a = a^aY6Y&,w^, 

(630X = (a/87)i/.u^MY, 
(630), = {abu) apbyUfiUy, 
(630), = (bcu) UfiU^yCfi, 
(60S\^(fiyx){yax)(al3x\ 
{60S\^(ffyx)aJ>^pby, 
(603\^(l3yx)b^J>yCp, 



we obtain 
(7l0X = (^/97)a^a,u.. 
{7lO)^:=^(bcu)bfiaybyCfi. 
(721) ^(afiy)bj>^uf,uy. 
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From (6n)i^(a0y)(0yx)u^. 

1. (a/»y) O87. ait) w.o« = (721). 

2. (afiy) (0y . hu) ujy^ = (721). 
a {afiy)(l3yx)Kh =0. 

4. iafiy){8y.bu)K =(710),. 



From (Q80)i^(afiy)UaUfiUy. 

12. (a/97) baKufiUy = (721). 

13. (a/3y)u^afiay =(710)i. 

From (oftw) afibyUfiVy — (630)2. 

14. (aba') agbyUfiiL/iJ = (721). 

15. (aW) a^yUfiU^'g s 0. 

16. (abc) afibyUfitufix =0. 

17. {aim) a^bya'fiUya'cc = (721). 

18. (abu) agbyCfiUyCg = 0. 

19. (abu)afibyUga'ya'x = {710)i and (721). 

20. (abu) afibyUfib'yb'x = 0. 

21. (aba') afibya'fiUy vanishes. 

22. (abc)aiibyCfitiy s(7lO)a. 

23. (aba') apbyUf^a'y s (710)i. 

24. (abb')afibyUfib'y vanishes. 
26. (abu)afibya'pa'y = (710)i. 

From (605\^ (0yx) ajb^fiby. 

37. (fiy . a'w) a^aj>^jby s 0. 

38. (fiy .b'u)Vafii.J>^fJ>y =0. 

39. Oy . cu) CtfibJ>tfiLfiby = 0. 

40. (0yx) (aa'u) bg/a'g/afiby =0. 

41. (0yx)(ab'u)bj}'^fiby =0. 

42. (/97a?) (ocu) b^^fj)y = 0. 

43. (/Sya?) Oj. (6a'u) a'^f}>y = 0. 

44. (/97a?) a, (66'w) t'^^t^ = 0. 

45. (Pyx) ax (J>cy) o^ff)y s 0. 



From a^ay6y6aJW^ = (611)J. 
5. a^Oyby (ba'u) ax'vfi = 0. 
afia^lJjh'u)b'xV^ sO. 
^^^^T (&cu) 0^.14^ ~ 0. 
a^ajb^gfl! fia' X = 0. 
a^a^^gfifiOx ^ 0. 

a^&v (6a't/) a'^ = (710), . 
afiO^y (bcu) Cfi = (7lO)a. 

From (630\=^ (bcu) Ufii^yCfi. 
26. (Jca) OxUfiiuJbyCfi s (710),. 
(6060 b'xUfituJbyCfi s 0. 
(6cu) afiiufiJbyCfi s (710),. 

(bCC')c'filtyC'J)yCfi^(). 

(bca) agu^yCfi s (710)2. 

(6CC') C'fiUybyCp = 0. 

(6c?m) afiOybyCfi =s (7 10),. 



6. 

' 7. 

8. 

9. 

10. 

11. 



27. 
28. 
29. 
30. 
31. 
32. 



From 087a?) (7flw;) (afix) = (603)^. 

33. (0y . au) (700?) (fl;/3d?) % s 0. 

34. 087 . 6ii) (700?) (a/3x) bx = 0. 
36. (fiyx) (ya . aw) (afi . aw) = 0. 
36. (^x) (yd . 6u) (ayS . 6w) = (721). 



(Sy . a'u)(aa'u)b^f/}y^(nO\ and (721). 

(/87 . b'u) (ab'u) b^^by . = 0. 

(fiy . cw) (ocm) b^fiby = 0. 

O87 . a'u) ax (ba'u) a^by s (721). 

(I3y . 6'm) a« (bb'u) a^by = 0. 

(/87 . cu) ax (bcu) a^by = (710),. 

(fiyx) (aa'u) (ba'u) a^by = (721). 

(fiyx) (ab'u) (Wu) a^by = 0. 
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From (fiyx)b^yCfi=^{60S\. 

55. (^7 . au) aJbgfiJbyCfi = 0. 60. (/Sy . au) (bau) cJbyCfi = 0. 

56. (0y . Vu) VJ>^^fi = 0. 61, (/»y . Vu) {Wu) cJbyCfi = 0. 

57. 087a:) (bau) (hfijb^fi s 0. 62. (^7 . c'u) (bcu) cJbyCp = 0. . 

58. (fiyx){Wu)cJ>'JbyCfi^O. 63. (fiya)(bau)(cau)byCfi sO. 

59. (0yx) (bc'u) Cafi'JbyCfi s 0. 64. (fiyx) (Wu) (cb'u) b^Cfi s 0. 

Of these 

1 =s (0^7) (agUy — ayUp) luax. 

2 = (0/87) u^Ufb^g. 

3 = - (7flur) (afix) b^by = 0. 

4 = (a/97) ^^&Y^a• 

5 = a^'ox'ufi . Oy&Y (6au). 

7 = c^aY&Y (bau) CxU^ = ayb^ ({>a^) • CafifiUfi. 

S = afi(aa\ yfi) byb^x = - i (affy) (afix) byb^ s i (fiyx) (yax) bjb^ = 0. 

9. For this consider (abc)* . (0yxy « (a^byCg — a^&sO, + ay&(tC^ — ay6^c« + ^a^^Cy — aJbyCfi)^ 

= (a^iyCs + 0^6x0^ — aJ>yCfi)^ = iafiOybyCfibtfitt. 
10 = tt^Oyfty (6a'a) a/ = — iu^byba (ayfi). 

14 = — J (eifix) byb^UfiiLf s - ^ (afiy) bJb^u^Uy, 

15 = (ubb') apbyafiUybx = 0. 

16 = (vbc) agbyUfiO^x = (1^) CgbyU^ayCx = (u6a) (yOy . CfiU^Cx* 

17 = (oia') afibyUfiUyOx' = — i (a/ar) byb^u^Uy s — ^ («/97) 6Aw^Wy. 

18 = (ate) a^byUfiTiyCx = 16 = 0. 

19 = (aim) Oyfty . UfiafiOx' 4- i (a/97) fty^^ (^•6« — «*AX 

20 = (abu) ttfiUfiby (bV . 7a?) = J (a^'tty — Oyit^') (ffyx) a^Ufi = (/87a;) U/8M7 . a^'' + /9p 

- (0yx) a^Oy . V + /SS' = 0- 
22 = (6cu) a^aybyCfi. 
2S^-^(eifiy)bybaUfi. 
2.0 ^ (aha') a^byUpfiy* or 23. 
26 == (abc) UfiU/iJbyCfi = (m6c) UfiUyaJbyC^ = t^a? (o^c) a^UybyC^ 4- (wca) c^a^ . 6«&t^ + (yha) a^v^JbyCg 

= Ux . (ubc) afiOybyCfi + (cba) Ufiiu/ipcjby = Ux . (t^) apOybyCfi + (c6i^) Uffit^^cjby 

= i&« . ({£6o) afiOybyCfi 4- (o&u) Oy&y . c^ti^c« = t^jB . (yhc) afiO^yCfi, 
a reduction not at all obvious. 
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27 = 

28 = 

29 = 

30 = 
31s 

33 = 

34 = 

35 = 

36 = 

37 = 

38 = 

39 = 

40 = 

41 = 

42 = 

43 = 

44 = 

45 = 

46 = 



47 = 

48: 
49: 

50 = 

51: 
52: 
53: 
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(bvb') hxCfU^p = 0. 
26. 

(710).. 

(a filly — cu,Ufi) (yeuxi) (afix) Ox = (ficux) (affx) Oytuflx — (youc) (07^?) a^Ufidx = 0. 
(70U1;) {afix) bJbyUfi = (70W?) (yfix) bjb^u^ = (yfix) bj>x {(/3ax) Uy + (70^) u^] 

= - (0^/87) 097a) tA . Ux + {afix) u^x (/87a) 6, = (70ur) (a/9ar) 6^6^ , w,. 

{fiyx) (byUa - 6.iAy) 6.11^ = (I3yx) bybaU^u^ = (^70) byb^UaUfi. 
((ifiVy — cu/ufi) d^fiifglb^fiby =s u^^x • CLfidxdfidx "~ t^/K^^ct» • cu/djcbybx* 
by'ufibxdjbf^fiby or bjxjbybx • i^^a^o^. 

CfiU^tflJi>^fiifil}y or CfiCjfi'fiCLx • 'Z^Y^x* 

^ ()37a?) (a^) 1^.6,^^ s J (^70:) (7/8^?) . w.6 A. 



a^ Oy o^ 

6^' 6y' 6{j' 
Ufi Uy Ux 



bJbxCLfiby ^ i^^ (ciybx — cbjby') bjbx'dpiby = -- cbgfibfiUfi • bybybjbx* 



bgfigfibfiby ^^Cfi (CLyUx " dgUy) b^^ff>y = ^ OfiCUfKfifib^X + CbfiCfidgfig • U^^x = 

(see 9). 



OgfiLx^afiby = 6jB (flfii'^ "* ^'^^) (^ifi^o,fiby = bJbyUy • cifidxO^fi "~ UfififiOx • (h'^^^** 



afi Oy ax 

Cfi Cy Ox 
Ug tly Ux 

bfi by bx 
a^ Oy a^ 
t^^ t^ itx 

^^ (M« - V^«) ^«' ^^^y = "" '^^a^Oaj . (6A' - V^«) ^A'- 

i>^ by ^s <Wifl'piby = &x (^^^ "^ ^Y^^) ^^fis^pi^y — bjbylly . CfiflfiCifi^, 

Cp Cy Cx 

Up Uy Ux 

(aptly - Oy'w^) (oa'i^) tjja/i6y = — ^ («/87) UaUpbJby h - ^ (^/87) u^upbj>y 

= - i {(«/97) ^^M« • ^» + (^^«) upu^J>y] 

= - i (a^7) w^6y6. . Wa, 4- i (0^7) upUybJ>x s (710^ and (721). 

by Up (ab'u) bgfiLpby = (66' . xy) (al/u) byOpUp = ^ (/8a^) (^Oy — apUy) apUp. 

CpUy (acu) bafibpby or (ocz^) a^c^ . t^6A- 

{apUy — ay'w^) (6a't*) a«a/i6y = (ba'a) upapv^/ijby - w^a^aaj • Oy'6y (ba'u) 

= — i6. (ouc/3) upv^y = — i (ayl3) babxUpUy. 
byUpOx (bb'u) apby = byUpOx (bb'a) upby. 

Cpriy(bcu)a^pby^Cpiiy(bca)a^upby or 26. 

^Ua (0yx) (uj>p - upba) 6y = - J (fiyx) u^upbyb^ = - ^ (a^7) u^upbybx. 

^up (fiyx) {upOy — iv^^) tt/i. 
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54 = t 6^ 6^- bx (acu) a^by = bg (c^Uy — CyW^) {am) a^by = (acu) cpafi . bJbyVy — (acu) afiCyU^bJby. 

Cfi dy Ox 

Ufi Uy Ux 

55 = {a^Uy — OyUfi) oJ>QfiJ^'fi^ — ofCbfiCaflLx . bjbyUy — cujb^flj>x - UfiCcfifi. 

56 = byUfibxbgfiJbyCfi = c^pUfi . bybybgfij* 

57 == 6^ 6y bfB (hfiJ>'fi(i = ^« (a^t^ — Oyt^^) d^JbyCp = o,^pCpCx • hJbyUy — (LJb^J>x • 'i^pcpCx- 

ap dy dx 
Up Uy Ux 

58 ^ ^w^* 08y«) O't^) Ca<?^ = 0. 



81 



59 = 



&* 


6, 


6. 


c/ 


< 


(^' 


»* 


«r 


«» 



c^x'byCp s 6jp (c^'^*y — Cy't^^) CjfixbyCp = bJbyUy . CpCxO^x* 



60 = (o^ — avW^) (Jaw) c«6yC^ *= (6att) cJ)^pdpUy — 'M^c^c» . (6aw) 6/ty = (&w) cJ>yU^pUy 

= (&UC) Cj>yUpdpdy = (6ua) Cj>yU^pfly = (&2ia) fryOy . Cj^l^/fC/f. 

61 = fcy'ii^ (66'w) cj>^p = 6y'^^ (66'c) cJbyUp, which vanishes. 

62 = c/tty (bc'u) cj>^p = c/t^ (6c'c) cJ>yUp = fey" . (t«c'c) cpcJ^yUp. 
(cdu) byCfi s 6aj {afiiUf — o^w^) (caw) 6yC^ = 6y6»^ (caw) c^a^ — (cdu) CfibyayU^bx 

= — (Oic) UfitLyO^nfift = — (Ct«6) dfiUyOybtfifi = — {CUd).dfiUyb^gfifi 
= tliyfty&a; . C^tt^ (caw) = 0. 

64 = (0yx) (bb'c) (cVu) byUp = ^c/r 08y«) (^r^y — Cf/ti^ u^ = 0. 
The seventh degree is therefore established. 



h 


by b. 


a* 


<h «* 


Up 


Uy Ug 



Eighth, ninth dnd tenth degree. End of the system. 



We proceed now to shew that from 
(710X = (a^y)a^ayW., 
(710), = (Jku) dfid^yCfi, 
(I2l)^iafiy)bJ>xUf^, 

and thence 
(911) ^ dfidyb^^CaCxUfi, 
and that this is the end of the system. 



we obtain 

(SOl\^(fiyW)byCfibaCa, 

(801X = (d'bc) dfid^fidx, 
(812) « (c^fiy) (7flw?) (afix) w. 
and thence 
(10 . 1 . 0) « byCfibaC^iU* (a'/87), 



From (710)i = (a^7) a^OyW.. 

1. (afiy)dtiaybX^(SOl\. 

From (710), = (6cw)a^ay6yC^. 

2. (a'6c) Oa-'a^ayftyC^ = (801),. 3. (6c6') ft/a^OyftyC^ = 0. 
Vol. XV. Part I. 
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From (721) ^(al3y)bJ)giUfiUy. 

4. {al3y) K (bau) a^u^Uy = 0. 10. (a/Sy) t«6«w^6yV = (812). 

5. (0^7) 6. (Wu) bxUfiUy = 0. 11. {cLfiy) 6« (bau) a^Uy = 0. 

6. (a^7) 6a (6cw) CeWptAy = 0. 12. (afiy)ba{bcu)CfiVy^O. 

7. (0^7) bab^fiUyOx s (801)i. 13. (0^7) 6. (6aw) UfiOy = 0. 

8. (0^7) bab^fiV^x = 0. 14. (a/87) 6. (bb'u) u^by' = 0. 

9. (afiy)bJ)xUfiayax = 0. 15. (0^7) ft.taja^Oy = (801X. 

From (801)i = 097a?) ftyCp6.Ca. 
16. (/87 . at£) aJbyCfibaCa = (911). 17. (/87 . b'u) b^byC^baC^ = 0. 

From (801), = (a'6c) a^a^^ppi^x. 
18. (a'6c) a^aAc^ (aVw) a»" = (911). 19. (a'fc) a^ay6^^ is^Vu) b^ = 0. 

From (812) = (ptfiy) {yoLx) (aficd) u^'. 

20. {c^fiy)(youD)(afi.au)aaiUa^^O. 24. (a'^7) (700?) (o^ . 6w) 6.^ = 0. 

21. {a:0y){yaa))(afi.bu)bxUa'^O. 26. (a:fiy)(yeus)(afi .cu)c^' = 0. 

22. (a'/87) (70ur) (ot/S . cia) c^w.' s 0. 26. (a')97) (7a . au) (off . aw) w.* = 0. 

23. (a'fiy){youc)(afix)ba'bx = 0. 27. (affiy)(ya.}m)(afi.bu)ua'^0. 

From (911)«a^ay6Y6«CaC:c%. 

28. afiCufi^aCaCa/Difidx' = 0. 32. dpOybyb^^Ca (cc'u) c^'ufi = 0. 

29. a^cLjbybaC^CafifiCx = 0. 33. apO^yb^Ca (ca'u) 0^ = 0. 

30. afifiybybaCa (ca'u) ajv^ = 0. 34. a^Oyfcyft.c. (cc'w) c/ = (10 .1.0). 

31. apfi^aCa {dfu) bxUp = 0. 

From (10 . 1 . 0) = (a'/97) byCfibaC^u^'. 
35. (a'^7) by0fib^cjb^'%\ 

Of these 
1 = (o^c) aficufijby or say 037^) b^cJ>yCfi. 

3 = (606') 6« Oyfty . c^^ 



4 = 



badx^'f^ = — byUaafibuOxUfiUy or - u^a^ax .tUfbybaU^* 



6« 6/1 6y 

a^ a/i Oy 
u« u^ t^ 

5 = i (0^7) 08'ow?) M/r^^^^Ay = ^ V • (0^7) 08flw?) Uy + ^JS'. 
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b^CgUfiUy = by (CmUfi — CfiU^) b^CxUfiiiy = — CfiUfiCx . uJbJbyVy. 



83 



6 = &■ bfi by 

Cm Cfi Cy 
U. U^ Uy 

Making one cyclical change forward this becomes 
(a^) byC^Jb^g = (^/Sy) byCfiuJbmCg = Ux . (a/Sy) bjCfibmOx + (xwy) bj>y . tifCaCm + ('"^n) bjUMJbj:, 

■ ' ' ' 

= tix.(a:ffy)byCfKcm + (afix)c,Cfi.bJbyti^ = tig(wfiy)b^fbmCm (cf. 26, p. 64). 
■ (''^^y) bjt^^tu/}^ = {xfia) CfCm ' bytu^g. 
i (o^r) bJ>yUfiCLfi,x = (aya;) 6.6, . u^n^a^. 
I (aySy) (W . cue) bgV^by' = i (a/Sy) (/S'ouc) 08'«y) «,. 



8: 

9; 

10: 

11 = 

12 = 

13 = 

14 = 
16 = 

16 = 

17 s 

18 = 
19- 



6« bfi by 

a. dfi Oy 

U^ Ufi tUf 

ba bfi by 

C« Cfi Cy 

U^ Ufi tUf 

6« bfi by 

tta Offi dy 

Urn. Ufi Uy 



badfiUy = 1U (bfiOy - byttfi) boflfiUy = bfibjObfiUyUofly = 0. 



baCfiUy = by (CaUfi - CfiUa) b^CfiUy = Ufiiu^^aCmPfi = J (a^/)* . {ubcy. 

For (t^)* . (a)87)' = (w«6^Cv - w.6yC^ + UfibyC^ - w^ft.Cy + tiy6.c^ - UybfiCaY 

= (- ^^.6yC^ + u^byC^ + v^^CfiY = ZufiiuJb^^CaCfi. 
b^Ufidy = 6y (a«w^ - a^Wfc) ft.w^Oy = - UaUpafiO^yba = — i (tiofc)" . (0^7)". 

For (vaby (afiyY = {ujoifiby - w.ay6^ + w^Oyft. - Ufiajby + Wya.6^ - Uya^aY 

= (u^afiby + tt^Oyfc, — tu/ifib^y = 2WfcW^ajiay6y6.. 

(a/ftr) 6.6/i^ay = (SOIX- 

(o^Ky ^ €Ufltfi) oJbyCfibaCt^ » a^fiCfiCabJbyVy — dgfi^^-JbaCmlOfiUfi , 

both represented by CtfiJbJbyayOfiUfi or (911). 

by'ufibxbyCfibaCa s byUfiCfibaCa (bb' . 7a?) = ()8'a7) 08'7aj) w^c^c. s 09'a7) (070?) w^c^c^' 

= (fietry)(ayx)ufi.C(^-h^. 
^iL^afiOybyCfi {cj>x — Oa6«) = ^bJbyOyafiCfiCaU^ — 4c«c^<^^ay&y&atA•. 

{(y fe) a»^ + (g^yc) bx + (g^fefcQ c^ a/; ay6yC^ (a'Vu) = {(a'6'c) 6, + (a'bb") cj a^OyftyC^ (a'6'w) 

= (a'bb') CtjfLfiOybyCfi (a'Vu) + (a'6 c) b^ffi^y {{cVu) a/ + (a'6'c) w^} 

= Ja^ Cj^^OyC/i (w^^' — u^f/) H- (a'6'c) (c6'w) a^iy (aai . 7)8) 64. 
= \ {cut' . 7/80 OfiCUy'ctfifiUfi' H- J (07)8) (6.'c^ - 6/c.) (c6'i*) 6^6, 
= i («7/80 (a)87) o*c^w^* - J (a/87) 6. Vt (^6'^^) &« 



= i («7)8) (a/87) . c^^'W^' + /Sis' - i 



C« C^ Cy 

6/ 6^' by 

U^ Ufi tUf 

= ^bybaC^CfiUfibybg = i (66' . ooy) bJcaCfiU^by = J (i8'a?7) (i8'7a) c^c^fi 
= i (70ur) 08^70) CfifCfiUfi = 0^ = 0. 



bybaCfibg = ^iy' (CaUfi — c^i*.) 6yC^6/6«. 
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20 = (a!fiy) (youc) OfiU^axUa' = w.'" . (0^7) (ycuc) a^Ox + ac?. 

21 = (odfiy) (yax) hJbxU^u^' = J (0^7) (70W?) u^ . 6«'6«t^«' H- J (a')8a) (70W:) byb^UfiUa'. 

22 = (a')87) (7flw?) (c.u^ - c^u.) c^t^a' = (afiy) {yux) u^ . c.'C«t^.' + a? - (0^7) (700?) Cpc^; . uj - a?. 

23 = ia'fix) (youjo) (afix) baby = a?+ (affix) (ycus) (a! fix) baby. 

y ; 

24 = (a'fiy) (ycuc) b^u^ba' = {afiy) (ycuc) u^ . 6a'' + aa . 

25 = (a'fiy) {ycux) (CaUfi — c^Ua) c«' = aa H- (0^7) (70^) u^ . c.** - aa' — (a'/87) (7a'ir) c^«t«c« 

= - (a!fiy) (ya'fi) . Cxt^.c. - (a'fiy) (yfix) CaUaCa = aa' = 0. 

26 = (a'i87) OyUaafiUaUa'. 

27 = (a'/87) (byUa — 6«Wv) 6«w^w«' = {a'fiy) bybaU^u^Ua' = aa' = 0. 

28 = OybibaCaCafifi (aa' .fix) = ^ (a' fix) (ayfi) b^aCaCx = i (a'i87) (ayfi) . bJbaCaCx 

+ i (7/8J:) (a'7i8) 6.'6.c.Ca. = b^^ . (yfix) (ayfi) CaCx + oa'. 

29 = afiayb^aCaCx (cc' - ^fi) = J (fiy'^) afiOybyba (yaoi) = ^77' H- ^ 087a?) a^Oy . 6y6« (7'aa?). 

30 = CfifiybybaCa (cux!u) axUfi H- Oyb^aCa (cau) . af^a^u^ + OybybaCa (ca'a) a^ . w^" 

= it^a' (a'7ic) Cfib^aCaUfi = J (07^;) 6^6. . CfiCa'UpUa' + aa'. 

31 = afiOybybaCa (cVu) bju^ = a^OyUyU^ . 6«c«6a!' (c6'6) + a^ay6/6aC.6»'w^ (c6m) = a^a^ybxU^ . 6aC« (cfrw). 

32 — Jiv (7'ac) a^cuJbybaUfi = 77' + J (705) 6y6. . a^^u^u^. 

33 = a^a^ybaCa (ca'u) a^ = a^a^a^ . i.e. (c6i^) H- a^ay^^«c« (ca'6) a^' = (aa' . 7)8) a^u^aCa (ca'b) 

= i (a'7/S) t*y6.c. (6«'C^ - 6^c«•) = i (a'7)8) lufia'CfiCjba = ^6.'* . (07/8) CaCfitiy + oa'. 

34 = iiv (70^) Oybyttfiba. 

35 = (a^7) byCfiba'Caba'^bx s (a)87) b^pbjcjbjbj + (66' . a'a;) (0^7) 6^./c^c. 

H i 09'a'a?) (i8'7a') (0^7) c^c. = - J (yS'a'a;) c^C' . (afiyf. 
This completes the system. 

§ V. Forms reducible on multiplication by Ux are 

(303) for Ux . (a6c) ajb^x — (bcu) b^x • a^ + (cau) Cgfix . b^ + (06^) aaj6a. . c^l 
(421), for t^jB . (a'6c) (uca) (tta6) a* = a^ . (6ci*) (cai*) (a6u) + (cauf . (a6t^) asB6a. 

+ (aimf . (cat*) CaAr + ^a' . (6cw) 6ajCaj — \ux {(6cw) 6«t*«c« H- (6ew) C«U«6a;}. 
(501 X for t^jB . (a6c) aJoaCa = (a6c) aJbxU^Ca + (a6c) (hfix^aba 

- {|<*a' . (6ct*) 6a:C« + 6«* . (cat*) CaOx + c.' . (a6w) aa!6aj — OsB* . (6ct*) 6.Ca}. 
(512), for Ux . (abc) afiUfibgfix = a^^up . (6ct*) 6aK?« H- 6a.' . (cat*) a^t*^c« + Ca?' . (a6M) a^t*^6a{. 
(611), for Ux . apOybybxUfi = J (a6M)* . (fiyxy, save for products. 
(630X for Ux . (a)87) t*«t*^t*y = t*.* . (/87a;) t*^t*y + 1*^' . (703?) t*yt*« + uj . (a/Sa?) t*«t*^. 
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(630), for Ug . (abu) a^byiifiVy = — {aimf . (/Sya?) u^Uy 

+ Uf? . {(aim) VyO^x — (abu) Ojbyax} — Uy* . (ofrw) a^Ufibx. 
(630), for tia- . (bcu) UfiUybyCfi = - (Jew)" . 087a?) u^Uy + (Jew) byCxUy . V + (^) c^bxU^ . t*y*. 
(603), for Ux . ()87a:) a^^^y = - 087a?)» . (ofctt) aA - a»' . ()87a:) iaj^yt^^ 

+ ^x {(/87a;) axOyU^ - Oy^) aa<l^u,}. 
(603), for tia. . {fir^x) b^Jb^fi = - {fi^^xf . (bcu) b^x + ifi'fx) CfiCxUy , bx^ + {^^x) bybxU^ . c^. 
(710X for Ux . (a)87) a^Oyi^. = (0^7) UaU^d^ H- (a^) UyU^a^^ - (aSa?) w.w^ . Oy* 

— (70ur) Wyt*." . a^ - |a.' . 087a;) u^uLy. 
(710), for t^a . (6ctt) affujb^p = - (6ctt)* . 07a;) a^Oy + 1^^» . {abc) a^-fix 

+ 1^' . {abc) Cfiafibx — (caw) c^ap . ftyWytj, — (ofew) Oyby . CfiUfCx' 
(721) for Ux . (0^7) bJbxUpUy = (^875?) w^i^ . 1^.6.60? + V • (70^) &«6«^ + V • («^) W«^^. 
(801X for Ux . (/87a;) byCfib^c^ = - (/87a:)* . (6ctt) i.e. + 6,' . (a/87) CaC^Uy 

H- c«' . (0^7) bajbyUfi — (705?) 6^. . CfiCxUfi — (o^ar) c.c^ . 6y6««y. 
(801), for WjB . (a'bc) afiCuJbyCfifix = a«' . (bcu) a^cujb^^ H- (afcw) Oyfty . Cgfib^^a^ + (cau) c^a^ . ajbg/oufiy 

— i {(70^) M« • ^^C^^« + («^^) CaCji . 'MyftY^a;}* 

(812) for Ux . (a'/87) (7aaj) (a^a?) u^' = w«' . (/87a;) (7aa:) (afix) + |a.' . a^* . 087a:) tt^Uy 

H- (afixy . (7aa?) WyU« + (7aa?)* . (etfix) u^u^ — fa** . w^ {087^) dfioi'x^ + (/87a?) ayaa;^*^}- 
(911) for Ux . afiCufiybaCaCxUfi = — (caw) a^c«t^^ . (703;) 6^6. + ^v^* . a.' . 6^* . Cy' — Jcy* . a^fifiU^ . w«6a6« 

H- Cx' . Ua,Ufibyba(l^(ly — agfiifiUfi . byb^U^J^x — i^.* • V • Wy' . Ca;'. 

(10 . 1 . 0) for w» . (^'^87) byCfib^CaUa' = w." . (I3yx) byCpbaC^ + (701?) 6y6« . cjn^u^u^ 

+ (a)8a:) c«c^ . b^^UyU^ — |a.' {(ofcu) Oyfty . c^u^Cx + (cat*) CpicLfi . 6yWy6a;j. 
Thus all but (421),, (501X and (7lO)i are expressible by products of terms of lower 
degree, and these are expressible by forms otherwise occurring in the list of forms. 

In regard to the previous table we may remark that, multiplying still further by 
Ux^ we have 

t^'.(501X 

t^'.(710X 

t*,«.(801). 

tt««.(10.1.0) 

V.(911) 

and there are, of the 18 forms just given, 13 which are only "singly-quasi-reducible," 
the reduced forms being expressible by the following 13 " whole" types of forms 

(abcf, ba\ a«", a»', (6cw)6«c«i (bcuy, Uabjbx, (abc) (bcu) ax, (bcu) (cau) (abu), 

(0^7)*, V, (fiyoi)UfiiLy, (fiyxy, (afiy)(fiyx)ua, (fiyai) (yaa) (afix), 

(bcu) baCa, KCabsfix9 (bcu) baCxUa, (bcU) byCxUy, 

(fiyx)apay, UfiUyafiOy, (fiyx)afiaxUy, (fiyx)c^^Ufi, 



* still further reducible, say are "doubly-quasi-reducible," 
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Further, of concomitants of two conies, there is one which is reducible multiplied by 
le^, namely (6S0\ = (bcu)ufiV^yCfiy and its reciprocal {603% = (fiya))btfiJ}yCfi. 

(Geometrically these represent angular points and sides of self-polar triangle of the two 
conies.) 

Proof of the reductions by multiplication by v^. 
(303) is obvious. 

(421)s (a'bc)(uca)(uab) a'aUg. = Oa.'" . (bcu) (cau) (abu) + (ca'u)((xiu)(aim)bgfij H- (a'bu)(ahu)(cau)caflx' 
where (cau) (cau) (abu) b^p^ = {(^uf . (aba) aj)^ + (oa!u) (abu) b^ {(caa") v^ - (uaa') ex] 

= (ca'uy . (abu) ajb^ + ^ (6wc) Uabx {c«% — CajW«} 
and (aim) (abu) (cau) c^ = (a 6u)« . (cau) CgfiLx + (a'bu) (cau) c^ [(uaa*) bx - (f)aa') u^ 

= (a buy . (cau) Cjjolx H- ^ (bcu) u^c^ \uj>» - w»6«} . 

(501X 

(ahc) aJi>xU^Ca = a. (i^fcc) Oa^aK?. + (obu) aj)^ . c.' H- (auc) aJ)J>aCa 

= J tta' . (t^c) iajCflj + (abu) aj)x . c.' + u^ . (oic) OajftaC. + (avb) a^Jb^Ca + (6««c) 6*0. . a«* 
= J a." . (6cw) b^x + c«* . (oiii) aj)x H- 1^* (a6c) aAc. - (abc) a^fiJy^Ua + (caw) c^x . 6J 

+ (6cw) afgfijbaaa — (bcu) 6«c« . Oug^ 
or w, . (abc)aJ)aCa = (afec) aJ>xUaCa + (abc)a^J)aU^ H- a^" . (6c2^)6«c. - la.' . (6cu) 6ajC» - (cau)cgfibx . 6.' 

— (a6w) ajbx . Ca*. 
(512)j is obvious. 

(611)a (o&u)* (/37a;)' = [afi>yUx — apfta;^ + 0^63;^^ — O^^Ux + aaj6^My - ajbyUfiY 

= {a^&yWflj — a^6«Wy + a^x^p — aJS^v^^}' 
= 2^0. . ttfiOyb^x'^fi + 2a^a«i^0 . 63^^^ = 2t/g; . a^a^b^x^fi- 

(630)i is obvious. 

(630)j. Consider (abuf . (xfiy)ufiUy 

= (abu)UfiVy ax bx Ux -Uf? . (oiii) t*y (ftaja^ - 6/^^) H- V . (abu)up (aj)p - ftj^a^) 

H- l«» (Oiii) UfiUy (afjby — Oyft^) 



s 
s 



o« 


6« 


M« 


a^ 


hf 


«* 


Oy 


h. 


«y 



= Ux . (ai«^) aftbyUfiUy + %* . {(aftt^) tv^» "" (<^) ^V*w} "" ^* • ((^) a^upbx- 
(630), 

(6CU)* . 0870?) U^ = (6CW) U^Uy bfi by bx = b^ (bcu) U^Uy (CyUx — CxUy) + C^ (ftj-t^y - byUg^ (bcu) UfiUy 



h 


6, 


6« 


c* 


Ct 


Ct 


«fl 


«Y 


«, 



H- wp* . Q>yCx — 6«Cy) (6ci^) Wy 

= W^' . (6cw) ftyCajtl^ + Uy^ . (6CW) C^6fl;ie^ — Ux . (bcu) UfiV^yCfi. 
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CONCOMITANTS OF THREE TERNAEY QUADRICS. 
(603), 



87 



Ux (I3yx) OfibyOjbg — Ug. (/3yx) djbafl^fi 



a^ cEy ^ 
^^ by bx 

Ufi tUf tbx 



(603), 
(0yxy.(bcu)bafix = 



07a?) 6j8(^ = 6^ (^70?) 6«Ca. (Cy«» - CxUy) + (t^u^Ca. - byC^Ux) (fiyx) b^x 

+ 6aj« . (^7a:) Cx (c^Uy - CyU^) 



6/1 6y fcff 

C^ Oy Cx 
Ufi Uy Ux 

= ()87a?) b^x^fi . c»* + 087a?) C0CxUy . ta' - (/87a?) btfiJbyCfi . % 



(710X 
and 



v^ . (a/87) afiOyU^ = ()87a;) o^Oy . w.* + (70^) UfiUaOfiOy H- (ai8a?) ujJUyafiOy 

(7aa:) w^t^.a^ay = («)87) OyOx^fiUa + ()8flw?) u^Wa . o^* + (yfix) u^ujoija^ 

= (a^) UaUfiO^fiby - (a^a;) w.w^ . Oy* — ia.' . (^873?) u^Uy 
{afix)u^u^^CLy = (al3y)UyUaaa^fi — (7aa?) tAyW* . a^* — Ja«' . {fiyx)u^ 

(710). 

087a?) o^Oy . {bcuy = (5cw) a^Oy 



= i V • (^'y^ "" ^^) (^^) flty + c^ (bxVy — 6y%) (6cw) a^Oy 

H- itji (ftyCjB — ftjgCy) (bcu) a^Oy 



bfi by bx 

Cfi Cy Cx 

Ufi tUf Ux 

= i V • (c^^) CjOy^ + Jcy* . {abv) ba/dfiUfi — Wa. . (bcu) o^Oy&yC^ H- (6cu) afiOybxUyCfi H- (6cu) a^cufiJbyUfi, 
while (6cu) a^u^btfifi = V • (^) ^^^^^^^ + (frat^) CyU^pbtfifi + (oct^) byU^fisfifi 

=: tAy* . (a6c) c^a^fta! — i(«6w) a^^^6a5 . c^ — (caw) c^a^ . byU^x 
and (icw) a^UfiaufiJ>y = w^' . (oftc) iyOyCa — \{cau) OyU^x • V "" {ohv) byOy . c^u^Cas, 

(721) is obvious. 

(801X 

(6cw) baCa . (fiyxy = (/87a?) b^Ca h by bx = b^ (CyUx - CxUy) {0yx) bj)a + c^ (bxUy - ftyW,.) 087aj) 6.c. 

+ Ufi (byCx - 6*Cy) 087a?) 6.C. 

^i V • (<^«» -CxUy)(ayx)Ca-(fiyx)baCj}yCfi . ««- JCy' . Ufibx(fiax)ba + (fiyx)bJ>aCaCpUy'\-{fiyx)bc,CaCj>yUfi, 

of which ^6/ . CyUg (a7a:) c* = ^6^* . Cy* . -Ma? (a««) = ; 

and (z*/^) bJbaCaC^ « &«• . (^870) c.c^Wy + (flpya?) bJb^CaC^Uy + 08aa?) bJbyCaCfiiLy 

= 6«' . (a)87) ^'•c^Wy - i V • (rw?) c«c-«Y - («^) c«c^ • 6A^ 
087a?) CffiababyU^ - Cc? . (^870) 6.6yW^ + 08afl?) c^JbyU^ + (a7a?) c^fibJbyU^ 

= Ca' . (0/87) 6«6yW^ - i Cy* . (fl^a:) 6.6a.t«^ - (700?) byba, . c^Cafti^j. 



6* 


by 


6» 


c* 


<h 


c« 


Uf 


«» M»| 
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(801), u^ . (a'bc) aJafiOybyCp = (ubc) a^Oyb^fi . a/« + (abu) Cafl^JdyapbyCfi + {a'uc) b^Ja^Cffi^y 

and {a'bu) o^a^a^^^ = {dhu) Oy'by . cfl^^^a^ H- (fw! . 7a?) (a'6w) Ca^p V^ 

= (a'fttfc) Oy'^y • «ajCa;a^C^ - i (7ac) (6.1^^ — 6^t*«) CaJ6YC^ 

= (a 6w) o^'iy . a^^^c^ — i (7aa?) 6y6« . t^^c^CaJ + i V • (7^) ^i><>ali^ 

also (a'wc) bgfii^afiC^cLJby = (a'l^c) a^ c^ . ajb^by H- (oa' . ^a?) {a'uc) cufogfipby 

= (a'wc) a^'c^ . ajb^fi^y + ^ (a^Sa?) {u^Cy — iv^a) 6a5C^fcy 
= ia'uc) aflcfi . aJba/Oyby — ^ (a^a:) CaC^ . t^yftajfty + ^Cy* . (a^a?) w.6aj6/3 
= (a'tic) afiCfi . ajbafiufiy — J (a)8a?) c.c^ . u^Jby, 

(812) 

{a!fij)(y(xx){afix)u^' . Ux = 087a?) (703?) (a^a?) . Ua'* + (a'/8a?) (7aa?) (a^a?) v^'iLy + (a a?y) (tout) (a^) u^^u^ 

and (a')87) (7aa:) (o^a;) Ua'Uy == (a'^a?)' . (7aa;) UyUa + (a'/8a?) (7aa?) (aa'a;) u^Uy H- (7aa?) (a'/Sa;) (o^a') UxUy 

= (a'/Sa?)* . (yOLx)v^Ua + \{aa'x)uftUy(fi'ix){xior)---'\(fiaof){fiyx){xaa')uxUy 
= (a^/3yy . (7ar)ttyWaH-|a.» . aa.» . 087a?) w^ttv - f a«V (/87a?) a^Oa-t^y . Wa?, 

while {Qlxy){yax){aPx)Ua!Ufi = (7a'a?)* . (a/8a?) ^.w^ + (7a'a?) (700^ (a)8a?) t^,t^^ + (7a'a?) (a'oa?) (o/Sa:) ia^^ 

= (7a'a?)' . (a^x)UaUfi + ^(yaa')(fixy)(xaa')iLgUfi + ^(a'ax)(fixy) (xac^)UfiVy 
= (ya'xy . (oi/3x)uaUfi + f^a' . etas' . (/87a?) W/jWy — | a.' . 087a7) OseOyW^ . i«aj. 

(911) 

(cau)a^Caji^^.(7aa7)&y6. = 6y6«a^Caji^^ c^ c« Ca? =^^Cy*.babafifiUfi{aaUg^<ixUa)—(iy(c^Ux''CxUa)b^a(ifiCxUfi 

H- tly (Cfttta; — Ca<l«) b^aO'fiCxUfi 



Cy 


c. 


c« 


a^ 


0. 


a» 


^ 


M. 


u. 



= Jf Waj* . a." . 6^' . Cy" - i V . ag/a^up . w«6a6aj + Ca.' . UaU^a^Oyb^a — a^afiUfi . bybaCa.Cx'^ — i^a* . 6/3' . Wy' . c»' 

— afiOybybaCaCxUfi . itjp 

proving the theorem. 

While further for UaUpa^ayb^a square (uah) (afiy), 

(10 . 1 . 0) (a'^y) byCpbaCa,U»' . % = (aJ/87) byCpbaCa . t^.'* + (a'a^) byCpbaCaU^'U^ + (a'^«) byCfibaCaUa'Uyi 

and («'^) byCfibaCaUc/Ufi = (aa?7) 6^6. . c^u^Ua'Ca' + (a'a7) byCfibaCxUa'Up H- (a'a;a) byCfibaCyU^ru^ 

= (7aa?)6y6.. c^Ca't^^w.'— i(aa7)(&it.aa')6Y . c^w^Ca+^(aa'a?)6/j6.t^a't^^.c/ 
= {yax)byba . C/jC.'W^Wa' — fOa" . (abu)ayby . CfiU^Cx, 

and (a'/8a:) byCfibaCaU^'Uy = (a'^a:) byCpbaUy {c«'U« H- (ct^ . aaO} 

= (a ^a?) Ca'C^ . b^aUyU^ + i (cw . aa') {(i8aflO 6« - (^aaO 6^} V^^Y 
= (a'/8a?) C'C^ . bybatiyUa + 1 a«* . {cua) a^Cfi . bjbyUy, 

omitting - J (cw . aa') (ajaa') CyUy . 6^« = 0, 

completing the reduction of the 18 forms on page 84. 
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CONCOMITANTS OF THREE TERNARY QUADRICS. 89 

§ VI. Identities and examples. 

The following are given, some because used, others because noteworthy. 

1. The invariant t = ff/ of Gundelfinger, 

To establish the identities - i ly^' = [(abcYV + 5 (a/87)« - (a^« . a/ + 6^' . 6.« + c.« . c^») 

(a'^cO (a'6c) (b'ca) (&ab) = [(a6c)*]« + J (a^7)» - i (a^« . a^« + 6^« . 6.« + c.« . c^«) 

where we put i/^r' = 6 (oJc) aaift^c*, 

tia* = — 6 (bcu) (cau) (abu), 

and these are the definitions of the symbols ri/ and u^\ These give 

- u^v^w^ = Qku) icav) (abw) + (bcu) (caw) (abv) + (cau) (abv) (bcw) + (cau) (abw) (bcv) 

+ (abu) (bcv) (caw) + (aba) (bcw) (cav)y 

. •. - J ,,^» = - (abc) aj>^^ = (aVc') (a'bc) (Vca) (c'aJb) + (a'6V) (a 6c) (c'ca) (6'a6) 

+ (caa!) (abb") (bcc") (a'Vc") + (caa') (abc') (bcb") (aVc') + (a'6V) (oiaO (6c6') (cac') 

+ (a'Vc") (aba') (bcc') (cab'), 
and 

{a'Vc')(bca')(cac')(abb') = i aii(acc') [(ca'b)(a'c'b') - (ca'6')(aV6)l - - ^a^a^'a/^' - Ka^T)* -i V • «,« 

(a'6V)(caa')(6cc')(a*60 = i ^^ (caaO {(cc'6) (cVfeO - (cc'60 (cV6)} = i a^c/ (caa ) (cc'aO 

= i Cfi'Ca (c^Cf,' - c^O = i cA.^ + i (a/S7)« - i c^V = 4 («^7)' 

(aW)(caaO(atc')(6c6') = ic.(6c6') ((6c'a)(6Va')-(6cV)(6Va)) =ic.c.'(fc6')(&«»V)= Ka^)'-^^.' . c^« 

(aVc')(a]ba')(bcb')(cac') = J 6. (c66') {(6 Va') (c'ca) - (Vc'a) (c'ca')] - J &.c.' (c66') (6W) 

= i bj>,' (by\ - & A) = i 6. V + i («)87)^ - i 6r V = 4 (a/3yy 

(a'Vc')(aha')(bcc')(cab') = J6^ (oia') {(oft'c) (a'b'c') - (a6'c')(a'6'c)} = - ^byby'bX' = i («^7)» - i6y' . 6.'. 

from which the result above given immediately follows. 

Further 

(a'b'c') ajby'c' - (a'b'c') a^'b^Cy' + (a'b'c') b^c^aj - (a'b'c') b^da^ + (aW) c^V*/ - (a'6V) c/a.V 

= (a'6V)«. (a?y^). 
Put herein x^ yu ^t = (bc)u (ca)i, (ab)i. 

Then (a'b'c')^ . (a6c)» = (a'b'c') (a'bcXb'ca) (c'ab) - (afb'c') (abc) (b'ab) (c'ca) 

Ha'b'(r)(b'bc)(cca)(aab)'-(a'b'c')(b'bc)(c'ab)(a'ca)-h(a'b'c')(c'^^^ 

from which, by the results given, the above formula follow?. 

2, To find the value of u^^ where, as in 1, w,« = — 6 (bcu) (cau) (abu). 
We have - J u»r^» = (bcu) (cav) (abv) + (cau) (abv) (bcv) + (oJm) (bcv) (cav), 

whence — ^ Uaa,* = (6cu) (coaO (ofta') H- (cat*) (oia') (tea') + (abu) (lea') (caa) 

= — (bcu) baCa — J 6. {(t^ca) (6ca') — (uca') (bca)] + J c« {(6t^) (6ca') - (bua) (bca)^ 
= - (bcu) 6.C. - J 6«c« (w6c) + i Ca6a (buc) 

or t^^a" = 4 (bcu) baCa , 
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(801 )j Ma; . (a'6c) a^a^cuJbyCfi = {vbc) apOybyC^ . a^'" + (abu) c^^ia^^^f^ + (plwi) h^^affi^a^^ 

and (a!hi) o^a^fl^^^ = (a'Jw) Oy'iy . c^jP^ffii'fL + («»' . 70?) (dhv) c^fibfib^ft 

= (a'ftit) cb^by . OvfigfiL^Cfi — i (7CW;) (6.t^^ — 6^t^•) CajftyC^ 

= {a!bu) dy'by . Otx/OaJCLpCfi — J (7flwj) 6y6. . l*^c^Ca. + i^ 6^' . (700?) w«c«Cy 

= (a'bu) Oy'by . CgjafgOpa^ — ^ (7ar) 6y6a . w^c^Ca- ; 

also (auc) bgfiLxa^CfiOyby = {a'uc) a^o^ , aj)a^y + (aa* . fix) (a'uc) Oybafifiby 

= (a'uc) UfiCfi . (ij>7fibyby + i (a/8a?) (t^^^Cy — u^^ bgfifiby 
. = (a'tfc) a^'cfi . ajbixfibyby — ^ (a^a?) c«c^ . t^«6y + ^Cy* . (a/Sa?) ttataift^ 
= (a't^c) a^'c^ . ajbafiufiy — i (a^a?) c«c^ . u^Jby, 

(812) 

{a!fiy)(youc)(afix)Ua' . -Mju = (/87a?) (700?) (a^a?) . iz.'" + (oifix) (jyauc) (afix) u^^Uy + (aa^y) (7Gur) (a)8a:) t**'^^ 

and (a'^7) (70^:) (a^a?) i^.'^^ = {oifixy . (700;) WyW. + (a'^a;) (700?) (aa'a?) l*^1^ + {^ax) {a! fix) {afia') u^Uy 

= (a'fixy . {yOLx)UyUa + ^{aa'x)ufiUy(fiyx)(xxGr)-'^(fiao^)(j3yx)(xaa')tixVy 
= (a'/87)'. (7ar)Wyi^aH-|a«". ««> . 087a?) w^tty - f a.' , (fiyx) a^a^Uy . u^, 

while (o^icy)(yax)(afix)Ua'Ufi = (7a'a;)» . (a/8a?) t*«u^ H- (7a'a?) (7aa') (o^a?) Wa;^^ + (7a'a;) (a'oa?) (o/Sa;) w^Uy 

= (7a'a?)' . (eifix)uaUfi + ^(yaa')(fixy)(xaa')UafUfi + ^(a'ax)(fixy)(xa(^)UfiiAy 
= (ya!x)^ . (afix)UaUfi + ^ tta^ . a^ . {fiyx)UftUy'-la^ . {fiyx)a^Ufi . t^a?. 

(911) 

{cau)afiCxUfi>(jouc)b^a'=b^aCbpCxUfi Cy c« Ca. =iCy^.baba/afiUfi{aaUx—axUa)—(iy(c^Ux—CxUa)b^^afiCz^fi 

H- tty (CaOsB — c»a.) b^adfiCxUft 



Cy 


C. Cs 


«y 


a. a. 


^ 


U. Ug 



= Jj^i*SB» . a.» . V • Cy' - i Cy' • a«a^^^ • ^«^«t* + C** . UaU^a^Oybyba - Oa^a^i^^ . b^aCaCgUy - itta* . V • ^' • Ox* 

— afiOybybaCaCxUfi . Wx 

proving the theorem. 

While further for UaU^afiOybyba square (vub) (afiy). 

(10 . 1 . 0) (a'fiy) byCfibaCa,Ua' . Ux = (xfiy) byC^baCa . Ua'^ 4- (a'aJ7) 6yC^&.Ca^i«'W^ H- (a'/8a?) iyC^6.c.Ua'^^, 
and (a'^) byCpbaCaUa'U^ = (aw?7) 6y6« . c^M^^^.C' + (a'a7) byCfibaCxUaUp + (a'ara) b^pbaCyUa'U^ 

= (7aaj)6y6a. c^c.'U^Wa'- J(aa 7)(6w.aa')6y . CfiUpCx'\'i(aa!x)b^baUa'Ufi.Cy^ 
= (70U7) 6y6. . c^c.'t^^t^.' — f a«* . (oiii) Oyfty . c^w^Ca;, 

and (a')8^) byCfibaCaUa'Vy = (a'/Sa?) &yC^6«t*y {Ca't^. + (cu . aa')} 

= (a fix) Ca^Cfi . b^aUy^a + ^ (cw . ttflO {(ficta') bx - (xaa") b^] byC^Vy 

= (a' fix) Ca'Cfi . b^aUyUa + | ««' . (ctio) QfiCfi . bJbyUy, 

omitting - J (cw . aa') (ajaa') Cyi^ . 6^« = 0, 
completing the reduction of the 18 forms on page 84. 
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§ VI. Identities and examples. 

The following are given, some because used, others because noteworthy. 

1. The invariant t=ri/ of Gundelfinger. 

To establish the identities - Ji/a' = [(<^yV + 2 i^Y " (V • «>' + V • ^a' + c.* . c^^) 
(a'6'cO (a'6c) (b'ca) (c'ab) = [{abcf]* + i (0^7)* - i («/»' • V + V • *-' + Ca* • c^') 
where we put 17,' = 6 (abc) aJbg/Cg, 

Wc' = — 6 (6cw) (cau) (oftti), 
and ^e90 ar^ tiie definitions of the symbols tfx* and u^. These give 

- t*a»aW^ = (6(n*) (cav) (0611;) + Qm) (caw) (abv) + (cau) (abv) (bcw) + (cau) (abw) (bcv) 

+ (oftw) (6ci;) (caw) + (ata) (6(n(;) (cav), 
.-. - j,,/= - (a5c)a,6^^ = (aVc") (a*bc)(Vca) (&ab) + (a'Vc") (abc) (cca) (Vah) 

+ (caa') (a660 (iccO (a'6'cO + (caa') (abc') (bcb") (a'Vc') + (a'6V) (aia') (6c6') (cac') 

+ (a'6'c0(a6a')(6cc0(ca60, 
and 

(a'Vc')(bca%cac')(ahb') = i a^(accO [(ca:b)(a'cb') - (ca'6')(aV6)j = - ^Ofifif^'a^ = Ka^T)* - i V • <h' 

(a'Vc')(caa')(bcc')(aW) = i o^ (caa') {(cc'6) (c'a'b') - (cc'60 (cV6)) = \ a^c^ (caxi) (cda') 

--\cf!c.(o.Cf; -Cffia')^\c^^c^ \^(a^if-\c^c^^^i(^if 
(aVc')(caa')(abc')(bd/) = ic.(6c6') ((6c'a)(6Va')-(6cV)(&Va)) ^\cj^:(bcb')(bVc)^ l(oiPif-W • ^/i' 
(a'6'c0(a6a0(6c6')(cac') = i 6. (cftft') {(6 VaO (c'ca) - (Vc'a) ((^ca')] = i 6.^' (ebb') (b'cc') 

= i &.&; (byK - 6.'6y) - i 6. V + 4 («/37)» - i 6 A» = 4 (a)87)' 

(a'Vc')(aJba')(bcc')(cah') = i 6^ (oia') {(ofc'c) (a'6'cO - (aI/c')(a'Vc)] = - JJA'^.' = i (a^7)* - i V • &-'• 

from which the result above given immediately follows. 

Further 

(aVc') a^b^d - (olVc') a^bic^ + (a'6V) b^c^ai - (a'6'cO 6,V< + (^'^'O c/o^'i,' - (a'JV) c^,V 

= (a'6V)«.(^i^2). 
Put herein a?<, y^, ^< = (6c)<, (ca),-, (a6)<. 

Then (a!VcJ . (a5c)» = (a'6V) (albcYfica) (dab) - (a'i'cO (a 6c) (6'a6) (c'ca) 

H-(a'6'0(i'^)(cca)(a'a6)-(a'yc')(6'6c)(c'a6)(a'ca)+(aW)(c'6c) 

from which, by the results given, the above formula follows. 

2, To find the value of u^^ where, as in 1, w,* = - 6 (bcu) (cau) (abu). 
We have - J u^v,* = (ftcw) (cat;) (abv) + (cai^) (oJt;) (bcv) + (afru) (6cy) (cav), 

whence - J w^ac" = (bcu) (caa') (aba') + (cau) (aba') (bca') + (abu) (hca') (caa) 

= - (bcu) b^Ca - i 6. {(tuia) (bca') - (wcaO (bca)] + i c. {(5wa) (6ca0 - (bud) (bcaf 
= - (6<n*) 6.C. - i 6.C. (w6c) + i c.6« (6t*c) 
or w^a* = 4 (6ci^) &.c« , 
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namely, with Gundelfinger, Up = 3tt^,'= 12(6cm)6.c. 

(where Gundelfinger uses u« for Up). 

So Uq=: 3uJ}„^ = 12 (cau) cpafi , 

Ur = SmoC/ = 12 {ahu) Oyby, 
and these are the definitions of the points p, q, r. 

3. To find the value of (qrx) in terms of our concomitants. 

(cab') (a'ab') c^a/oyfty' = (oi'c) a»'c^a/i'ay6y 



+ (aaVyc^fiOfi'aJby 



j{i(qrx)=^\(ca\ (ca\ {ca%\Cfia/ayby =. 

(ah'), {ab\ {ab%\ \ c^ a/ 

I a?i x^ ^ ! 

= {a be) a^fiafi/Oy'by + J 6.' (ay/S) c^^by = {a'bc) ajapa^^^ + {aa' . a?/) {afhc) c^ajby - \ {a/3y) b^aCafifi 
= (a'6c) a^a^^f, + J (7*r) (6.c^ - 6^c«) ft^c^ - ^ [ipfii) KcJbyCfi + (700?) 6^6. . V + (o/Sa:) 6y6.<V^} 
= (a be) Ug'afiOybyCfi - ^ (tcw?) c.Cy . 6^' - J (a^a?) 6.6^ . Cy' - i (/St^) 6«c.V/» 
= (a'6c) axOfittybyCfi — J (/87a?) bapJbyCp. 

It is then expressed by the two straight lines (801X and (801),. 

4. To shew tltat the invariant (pqr) = s is expressible by our concomitants. 

It is afterwards shewn otherwise, after Gundelfinger, that it is =8^ — 12S(i7/)» 
S{ffx^) meaning the quarticinvariant of the ternary cubic i;«*. But by definition 

= Xbc'\ {bc\ (bc'\ 
Uca'X ica'\ (ca'), 
kab^ (<^'\ (oA'). 
and (abb') (ace') b^cjcfiaf,'a^y' = i a^- (/S'cFy) Oy (-//Sa) Oyo/ = J (a/9'7) (ajSy') o^^iyOyO/ 

= i {(o^y) Or + («7'7) o^. + (V/Sy) o.} {(o^y) oj + (a/3/9') (v + (/8'y»y') a.} «,«/ 
which is reducible ; 

also (a'bc) (a6V) bacjcfia^'a^y = {(a't'cj 6y + (6'6c) Oy'} (ai'cO Kca'c^afiOy 

= ! (a 6V) Ca + (a'c c) 6.'} (a6V) byb^c^a^'oy - i c^a^c^c^a^ay {c'^ku — c.'a^') 

^{aVc')[{a'Vc')ap+{ah'a)Cfi]cab.^^Cfiay-\a'^ba^ 

= - i ^'«' (tVcy' - 6y V«') CpCabybaCfi — ^ a\'bjbybaafiay {a^b^ — a^fcy) *~ i Cfi^ay'CaCfiOfiOy (cV^. — c.'or) 

= i b'a'byCa'CfiCabybaCfi + J a'ybJb.fiaO,fi0^fib'^ 

= J (66' . 7a') bJbyCaC^Ca'Cfi + J ( W . 070 babyafiOyttfiaY 

= i (/9'7a') (/S'aY) CaCpCa-Cfi + i 03'a7 ) ()8'7a) afiOya^'ay' 

= i (ava) (^ «7) Cfi^CpCa'Cp + i (7a7 ) ()8'7a) a^a^'a>'y. 

« 
= 0. 

This indicates how its value and thence that of S(i7a:') can be actually found in 
tenns of the 11 fundamental invariants. 



baCjcpafiO^y ^ (boa'), (bob') 6.c.'c^a^'ay6y' = (a'6c) (otV) i.c'c^a/oyfcy' 
(c'caO, (c'oftO - (PM>') («'«?') b^c^Cf^a^'oyb; 
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6. Putting {pqT)f» » {qrx) a^ + {rpx) 6«.* + {pqx) Cx^ 

(this is the cubic of which the conies are first polars, as will be proved) 
and tip = 12 (6(?u) 6.C. etc. 

()87a;)* = V etc. 
hgfijbaC^^Tg? etc. 
{bcu)afiCuJbyCfi^Uy etc. 
{afiy)u^afiay=^u^ etc. 
Then it may be shewn that 
ih (PV)f» = A ««• (i Wp . Xw* +^g . V + «». . *«■) + two similar terms 

which expresses the cubic in our forms. 

6. To find u^^a^a^ 

— i w.«Vc = (bcv) (can) (abu) + (cav) (aim) (bcu) + (ofct;) (bcu) (cau\ 
.'. - J u^^a^a^ 8= (a'6c) (caw) (a&u) a,' + (coa') (ofcw) (6cw) aj + (a6a') (6cm) (cau) a,' 

= (a'&c) (caw) (a6tt) a/ + ^ (6cm) 6.0x^4 + J c.6jpM. (6cm) — u^ . (6cu) 6«Ca. 

7. (a'6c) (6'ca) (c'a6) a»V c/ = (obey . (a6c) 08^6/?, - i V • (t^^) <»»^ + i 6." . (75:^) 6^6^ 

~ic.« . 08fl^)c^c,^-i097a?)a^ay . a^Oy - J (70^) 6y6. . 6«6y + J (/Say) c^c« . c^^^ 
+ i (oL^y) (Sxy) (yaz) - ^ (a/S^) ()87y) (70^) 
+ i («/97) (7^^) («/8y) - i (7«^) («)8y) (/37^) 
+ 4(«^7)(7y'^)(«/8^). 

8. Thus (a'6c) (6'ca) (c'a6) a,'6,V = - i (/87«) (r"?) (affx) + (a6c)« . (a6c) a Ac* 

H- i (i87a?) a^ay . aj.' - i (700?) 6^6. . 6a.» - i (a/Sa:) CaCfiCr\ 
or say 07«) (t^p) (afix) = — 4 (a'6c) (6'ca) (c'a6) a^bxcj = ajb^^j^tfix- 

9. MisceUa/neaus. 

(bcu) (cau) baUadx = — (caM)* . 6«6ajMa + (a6M)' . c«CjcM« — M«* . (a6c) (ahu) Cx 

- i M, {i a.« . (6cm)» + (abuy . c.» - (cauf . 6.' - (6ca)« . u^^], 
(bcu) (bca) (Vc'a) b^c^ = (bcay . (6cm) b^^ + i (wa6) aA . 6/ - i (Ma6) 0^6^ . 6a.» 

+ i (Mca) CaAa . c^" - i (vm) c^a^ . c«» + i m, . (/87a:) a^a^ - i (/87a;) OaKX^M^ - i (^70?) a^^ayMp, 
(a6c) afib^UfiUy = (m6c) afJbyUp/oufix = (M6a) c^byU^ayCx or (M6a) 0^6^ . c^c^m^ = 0, 
(a6c) u^vufljxfi^ = 0, 

(a6c') (a6'c) (m6c) (a'6'M) a»'c« reduces to the forms (oLfii)(^x)u^, save as to products of forms, 
u^^ajb^x (ahc) h (cau) (aim) (a'bc) (aVc") bjc^ = 0, 
(aax) ujbj}^ = UaCaCfiOfiO^, 
((dnf) (ah'c) (vbc) (Va'u) (c'a'u) = (a6c) (6cm) a^u^\ 

12—2 



Digitized by 



Google ^ 



92 Mr H. F. baker, ON THE FULL SYSTEM OF 

§ VII. An dccount of the theory of three conies as given by Gundelfinger, Rosanes, cmd in 

GlebscKs lectures. 

§ 1. Establishment of the cubic of which the conies are first polars. 

For a ternary cubic f—fTf-gi — h^^.,. I write the Hessian, after Clebsch, 
n^{fghyfggJig^Hg? = etc., the quarticinvariant S = -{fgh){ghi)(hf%)(.fgi), the sexticin- 
Ys^mt T=-(J'g'hy(Jgh)(fgh){l/hf)(hfg) and the Cayleyan 

V = - ifgh) (ghu) {hfu) {fgu\ 
then we have the known equations 

f.'fxu,^i8u^, /.» = S, H.'^T. 

And since a system of three conies is determined by 3*5 = a iifteenfold arbitrariness, 
while a system consisting of a ternary cubic and three points is given by 9 + 3*2 = also 
a fifteenfold arbitrariness, it is to be expected that from a system of one kind we can 
uniquely determine a system of the other: in particular, in order that three conies 
aa."=as8''= ..., 6»*, Cfg^ should be the polar conies of a ternary cubic /j* in regard to 
three points p, q, r, it is sufficient that 

O'x ~/ » J Pi ^x ~y » Jq> Cx — y « Jr* 

leading to {pqr)fxVt = (9^f ) cwj» + (pqS) 6«» + (pjf) Cx\ 

which gives u^» = - 6 (bcu) (cau) (abu) = - 6 (ghu) (hfu) (fgu)fpg^r = 6 (ghu) (hfu) (fgu)fpgji^ 

= - 3 (ghu) (hfu) (fgu)fp (g^ - g^hg) 
= - 3 (hfu) (fgu) (ghu) g^ (hjr - KA) 
= - 3 (fgu) (ghu) (hfu) hp (f^gr -frgq) 
=, by addition, (pqr)u,*, 
or, u„*^(pqr)u,*, 

and therefore v,*u^ = (jpjr) Vj'm,, 

or in particular a/u, = (pqr) a^^ = (P5^)/»'^^« = i (P9T) S .Up, 

and similarly b/u^ = } (pqr) 8 . %, c«rX = J (PV) Su^ 

so that the points p, q, r must in fact be the points a/u^ = 0, b^,Hi,^, = 0, c„^Ua = 0. 
and we may take the arbitraries so that Wp = 3a^*i*a, Uq = Sb^,hf,^, Ur=Sca^u^, (pqr)8=l] 

while conversely if (pqT)fz—(qrx)a^-{-(rpx)b^-\'(pqx)Ci? (i), 

then 3 (pqr)fx^fp = (jry) a^^ + 2 (rpx) bj>p + 2 (pqx) c^p + 2 (qrx) a^p, 

and (as already shewn) i/j,= 12 (bcu) 6.c« so that bjbp = 12 (ic6') b^b^Ca = 6 (ol^x) c^Cp = a^t/a^, 

and c.Cp = 6 (700?) 6y6« = a»ar, 

therefore 3 (pqr)fx*fp = (pgr) a,' + 2aa. {(jra?) Op + (rpx) a, + (j>5a?) Orj = 3 (pqr) . f*a.«, 

or /»'/p = ax'. 

Whence fx^fq^bx\ fx^fr^c,\ (pqr)fx^f^^(qr%)ax^^(rp%)bx^^(pq^)Cx\ 

So that equation (i) properly determines the cubic in question. 
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§ 2. Expression of the cubic. 

The cubic (i) may be expressed by our concomitants, for we have shewn 
j^ (qrx) = (a'bc) aja^a^^fi - J (^70?) Kcah-fi^ ; 

•'• ik iM'dfx = a»' . [{a'hc) a^a^a^^^ - \ {fi^x) KcJ)^p] + + (ii). 

Or again it may be expressed, after Qundelfinger, in terms of the discriminant, in 
regard to x, of ^a^? + fijb^ + fhCg?^ = d^ say, the discriminant being defined as 

{dd!d!'Y =3 6 (2u di^ d^ 
dn dsi dn 
dsL dn dfi 

For putting Si=^Pifh + ?</*«+ ^</*«, (» = 1, 2, 3), 

so that in fact ^, m, /i, are the co-ordinates of the point f in regard to the triangle 
p, q, r, we have, solving for /Xi, /*,, /a, in terms of f and substituting in the definition 
equation of dx\ 

and thence the discriminant {dd'd'y is equal to H^, namely to the Hessian of /^', 

while {ddid'y is in fact the cubic 

dM' = a«^/^' + V•M»'^■V•/^•^-36a^/il"/i,^-3caV/*» + 3c^V/^ + 3a^^^^ 

H- 36//i3'M, + 6 {abcf ^hih^. 
and therefore, remembering that the Hessian of the Hessian of a ternary cubic is 

we see that the Hessian of (dd'd^y in regard to /a, namely H{d/) is equal to 

namely [as {p<P') 8—1 • 

and V = 6(a6c)a^^-rC« = 6(/^A)/^A/l^A = (P2^)^«^ 

whence t^fi,^^{pqr)ri.^^{pqry . H.^^{pqr)^T (^),] 

we have H {djf) = ^f^ - i «d^». 

that is /f« = 12fr(d^»)H-4^. d^» ; (iii), 

which gives the value of f^ (referred to j), 5, r as triangle of co-ordinates and) expressed 
in terms of the discriminant in regard to x of fjiriO^ + fiji)^ + ^ifi^. 

And the 10 invariants a*', ... 6*', ..., {abcf are expressible by the cubic, 
for d^'^He^(Hj, .f^ + Hg.fH + Sr. fHf, 

so that aJ^Hp^... bj = Hp^Hg . . . (obey = HpHqHr, 

with which compare V =^» ... a/ =/p/g' . . . a^ = b^bp = CpC^ ^fvfqU 

Further the conic a^ being in fisict (opXi + a^X, + Or^-s)* (where Xi^^X, are the current co-or- 
dinates) when referred to the p, g, r triangle, it is seen that the 18 coefficients of the three 
conies are in fact only 10, corresponding to some extent to the simplification when two 
conies are referred to their common self-polar triangle. 
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While also, rememberiog that the quartic and sextic invariants of the Hessian of a 
ternary cubic are in &ct iT'-^f^S*, ^S'T-iT*, 

it follows from d^'='Ht* 

that 8id^'') = (pqry{iT*--^8'} = iP-^(pqr). 

where 8, T are, as previously, invariants of ^', 

and T(d/)'^ =A<CP!r)-««'; 

and therefore (pqr) ^ 8e - U 8 (d^*)) ,. 

and 2e-9t8(d^*)-lST(d^'') = 0) '^ ' 

So that any invariant is a rational function of the ten Ok*, ...(.', ...(a6c)^ and of t 

The previous mode of expression is Qundelfinger's. Otherwise we may say 
Vi* = (PV) d^* = 0?r) (a.» ./*»»+... + 36. Va*. + • • • + 6 (obey /i,Mi^}. 
giving the equation of 171* referred to Qundelfinger's triangle, 
and Siv^*)^{pqr)H(d^% 8 (v^*) =^ 8 (d^% T(rie) = T{d^% 

(pqr) = 8<« - 128 (vt% 2t* - 9t8 (V) - lST(ve) = 0, 

(pqr)A'^(pqr){fha^'-\'fjLJb^' + fj^^^^ (v), 

giving the expression of /^' in terms of t?^*. 

And we may see the exact significance of the cubic satisfied by t, by putting 

and 4w'-5'2ie — 5'8 = 4(w — ei)(w — ea)(tt-6i). 

Then the cubic solves and we obtain t = -Sei and therefore from (v) 

(j>qr)f^^=U{H(ve)^ei.Vi% 

namely by a known theory /^' is one of the three cubics of which 17^' is the 
Hessian, which is right; or, say, /{' is a sub-Hessian of 17^'. 

And (pqr) = 6 {12ei> - g,} = 24 (e< - ej) (Ci - eu) = 12pV, 

where pu is Weierstrass' elliptic function, with g^, g^ diS invariants, and oi,- a semi-period : 
and the interpretation of (;>^) — 0, ^ = can be deduced. 

Note too, the resultant of the three conies, vanishing with the discriminant of the 
cubic, or S* — 6^", vanishes with 7 r; — 6 7 r™ , 

namely with (i??^) — 6<^, 

which is therefore the resultant of the three conies. 
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There is a third way in which we may express the equation of /a-'. 
For (pqr)f»Vi = (?rf ) a^^ + (rp^) h^^ + {pqi) c,«, where u^ = 3a,«M^ 

= 27 a^ 6x' Caj» where (ttt;)i = f< 
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Ox' h' C,« 



jpi 9i n f 1 

;>2 ?a r, f , 

Pa Ss n f 8 

= 9 ajB* a<r'o-i a<rVa a^rV, 

6a.» 6,Va ft^Va ft^V, 

C'x* Cff^a-i Cj^cr^ Ca^tTs 



a« Ox' Ox 

a^Vx 6a'o-i c^Vi ^{uv\ 

a^Vj ft^Va CaV, i(^v)i 

fltaVj ft^Vs CaV, i(^v)» 



t«j t«3 Wj 

Vx Va t/g 

10 



= 9 



a^hif, b^hi^ c^u^ 

d^Vv ha^v^ C^^c 

(h? bx^ d 



(vi), 



a form which will be afterwards obtained geometrically. But now using the equation, of 
which the proof may be momentarily deferred : — 

CLy Oy Cy 

a} hi ci 
where Vx = 6 {ahc) oJd^x, 

t*a' = — 6 Q>iM) (can) (ahu\ 
we have ^ {plT)f»A = i (^o-O Vx'iioVt/V^Va' + i (o-o-V'O (a-a"x) (<r<r'x) Ua^a" 

= 4 (^^<^) (?^<^') %i7.^<r' + i (<r<7 V) (<7 V'f ) ((Tc/o;) (cr^'o;) 
for fi = (wv)t, 
and thence i(pqr)fx* = i(xaa'y^xV<TVa ■-■^(<r<r'a'')((r'(/'x){(r''ax){(rax) (vii).* 



[We may prove the value of 



o.' 


6,' 


c/ 


V 


V 


<v' 


Or* 


6.' 


Cz' 



quoted, as follows (after Rosanes, Math, Ann. 

vi. 279) 



from i7,» = 6 (dbc) ajbgfix ) ^ v*^y = (c*c) [oybxPz + b^afl^ + CyaJ)x} 

M^» = - 6 (6cu) (cau) (a6tt)j - J v/m^ = (6cw) (cav) (abv) + (caw) (ofet;) (bcv) + (oia) (6ct;) (cav). 

Therefore ^ {% . i7»*f/y + (xyaf Ua] consists of terms like 

(bcu) {oy^bgfix + aybyOafix + a^yojbx + (ab ,xy){ac . xy)], 
or {bcu) [Oy^bgfix + dybyOafix + OyCyaJbx + a*' . 6yCy - OyCy . ojiaj - a^y . axCa? + aj/* . 6xC«}, 

or (6ctt) {2ay^bafix + «a^&yOy}. 

That is 
i (t^'y.^y + (^<')' w<rl = (b(M){2ay^b^x + a,'6yCy) + (caii)(26y«Caja« + bJ'CyOy) + (a6w)(2cy»aA + Cx^ciyby). 



* [From which it foUows [ainoe {pqr)S= 1, tia'= (j>gr)u,8, 
Vx=(P9^)^/if that it muBt be poseible to express a 
temaiy cabic in termB of its Hessian, Cayleyan and qnartic- 
invariant, in the form 

i S«/,»=4 (x«')«ir^A' - i (wV) (8V'ar) [s^'sx) («'x), 
and indeed («»«')'«»»^=(^^'«)'H^z +i'5 • (/l^)Vxi?x» 



and thence (m'x)* H^M^=\ S^f- h TH, 
and (M'«") (« V'«) (a"aa;) («'x) = - i S«/- J TH, 

(Math, Armed, vi. 492. § 15) 
so that iS^fi^iS^f-ikTH-i-iS^/'iTH), 
which is right.] 



Digitized by 



Google 



96 Mb tt F. BAKER, ON THE FULL SYSTEM OF 

So 

whence \ {ux . Vy^x ~ i '^y • ^s'^y + i C^^')* ^«r} = «»* . (bcu) b^ + 6,' . {cau) CyOy + Cx^ . {ahu) ajby^ 
whence J {2t^aji;yi;^i7, - i % • rix^z - i w, . i;<e'% + (a?y<r) {xza) u„] 

= Oaj' . (6cu) (6yCg + i^Cy) + 6," . (caw) (cyig + c/iy) + Caj' . (aftti) {ajb^ + a,6y), 
or putting Ui = {j)z)u 



\ {2 (ay^:) i7«i7yi7^ - (yza) (zxa) (xya)] 



a»' 


6.* 


<?«• 


V 


V 


V 


a,« 


6,' 


c,« 



.] 



Theory of conjugate systems. • 

There is also a theory founded on a relation of a locus of points of the second 
order (say, shortly, a conic) to a cluster of rays of the second class (say, here, a cluster) 
[which is an extension of the relation of a conic to two points conjugate thereto or of 
two lines to a cluster in regard to which they are conjugate], under which relation 
[either curve may be said to be conjugate to the other or better] the locus may be 
said to be circumscribed to the cluster and the latter inscribed to the former. It is 
that poristic relation under which a single infinity of sets of three of the rays of the 
cluster form a trilateral self-polar in regard to the locus (so that the cluster-conic is in 
fact inscribed, viz. in a trilateral), and a single infinity of sets of three of the points 
of the locus form a triangle self-polar in regard to the cluster (so that the locus is in 
fact circumscribed, viz. to a triangle). 

If ax\ h^ be two conies, the cluster of tangents of the latter being wx* = W\''= ...=0, 
to the former Wa* = tta'"= ... = 0, then the tangents to h^ from the point t;aWa = 0, which 
is the pole of the line v in regard to a^, are (Xa?a) (Xa?a') v.Va' = 0, which are conjugate in 
regard to Oa^' = if (Xaa'O (A/x'a'O VaVa' = 0. 

But = (XaO (Xa'O v.v = i v.' (Xoa'O |(Xaa") v.^ - (a'aa'') vx] 

= I da [Va^dK^ - a^VKdKVa] = J «.« {v.'a^" - J a^W] 
gives in general the cluster Va'a^' — J a.^t'A* = 0, of which the common tangents of a^ and 
6/ form part, which cluster coincides with that of the tangents of 6»' = provided 
ax' = 0, and then we have 6^.* inscribed in a single infinity of self-polar triangles of a»', 
and also, as may be similarly shewn, a^ circumscribed to a single infinity of self-polar 
triangles of &«^ 

Or ax'^O is the condition that a»* be circumscribed to t*x". 
And it is useful to bear in mind that 

1. A conic is circumscribed to a two point cluster provided the points be con- 
jugate in regard thereto — a»" is circumscribed to UxUy=^0 provided Ogfiiy^O, which is the 
condition for conjugate points. 

2. In particular a conic is circumscribed to a point cluster repeated, when the 
point is on the conic. 
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3. A cluster is inscribed to a two-line locus provided the lines be conjugate 
in r^jfard to the cluster— p^« is circumscribed to u^ provided p^q^^ » 0. 

4. In particular is inscribed to a line-locus repeated, provided the line be a 
ray of the cluster. 

And» as an example, the equation f$fsUg — ^8ux, quoted (p. 92), shews that the 
polar conic of any point in regard to a ternary cubic is circumscribed to the polar 
cluster in regard to the Cayleyan of any line through the point 

From which we derive the interpretation of equation (vi) of page 95 — for if 

be the polar conic of a point 'f, where two lines t(« = 0, t;« = intersect, in regard to a 
cubic, it must be circumscribed to the polar clusters of ti»»0, tf^sO, in regard to the 
Cayleyan u/asO. 

Therefore \a^hi^ + \J)w^w + V^r*w, = 0, Xia^H^r + Xjbw^w + >^9^9 = 0, 
from which the equation follows. 

Now to be given that a cluster is inscribed to a conic is equivalent to a single 
linear relation among the six coefficients in its equation, so that a cluster is determined 
by five circumscribing conies (in particular by five tangents). A 'swarm' (schaar) of 
clusters (the single in&mtj fuj^^ + guitf), similarly, by four circumscribing conies, and finally 
a 'web' of clusters (the double infinity giU)? -{- g^u^if + g^u/) by three circumscribing conies, 
or, say, by a circumscribing 'net' of conies f\a»-\'fi>x-^f^» (since aA" = 0, feA* = 0, Ca* = 0, 
require also gia^* + gjbx^ -^ g^k* "^ 0\ and every cluster of the web is circumscribed to 
every conic of the net. 

The equation of the cluster of this web which is also inscribed in the two 
arbilrary conies V, u;^' (which we may take to be repeated elements of the cluster, viz. 
Vk is a straight line as also Wg\ is got from 

aA» = 0, fex" = 0, cx« = 0, V^O, tfA» = 0, Wk'^0, 



and is therefore 



or say, (abcvwu) = 0, 



Oi" a,« 0,* ojo, OgOi OiO, 
V W W bj>, hjH M, 
Ci" of e^ c^ (VH CiCi 

Vi* V^ V^ V,V, VtVx Vil^ 
W^ W^ W^ W^Wi W9W1 WiWt 
Uf Uf «,» tljW, W,Ui U,Ut 

where Oi' ... are the coefficients of the first conia 

But then from ax* « 0, 6a" « 0, Cx' = 0, ua* = alone, we see that we must have 

5^it*A* + g%u^ + gtUp* =5 {abcwm), 
Vol. XV. Part I. 13 
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where Ua', v^', u^ are determinate, and <^„ g^^ g^ unknown, with also 

gxv^ + g^^ + g^w = o, 

fl^l^A^ + g^^ + ^fW^r' = 0. 

and therefore after determining a nnmeiical fiictor 

rx« V r.« 

Wa* W|.* Wr' 

Just 80 we shall find 

-8(XMi«jy^)= a.' fts* ^' , 

V V vj 

and in general the relations between the net and web are mutual 

And we notice another method of writing the equation of the web. The polars 
of x^ chfiy, hj>y, c^ are concurrent if (flbc)ajb^fix = and then in (bcyjbgfi^. This point 
is then conjugate to ^ in regard to all the conies of the net — namely, one of the 
inscribed web is the two-point cluster thf{bcu)bjfi»' 

So we may therefore write the inscribed web, y, z, t being three arbitrary points on 

Tht Jaccbian and Cayleyan of three conies. 

We proceed to consider some relations between two derived curves of the net and 
those of the web. 

Defining the Jacobian of the net as the locus of the point x whose polars in 
regard to three and therefore all the conies are concurrent, we obtain as its equation 
Vx*'^6(ahc)aJ)sfix = 0, the polars of x meeting in {bcujlgfi^^O or (cati)c«as = or {abu)ajb» = 0. 

But also there is a single definite conic of the net which consists of two straight 
lines meeting in x. For fiO^ -^fjbx* +f/^^^0 satisfies the condition, provided simul- 
taneously /lOsrOi H-/t6«6i +/8C«Ci = — giving the same locus for x — while also 

and the line pair intersecting in a; is 

{t being the variable) 

and therefore making t = l, 2, 3 this line pair is equally 

{be . qr)hsfix. at* + (ea , qr)etAB • W + (ab . qr)aj)x . Ct» = 0, 
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where iip « 3ti^/ « 12 (ftct*) 6.c. as formerly, and bJbr^c^g=^6(J3yx)afiay and therefore 
(ca . qr) c^^ « (6c . ty) 6^, (ab . qr)aJb^^(jK . pq) bgfi^, so that the line pair is 

(?ry)at« + (rpy).6e' + (p?y)ct» = (a), 

where y is the conjugate point of w, namely {bcu)b^g^O, as of course is obvious 
from our previous determination of the cubic of which the conies are first polars. But 
the theory of the Jacobian ishould be independent of the theory of this cubic. 

So the line pair intersecting in y is 

(jw).at« + (yy«). bt* + {pqa) . Ct^^O (fi). 

And if A; be any point on the join of w, y the conic 

(3rA:)a,« + (fyfc)6t« + (p5&)c««0 (ry), 




— since ib is a linear function ot x and y — is a linear function of the other two, (a) 
and ()3), and therefore passes through the intersections of these. In particular when k 
is on the Jacobian (namely is third point of intersection of ay therewith), this conic 
becomes the line pair through its conjugate point and can therefore only be the diagonals 
of the quadrilateral formed by other two line pairs, and z their point of intersection 
must be the conjugate of this third or 'complementary* point of xy on the Jacobian. 

Also in general the polar line of f in regard to ( jrf ) a^" + (rpf ) b^ + (jwf) c«* « is 

(jrf) a<a, + {rpi) b^bt + (pqi) ^ - 0, 
( jrf ) a^ « (qrt) a^* + (r^) afi^ + (fee) OiOrl ^^ 



namely as 

and 

This polar is simply 



(rf a^^ = (rf bfi, - - (fr^) b^b^ 



I 



{qrt)ai^ + (rpt}b^^+(j>qt)Ci^^O. 
Thus from harmonic properties of the quadrilateral, the equations of the lines yz^ xz are 

{qrt) V + (»y<) V + 0»?*) <V* " 0^ 

Therefore the line pair through the ' complementaiy ' point k, the conjugate of z, which is 

iqrz) a,* + (rpz) i,» + (pqt) Ct* « 0, 

must pass through a and y and thu containa wy ob one part. 

13—2 
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Thus, purely from the theory of conies, we arrive at the third property of the 
Jacobian, that the join of every pair of conjugate points thereon is itself part of one 
of the line pairs contained in the net. And through every point on the Jacobian 
there pass two line pairs of the system, one having its central point there — ^but in 
general through any point of the plane there pass three line pairs, as may be easily seen. 

Consider now the Cayleyan — it is the envelope of the joins of conjugate points on 
the Jacobian, say the envelope of a line cutting the conies in involution, and therefore, 
from the theory of binary quadratics, its equation is 

{bcu) (cau) (abu) = 0. 

But it is, by the theory just given, also the envelope of the lines, or say better, 
the clust.er of lines, into which the polar conies of the system break up. As such 
however its most natural form of equation is given by a determinant of six rows and 
columns. Namely we eliminate from equations of the form 

the quantities fu ft* ftf t;,, v,, r„ 

which determinant is however given from the previous definition by noticing that the 
conjugate points, considered as a two-point cluster, are inscribed in the conies 

ax\ K\ Cx\ tMi, lM?a, tta^s. 

We have in fact the following noteworthy identity, after determining a numerical 
factor: — 



V = - 6 {bcu) {cau) {(Jim) = 



a^ a,' a,* 2a^ 2a^ 2010, 
W h^ 6,« 26,6, 26A 26i5, 
Ci* C* c,» 2cA 2cjCi 2cxC, 



x^ xf x^ x^ x^ x^x^ 

2x^^ a»,y, 2a^, x^z-^xjy^ x^i + x^y^ a?iy, + «iy, 



(where (ajy)i = Mi). 



yiy. 



= — 3 Oi' 0,' 0,* 2a^ 2a,ai 2010, 

6i» W fes' 26A 25A 26A 

Ci' Os' c»' ictCt 2c«Ci 2ciC, 
til ^ tit 

u, li, Ui 
II, ti, til 

So for the Jacobian, if Xi^{uv)i, x and its conjugate are not only a two-point 

cluster described in a^', bx\ Cx\ but also in Ux\ u^Vx, Vs^ 



and therefore 



Oi' Oa' Oa* a^ a^i aiO, 
61* W W bjb, bjb, bj>, 

Ci" cf c^ C^ Cfii CiC% 



^ i^i Xf 

0^ d^ 0^ 
d^ a;, A^i 
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a.' 


a*' 


0,* 


0,01 


OjOi 


OiO, 


h* 


W 


V 


JA 


M. 


6.6. 


C« 


C* 


Ci" 


CiC 


C.Ci 


«i9i 


«.» 


«,» 


«,' 


«,«, 


«.«, 


u,«. 



6 



2m,Vi 2tt,tf, 2w,v, tijt;, + tijt;, u^v^ + thVt ^v^-^^fh 

tf,« «|« V/ Vjtlb V,«i t>itX| 

Let now u/, Xf represent the Jacobian and Cayleyan* of the web. The former 
will be the envelope of the joins of two-point clusters of the web: — two conjugate 
points on 17^* are however such. Thus u/ will be the same cluster as u/, and similarly 
Xx* as ffx*. And, in fact, if in 



we put 





8(a6cttiw)»8 


«A» »„* tt,« 
»*• V »r* 




Wx» w/ w* 


«1»-«1, 


«,«-0, «,»=0, 2u,«,-0, 


f.* = 0. 


«.* = «», Vt'^O, 2t),», = «„ 


«;,'-0, 


w,' = 0, »,*-«,, 


2«'<w,-«„ 



(page 98), 



2ti,«i = 0, 
2t;,Vi = 0, 



2ui«,«0, 
2v,t;,«tti, 



and use the identity of the previous page, we obtain 

-it*ir*= I t4iV + ««Al^+ I «8ttAW^M, I XjXAt I =8ttAt*^Wr(Vy)» 

namely u^* « - 4ttj/. 

So 17/-22.1 

Resultant of three conies (see also page 94). 

If the three conies a»*> 6«', c^? meet in y, the point cluster repeated iiy'»0, is 
inscribed in all the conies of the net, namely is one of the point pairs occurring in the 
inscribed web, with however the speciality that the points coincide. Thus the Jacobian 
(of the net) must have a double point at y, and therefore all its first polars will pass 
through this point or be circunuscribed to it. Namely each of the conies fi^i^ v/Vt9 V»V» 
will be circumscribed to (V « ) giU^^ + flr,V + g^u,* « 0, 



so that 



are consistent These give 



giVk% + ffiVfyi + fftV9% = 0, 

giVi^% + gtVi^t + gt^p^n% « 0, 



^'h'b 


ijx* V V** 


or say Wv^l'v") 


V>? V Vo* 




•»V ijV nV 




v\* 17V v.* 




ijV W i;V 




v",? VV ijV 



-0. 
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But from the identity proved at the bottom of page 9o, this is 
f (uvw) UgVgWg — J (vwS) (wuX) (uv%) = 0, 
where u, v, t(; = «7, i;', rf'\ 

and u/^-^i u^ is the Jacobian of the web and ^^f — \'^% is the Cayleyan of the web, 
namely, is (wtw;) w^w^w^ + (twwy) (wmi;) (mvi;) « 0. 

So that the resultant of the three oonics may be written 

(w V? i;.i7W. + (w VO ( VV V") ( VWO (wV) = o. 

And as verification, since u^' « (jp^r) «/, i;/ — (pgr) ir»» (as proved), it should be possible 
to write the equation and discriminant of a ternary cubic 

whUe as H{H)^^S^f^\TH, S(H)^iT'^^S', f^^^S, H^,,^T, 

this becomes J S* - T', which is right. 

And, as for the net, so for the inscribed web, we can write down a class cubic 
whereof the fiist polars coincide with the web. 

§ YIII. Notes on some of the oonoomita/nts. 

1. We can find a class cubic of which the clusters u^\ Uft\ Uy^ are the first polars 
in regard to three straight lines. For the polars of q and r in regard to /, and /, 
respectively are the same straight line, namely, 

bj>r = Cjfiq = 6 (fiyx) afiOy, 
Put then bjbr = c«c, = 6 {fiya) a^Oy »^ « -^ , 

Ca/Op = agfir= 6 (yax)byba = 3 ^» 

so that niyVy = 36^* . uufifip^ b^ . c/ . Up = n^u^, 

and take {lmn)v^ = {mnu)u^^'{rdu)ufi^^'Qmm)uy\ Then as previously iit%-Ua\ etc., 

and really (mnu) « 9 V^/ {^'^) a^aV = i 9b^*CjHi^ (qra) = 9J^ V (^) *Ip^ 

« - i 96^ V {(«W Ua'WcJ>yCf, - f a.« . (ubc) 6.c.6^^}. 
Thus the cubic can be expressed by our concomitants, or in terms of (jSyx) {yax) (afix) 
and (al3y)UaUfiUy as before. 

One form of. its equation is 
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2. The conic 6sCs&«c«»0 {or (402)is0} is the locus of a point whose polars in 
regard to 6/ &i>d c^ are conjugate in regard to a^. 

These polars meet in the point (&cti) ftaC^ » 0, or say U|aO, and we have through 
this point three lines conjugate in pairs in regard to the three conies. Namely, y being 
the variable, the pairs are 

(^£y) "^ ^^^ ^J^v = conjugate in regard to &«', or harmonic in regard to tangents from { to h^, 

(a^) = OandcajCy«0 „ „ „ c^ „ „ „ „ „ „ „ cS 

hj)y =s and Cgfiy = „ „ „ a«" „ „ „ „ „ „ „ a^, 

3. In general the condition that the conjugates through ^, (fii!f)^fi'^0, (7^)tiy=0, 
of a line u, in regard to 6a;' and c^* should be conjugate in regard to o^* is 

namely, u touches a conic and there are two such lines u through f. 

Putting herein, to connect with (2), f the conjugate of x or t;^ « (icv) 6«c«, we obtain 
(o^ . fee) (wy . 6V) bafiJbgCxUfiUy « - haCjbgfix [h^xUy . CfiCsU^ + i w,.* . fe^* . c^'} 

+ Jti«[c/{fe.« . fex'-i(a^a^)»} . O^c^u^-^hf? . {c.V-i(7««)»} . fe^tiy], 

and if x be on feaCafe«Cd;»0 the cluster is two pointed, one point being, as predicted, 
X and the other on the join of the points 6yfe«Uy«0, c^fif^^O (whereof the former is 
the pole in regard to c«' of the polar of x in regard to fe^*). 

And as x moves on baCjbjfix — O its conjugate (fecu) fej^Oa; = moves on 

= {afix){(tfx)byCfib^c^^-(J3yxy,baCab:fix + i{bx^.(^H(^^y 

+ ^{l3yxy . (&«• . c^-^c^^ . b/)-^b^' . c^« . (7a«)»-ic,» . by' . {afixy. 

4. Further in regard to the cluster (a/9f ) (»yf ) w^t^ « [which reduces to the con- 
comitant (611X]f the polars of { in regard to fe^' and Cg* are among its rays and for 
the conjugate through f (in regard to b/) of feyfe^ = we must take the join of f to the 
point (a7f)6yfe|W. = — which point is the pole of the join of f to fe^feft^sO in regard 
to 0^' — (it is the concomitant (ol2)i). 

For consider the locus of the poles in regard to fe^.* of the rays of the cluster 
(a/8f)(»yf)tijiV Ite equation in y is = (a/8f ) (07? ) fe/6y feyfe^, or say (ayf ) («7f) My =» 0, 
which certainly passes through f, and putting pyi^^i-k-tczi and then {z^i^Ui, we obtain 

(ayf) tt.feyfe| « (for te^O). 

5. Consider further the conjugates through f in regard to fe«* of the rays of the 
cluster (0U9{) (070^1^ through f. They are the joins of { to the two points given by 



6^y-0 



(«yf)(«7f)Mi 
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Patting pyi^ ii-^ 9cZi in both, we obtain 

and {azJD (ayf ) 6^6* + /r (o^f ) (»yf) 6^, = J ' 

wherefrom {cus^ {arf^ 6^| . bi%' - (oLf f) (oyf) 6^6, . 6/> « 0, 



and therefore (arf) (ayf ) (66' . f «) 6^6/ = 0, 

or finaUy (oef ) (/8^f) (^7^ ) (fiy^) = 0, 

so that the conjugates sought are rays of the cluster (ayf ) (/Syf) ti«i^^ ~ 0, which is of the 
same form in regard to c^' as the original in regard to o^'. 

We have then through f six lines OP, OF, OQ, OQf, OR, OR, 
such that OQ, OR are conjugate in regard to a»*, as are OQf, OR', 

OR, OP „ „ „ ,. 6««, „ OR, OR, 

OP, OQ ,. „ „ „ c^ ,. OR, OQf. 




6. CfiCgU^ s is the pole in regard to 6«' of the polar of a; in regard to c^', 
h-JbxUy 8 is the pole in regard to c^* of the polar of x in regard to bx\ 

The join of these points is (fiyy) hyCfbtfix » 0. 

Conversely if this join passes through a fixed point y the point a lies on a conic; 
which conic is harmonically circumscribed to a^ (or ti^szQ) provided y lie on the line 

(J3yy)byCfibtfia^0, [This is the concomitant (801)i], 

and then the points os form a single infinity of sets of three, each forming a triangle 
self-conjugate in regard to o^*. 
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From the equation of this join we derive the equation of the self-polar trilateral 
of the two conies: namely x must lie on this join giving the equation 

= {pyx) hyC^hafi^ [or (603), = 0]. 




Further, the pole of this join in regard to a^ is the point 

{afii) uj>^fi)^^ == 0, 

and if this pole lie on a fixed straight line, x describes a conic, which is harmonically 
circumscribed to <i^ (or w/) provided this line pass through the point 

(a'/87) byCfibaC^Ua' = [which is (10 . 1 . 0) = 0]. 

7. The point {bcu)baJCx = is conjugate to a; in regard to both 6/ and Cx\ say is 
the 'conjugate' of x. Conversely the locus of the conjugates of collinear points is a 
conic, the conversion being allowable because the conjugate of the conjugate of a point x is 

(bcu) (bbY) (cb'Y') V^'aJb'V'. = - i tl.« . (0yx) byCffi^x, 

namely is x itself— the {actor (fiyx) byCiihiifix representing the common self-polar trilateral 
of the two conies. 

The locus of a point x whose joins to its conjugate always pass through a fixed 
point y is a cubic curve 

(6c . xy) bsfix = bx . Cg/Oy — c^* • bjby = 0, 
which passes through the intersection of the conies, through y itself, through the con- 
jugate of y (this being in fact the "tangential" of y on the cubic), through the points 
of contact of the tangents from y, and in general may be generated as the locus of 
the points of contact of tangents from y to the bundle 6a,* + \c»'=0. And thus, in 
fact, from a known property, any cubic curve can be thus generated; as also follows 
from the fact that three collinear points x, y, z on a cubic /«', whereof H^* is the 
Hessian, satisfy 

(as follows from Salmon's identity (JHuy = 0). 

Vol. XV. Part I. 14 
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8. The conic (&Ott)&x^s — is also the locus of the poles of the line u in regard 
to the conies of the bundle 6«' + \Cjb" = 0: and, in fact, the pole of (gra?)«0 in regard 
to the general conic (yrf) a^ + (rp^) 6/ + (pq^) c«* = is the point (bcu) b^c^ = 0, the 
point conjugate to ^. Thus if ^ move on a line v, its three conjugates (bcu) b^^ = 0, 
(cau) cfL^ = 0, {abu) a^^ = move on three conies {bcv) b^fix = 0, . . . and these three conies 
correspond also to (qrx) = 0, (rpx) = 0, (pqx) = respectively, in regard to the general 
conic (g^f ) a»* + (rpf) 6,* + (i>?f ) c,' = 0, which is now described about a fixed quadrilateral. 

9. Lastly the conic (bcu) b^fi^ — for the line (qrx) = is 

(be . J7') 6«c, = b^x . (vCx - (c^x)\ 

namely touches b^g, CfCg the polars of g, r in regard to 6/ and c«* respectively, on 
the line CjCa. = 0. 

10. The conic Oy* . (bcu) 6«c« + V • (c^^) ^^^ + V • {o^) <^J>x = 0, 

y being the variable, is the conic of the net for which x is the pole of u. 

If the line u be (qrx) =» 0, then since 

(ca . qr) Cafiiv=^(bc . rp) b^g, (ab . qr)ajfx^(bc . pq)b^g, 
the conic is V (5^f ) + V (^f ) + V (P?f ) = 0, 

where f is the conjugate of x in regard to b^ and Cx\ 

In general the conic passes through x provided 

t(a . (ahc) ajbgfig = 0. 
Take Ug=^0. 

Then the conic touches the line u at the point x. It is a line-pair provided u 
is tangent to a class cubic (for the discriminant of a cubic is of the third degree in 
its coefficients). Thus through any point x there pass three line-pairs of the net, which, 
touching the tangents to a certain class cubic at this point, must either have their 
double points at x (which is excluded) or have the three tangents to the cubic as part 
of themselves. Namely the class cubic is the Cayleyan. 
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IV. On Sir William Thomsons estimate of the Rigidity of the Earth. By 
A. E. H. LoYS, M.A., St John's College. 

[Read April 28, 1890.] 

The question really propounded in the articles of Thomson and Tait's Natural 
Philosophy devoted to the discussion of the Earth's rigidity is this: — Supposing that for 
purposes of discussion the Earth is replaced by a homogeneous elastic solid sphere of the 
same mass and diameter, what degree of rigidity must be attributed to such a solid in 
order that ocean-tides on the sphere may be of the same height as the actual ocean-tides 
on the Earth t This rigidity is called the "tidal effective rigidity." As is well known 
the tides to be considered are the fortnightly tides, as being of sufficiently long period 
to be capable of adequate discussion on the '* equilibrium theory/' and at the same time 
free from certain difficulties which beset the observation and discussion of annual and 
semi-annual tides. The actual amount of the fortnightly tide on the Earth appears to 
be still to some extent matter of dispute. For the purpose in hand the estimate of 
it employed is one made by Professor O. H. Darwin founded on a series of observations 
chiefly made in the Indian Ocean. According to this estimate, the amount of the 
fortnightly tide is little less than § and certainly much greater than \ of the true 
equilibrium height. Now, in the articles of the Natural Philosophy referred to, it was 
shown that if the Earth were replaced by a homogeneous incompressible elastic solid 
sphere of the same mass and diameter, and of rigidity equal to that of steel, the height 
of the ocean-tide would be reduced by the elastic yielding to about } of the equilibrium 
height, while the reduction would be to about f of that height if the rigidity were 
equal to that of glass. It was concluded that the tidal effective rigidity of the Earth 
is nearly that of steel, and the conclusion was held to disprove the Geological hypothesis 
of internal fluidity. 

The present paper is not occupied with any attempt to review the evidence used 
by Professor Darwin as to the amount of the observable fortnightly tide, or to criticise 
the conclusion of Sir William Thomson from the great tidal effective rigidity of the 
Earth to the improbability of the hypothesis of internal fluidity*. Its purpose is merely 
to discover what difference would be made in the tidal effective rigidity if the elastic 



* [Note added Sept. 1890. It is proper to mention that 
Profeaaor G. H. Darwin has in a reoent paper, Proe, Roy, 
8oe. Iiond. Nor. 1886, expressed an opinion that it is probably 
impossible to obtain a oorreot estimate of the Earth's tidal 
efleetiTe rigidity. In all prerions oalenlations it had been 
sapposed that the fortnightly tide ob^s with soffioient 



aeoaracy the equilibrimn law, but it is there pointed out 
that oceanic tidal friction is probably too great to allow of 
the application of the equilibrium theory to the fortnightly 
tide. Sir W. Thomson^s estimate of the Earth's tiilal 
effectlTe rigidity is based on such an application.] 
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solid replacing the Earth were not assumed to be incompressible, but to have its modulus 
of compression and its rigidity in the same ratio as most hard solids have. It may be 
premised at once that the difference is very slight. We find ourselves confronted with 
a particular case of the following problem — A gravitating solid elastic sphere of any finite 
rigidity and compressibility is subject to the action of bodily forces derivable fix)m a 
potential expressible in spherical harmonic series, it is required to determine the resulting 
displacements. Certain problems of the same kind, but less general than this, are solved 
by Thomson and Tsdt These authors consider the case where the elastic solid has any 
finite compressibility and rigidity but is firee from its own gravitation, and the case where 
the solid is incompressible and gravitating and of any finite rigidity. The solution of 
the general problem is here obtained, and it is noteworthy that it cannot be derived 
from these solutions by any method of linear synthesia 

Let W, the disturbing potential, be expanded in a series of spherical solid harmonics 
in the form *Fr=2TFi+i, where t is an integer, and suppose the equation of the deformed 
free surface expressed in the form r = a + 2€<Qi+i, where e< is a small quantity and Qi+i 
is a spherical solid harmonic of degree (t+1), then among the bodily forces acting at 
any point are included the attractions of the inequalities. These are derivable from a 
potential of the form 2Fi+i, where Vi+i is in like manner a spherical solid harmonic. 
The other forces to be taken account of are the attraction of the nucleus and the forces 
whose potential is TT. It is easy to obtain, by using Thomson and Tait's solutions, a 
general solution of the equations of equilibrium under these sets of forces in a form 
adapted to satisfy boundary conditions at the deformed surface. The conditions to be 
fulfilled are those which express that this surface is free from stresa Such solutions contain 
complementary functions, and particular integrals depending on the bodily forces, and, inasmuch 
as the harmonic inequalities contain terms depending on the complementary functions, the 
bodily forces, some of which arise from the attractions of these inequalities, contain 
similar terms, and thus the particular integrals contain unknown harmonics which occur 
in the complementary functiona This is one important difference between the present 
problem and those considered by Thomson and Tait A second consists in the fact that, 
the attraction of the nucleus being very great compared with the other forces concerned, 
it is not sufficient to estimate the surfiBM5e-tractions to which it gives rise at the surface 
of the mean sphere, but they must be estimated at the surface of the harmonic in- 
equality. This is done by a method I have employed in a previous paper (Proc. Land. 
Math, Soc. XIX.). When the complete expressions for the surface-tractions at the deformed 
surfiaxie arising frt>m the complementary functions and particular integrab have been 
obtained, it is easy by equating them to zero to deduce the expression of all the unknown 
functions that occur, and thus to express the displacements at any point in terms of 
the disturbing potential. One result is that the harmonic inequality arising fix)m any 
spherical harmonic term in the disturbing potential is proportional to that term and 
contains no other harmonic. 

The application to the tidal problem is made by supposing the disturbing potential 
to consist of a single term which is a spherical solid harmonic of the second order, say 
Tf„ and thus by taking i = 1. We have also to take p the density of the solid equal 
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to the Earth's mean density. The elasticity of the material composing the sphere will 
be defined by two constants m and n such that m-*^ is the resistance to compression, 
and n the resistance to distortion. By supposing m to become infinite, and n to remain 
finite and comparable with gpa, whei*e a is the radius of the sphere (taken equal to 
the Earth's mean radius), and g is the value of gravity at its sur£su;e, we fall again on 
the case of incompressible material treated by Thomson and Tait, and obtain the same 
resulta This serves as a partial verification of the analysia If however we suppose m 
and n both finite and comparable with gpa, and connected by the relation m^2n which 
holds nearly enough for most hard solids that have been submitted to experiment, we 
get a different case. Now it is shown in this paper that in both cases the harmonic 
inequality is expressible in the form eWJg where e is a number, and that € is a 
rational function of a second number ^^igpa/n. This number ^ is such that (3^)~^ 
is the ratio of the velocity of waves of distortion in the material to that due to Mling 
through half the radius of the sphere under gravity kept constant and equal to that at its 
surface. 

When n/m^O, as in the first case, the numerator and denominator are linear in &. 
When n/m = ^, as in the second case, the numerator and denominator are cubics, neither of 
which has a positive root. It appears on calculating the values of the two functions for 
positive values of ^ that the values of e in the two cases are always very nearly equal 
for the same value of ^. When the rigidity is not less than that of glass % is :^ 5 
and it appears that for all such values of ^ the value of e given by the second sup- 
position is slightly greater than that given by the first, for some value of ^ greater 
than 5 they become equal, and subsequently the value of e given by the first is slightly 
greater than that given by the second. The differences are always very minute. Thus 
for the purpose of estimating the tidal effective rigidity of the Earth, Sir William Thomson's 
method is sufficiently exact. For this purpose we must consider a third case of the 
problem, viz. we must find the tidal distortion in a sphere of homogeneous liquid of the 
same mass and diameter as the Earth. This is also expressible in the form eW^g and 
€ is the finiction f. If then the values of e found by either of the previous calculations 
be multiplied by | we shall have the ratio of the elastic solid yielding to the fluid 
yielding. The finiction obtained by subtracting this ratio from unity is the ratio of the 
height of the ocean-tides on the yielding nucleus to the true equilibrium height. As 
mentioned before, this firaction is about | for a tidal effective rigidity equal to the rigidity 
of steel, and about } for a tidal effective rigidity equal to that of glass. 

1. Let W be the potential of the external disturbing bodies, and suppose that for 
space within the sphere W is expanded in a convergent series of spherical solid harmonics 
in the form 

^=2^=« ^^^ (!)• 

Suppose that by the action of the external forces the sphere originally of radius a' is 
strained so that the equation to its surface becomes 

r^a + l.'uQi^, (2), 
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where €< is a small quantity and Qi+i a spherical solid harmonic of degree t-f 1. Then 
the harmonic inequalities ^{Qi+i will exert an attraction on the mass whose potential we 
may denote by V, and this potential will, like W, be capable of expansion in a convergent 
series of spherical solid harmonics in the form 

^=cr^*+' (3)- 

If p be the density of the solid and 7 the constant of gravitation the bodily forces will 
be derivable from a potential 

-}7ry/>r«+ r+ W (4), 

which we shall denote by F, and the general equations of equilibrium will be three of 
the form 

. ^_+nV»« + p-g-=0 (5). 

where a, /9, 7 are the displacements in the direction of the axes of a?, y, z, B is the cubical 
dilatation da/dx-^diS/dy + dy/dz, and m and n are two elastic constants. 

2. The solution of the system of equations (5) consists of particular integrals and of 
complementary functions which satisfy a system identical with (5) when Y is left out The 
latter are given in Thomson and Tait, Art. 736 (e), in a form adapted to satisfy conditions 
at the surface of a sphere r=^a and this form is equivalent to 



'<:[^i*'-'^^'-'"''^ff] » 



where we have picked out the terms of order % in x, y, z. /3 and 7 are to be derived by 
cyclical interchanges of the letters (-4, B, C), (x, y, z\ Ai, B^ Ci are spherical sur&ce 
harmonics, and at the surface 

a = 2ili, /8 = 25<, 7 = 2C;. (7), 

Mi is the constant J —7^ — ipr- — 7^^ — =^ (8), 

^--U^^Hi'-^Hi"'^ • «. 

which is a spherical solid harmonic of degree % — 1. 

3. For the expression of the surface-tractions at the surface of the mean sphere r^a 
we have to introduce a new fiinction ^-i-t defined by the equation 

then ^..i-9 is a spherical solid harmonic of degree — 1-2 and differs from Thomson and 
Tait's ^<+i only in being divided through by r^+*/a^\ The surface tractions parallel to 
a?, y, z at any point of the mean sphere are calculated in Thomson and Tait, Art, 737, 
and are equivalent to F, 0, H, where 
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and we have picked out the terms containing surface harmonics of order i. G and H are 
to be derived by cyclical interchanges of the letters (-4, B, C), {x, y, z\ and -ff<+, is the 
constant 

1 m(i>4)-n(2i + 3) 
2i+5m(i+l) + w(2i + 3) ^^"^• 

4. We have now to consider the particular integrals of (5). We shall treat first the 
term of order zero — fn-ypr". The purely radial force — fw7/)r hence arising produces a 
purely radial displacement U whose amount can easily be shown to be 

U^Ar-^-Hr* (13), 

where ^ is an arbitrary constant and 

JI^~-^—^'iryp (14). 

The six strains e, /, gr, a, b, c referred to the axes of x, y, z depending on (13) are 
given by such formulae as 

6 = ir(r»-h2a:») + ^,..., ...,a = 4iryz,..., (15), 

as shown in my previous paper (Proc. Lond. Math. 8oc. xix. p. 185), and the sur&ce 
tractions at the surface r = a4-2e<Qi+i are of the form XP + fiU+vT, ..,,..., where (X, ^, v) 
are the direction cosines of the outward-drawn normal to the surface and 

P = (m - w) S + 2n«, ... flf = na, ... 

are the six stresses as calculated from the formulae (15). 

Now neglecting eA X is given by the formula 



^=F^^'f^*«'"-%} <">• 



)a! 



and for fji and v we have similar expressions, and we find without diflSculty for the part 
contributed to F,r, neglecting €<*, the form 

X [Ha^ (5m + n) + il (3m - »)] (l + 2 ^^') + 2HaZ€iQi+i{om -f n) i 

- at€i Tifa" (5m - 3n) ^^' + ^H(i + \)xQi^, + (3m ^n)A ^1 (17). 

We shall shew hereafter that the term x [JETa* (5m + w) + -4 (3m — n)] is the only one not 
containing a spherical solid harmonic with a small multiplier, like €^i^u <^d thus this 
term will have to vanish, and we find 

M 5m 4* Ji Tr • 
^"-3^n^"' <!«)■ 

This with (13) and (14) gives the mean radial displacement, a matter which need not 
detain us here. 

Using now (18) to simplify (17) we obtain for the typical term contributed to F.r 
2f5m-(2i + l)n)Fa€<irQ<+, + 4nira>€<^^ (19), 
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or at the surface of the mean sphere r^^a, we find by using the identity 

-«"-frbe^'-'^i(^-0] « 

that the typical term contributed to -F. r may be written 

«r<.«5=l±|f±fi5?^.^^5!l^|+lL»^«|(ft|i) (a). 

as in my previous paper, p. 187, equation (44), with a like verification to that on p. 188 
of the same paper. 

5. Take next the term of order i + 1 in (4) and write 

F^x=Vi+,+ rH, (22). 

The particular integral will be found as in Thomson and Tait, Art. 834, by taking 

'-'£■ f'^' y-f.' »-'■♦ <">• 

This reduces equations (5) to the form 

(m + n)V«<^ + 2pFi+i = ' (24), 

and a solution is 

♦=-^»^i(2^^' V ; ('=)• 

since F^+i is a solid harmonic of order t + 1. 

Hence the particular integral for a is of the form 

— »4^^2(in7)l<'"'-) ■••:« 

or by using the identity (20) with Y in place of Q we find for the typical term* of the 
particular integral for a 



m 



+ nL(2i + 3)(2i+5)a^Vr^+'; ^2i + 3 dx J ^ ,^' 



and those for fi and 7 are to be found by cyclical interchanges of the letters (x, y, z\ 
and the complete value of a is to be found by adding the expressions in (27) and (^). 
This practically agrees with Thomson and Tait's Art. 834, equation (1). The sur&ce-tractioiA 
that are contributed by the solutions such as (27) are calculated also in Thomson and 
Tait's article and the typical t^rm contributed to F.r can be written in the form 

m + n(t>l) dYj^^ (2t4-5)m-n .^, d^ /F<+A .^R^ 

'^(m + w)(2i + 3) dx ■*"'^(m+n)(2i + 3)(2i + 5) dxKr^^V ^ ^' 

6. We have now to find F. This is the potential within a sphere of radius a S 
a distribution of density on its surface equal to the product of the volume-density p anji 
the radial displacement {ax + fiy + yz)/r calculated for the surface r = a. The part coi 
tributed to the surface-value of ax-^-fiy + ffz by the complementary functions (6) contaiJ 
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a typical term which is seen to be 

«'[27V5^'--2iTl*--] (2»>' 

where we have picked out the terms containing surface harmonics of order (t + 1). 

This is obtained by using (7) and observing that in virtue of an identity similar 
to (20) 

^(Atx + B,y + C,z)^^^ir^,-^^<l>.^'j (30). 

The part contributed to ouc -\- I3y '\- yz by the particular integrals (27) has a typical term 
whose surface-value is 

m + n2(2t + 5)^*+^ ^'^^^• 

Hence the surfiwse-density of which Vi+i is the internal potential is 

'^(2iT5^'*'-2r^*-^-^n2^T5)^*«) <32). 

We may easily deduce an equation for F^+i in the form 

«. 4nrYpa* [ 1 1 r*"^'. p i + 2 .«. ur kI /oo\ 

^'^' = 2iTr L2t-V5 "^'^^ " 2m i^ *-*-' " m4-n2(2i + 5)^^*+^ "^ ^'^'^\ ^ ^^^^' 

Hence 

4frrypa^ 

,7 2i-h3 r 1_ , 1 r^+» p ^ + 2 ^^^ ] .... 

^ '"-'^ 27r7p«a' t + 2 [g^fg ^'''' " 2^+1 ^^» ^"^--^ "" ^TT^ 2(2i + 5) ^<+^J-V^*)' 

m + n (2i + 3)(2i+5) 

an equation which may be written 

Fi+i = aiTri+i+6,^i+, + Cir»*+»<^^, (35), 

and then F<+i = (l + a<)Tr<+i +6ii^i+i + Cir^+»^_<_a (36). 

Thus the potential of the bodily forces contains terms depending on the complementary 
solutions of the equations (5). 

7. The unknown harmonics Ai, y^i+i, ^_i_j are to be determined by adding together 
the terms contributed to the surface tractions and expressed in (11), (17) and (28) and 
equating the result to zero. Observing that in (11) and (28) all the terms contain 
sur&ce harmonics multiplied by small quantities of the order of the amplitude of the 
harmonic inequality, we see that (18) holds and (17) may be replaced by (21). Also 
by (29) and (31) we have 

€<Oi+i = (cue + ^y + yz)lr 

r 1 , 1 . p »+2 ^ 1 

"'' l2iT5 ^*+^" 2iTl *-*-"" ^rMi2(2iT5) ^*-^^J ' 



or €, 
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We substitute this in (21), add together the terms of (11), (21) thus modified, and (28) 
modified by using (36), and equate the result to zero, and find a surface-condition which 
may be written 



[»(i-i)4,^+p,^+ 



dx 



--Q4.{^i)-^^'^'-^-Q<im 



+ P/'3^(^-.^. 



) + Qi"r^*' 



>^A 



^^h- 



.(38). 



when r = a. The values of the coefBcients Pi, Q<, P/, Qi, P/', Qi" are given by the equations 

^*- m + n^^+^'^L 2x + 3 + ^" (2t + 3) (2i + 5) ^* + ^^J 
n P /I . .[ (ii + 5)m-n . „ , 6TO-(2t + l)n ,. -.I 

^'^-^ai^J'l 2t + 3 +^'*(2t + 3)(2i + 6)^* + 2^J+2^'*(2t + 3)(2t + 6) 



(2t + l)(2i + 3) o***' (2i + 1) a»*+» 

•^^ ~m + n'^L(2» + 3)(2t + 5)^'°" (2t + 3) (2t + 6) ''^ ^ ^'' J 

+ '*^"(2» + l)(2i + 3)a'<+» . 

where £<+, is given by (12), and H by (14). 

The other sur&ce-oonditions are to be obtained from (38) by cyclical interchanges 
of the letters (.4, B, G) and (a;, y, z). 

From these equations we are to find At,..,, '^<+i..., ^-i-i... in terms of Wi+i and 
the other harmonics occurring in the disturbing potential. 

8. We may find the solution for each term of the disturbing potential by sup- 
posing all the other terms to vanish. We shall therefore suppose that Wt+i ia the 
expression of the disturbing potential and proceed to determine the unknowns so far as 
they depend on it. 

Now in (38) the function on the left is finite continuous and one-valued within the 
region containing the origin, satisfies Laplace's equation, and vanishes at the surface rs=a. 
It is therefore identically zero. Take then- the equations such as (38) and differentiate 
them with respect to x, y, z respectively and add, we thus obtain the equation 

- (2t + 5)(t + 2) [Q<F,+, + Q/^^H + 0/'r»*+»^_4^] -I- n (» + 1) V<+i = (40). 

where we have picked out the terms containing surfikce harmonics of order (t + 1). 
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Again multiply equation (38) and the like equations by a?, y, z add and use (30) and 
we get 

\Pi (i+l)-Qi (i+ 2) r»} Wi^^+ {P/ (i + 1) - Q/ {i + 2) r»} t<+, + {P/' (i + 1) - Qr(i+2) r^} r^^*<f>^^ 

•^-W^^'^'-"<*-^> a'^'(2i-H) »-^°Q («)• 

where as before we .have picked out the tenns containing surfiwje harmonics of order (i + 1). 
Using (40) to simplify (41) we have 

(t + l){P,Tr,^, + P/Vri+, + P/'r-+»<^^^}=n(i-l)^5^^ (42). 

Equations (40) and (42) determine y^i+i and ^-^^ in terms of Wi^i and they shew that 
each of these functions is simply proportional to Wt^i, 

To find the A, B, C observe that all the terms of (38) except the 2(t-l)-4<^ 

contain spherical sur£BK;e harmonics of order % or else of order i + 2 so that the only A, 
B, C that can occur are Ai, ^1^+, and the like 5 and C. Thus picking out the terms 
containing surface harmonics of orders % and t + 2 separately we have the equations 

And the displacement a is given by the equations 

and in like manner the other displacements can be written down. 

The amount of the harmonic inequality €iQi+i is given by the equation (37), in which 
as we now see -^i+i and <^-.i--i are proportional to TT^+i so that to each terra in the dis- 
turbing potential there corresponds one term in the equation of the surface 

and these terms contain the same surfSEice harmonic. 

9. We proceed to reduce the question to one of arithmetical calculation in two 
special cases. These will agree in that we shall take W to consist of a single term TT, 
which is a spherical solid harmonic of order 2, i.e. we shall take %=^1, They will also 
agree in that we shall assume p»5'6 or that the density is about the same as the Earth's 
mean density. They will differ in that in the first we shall suppose the solid incompressible, 
Le. we shall take m great compared with n and great compared with irfp^a? which will be 
taken of the same order as n, while in the second we shall suppose m and n connected by 
the relation ms2n which is nearly verified for most solids that have been tested by 
experiment. 

15—2 
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Let us write for the number ^7ryp^ay(m + n) and g for the value of gravity at the 
surfe,ce, i.e. for ^ypa. Then 

0^gpa/(m + n) (45). 

In the first case 0=0 but 0m is finite and =gpa. 

In the second case = \gpobjn so that has in this case the meaning given to the symbol 
^ in the introduction. The two sjrmbols are distinct in the first case. 



We shall have for both cases 






by (40) and (42); and the equation giving the amount of the harmonic inequality 
surface-value of 

^''^•""To+g&u 8J <7 7o+9<? 

Also the values of the P's and Q's are 

ad 70 '(m + 2n W 5m + 1n\ 



.(46) 
is the 
(47). 



Pi = - 



«.= I 



70 



ogr 70 + 95 V 35 



1m — n 35 5m — 3n' 



g1O + 90\ 5 ^10 35 



+ 10 



35 



p,_ oB Qag / m-i-2n 35 5m + 7w \ da* 5m + 7 n 
' ~ «7 70 + 95 V 5 "'"10 35 y "^ 5 35 



) 



S0 5m — 3n\ 05m — Sn n 5m — 5n 



^,_ » 6ag / Tm - w 3g 5m - 3n \ 05m' 

^'" ag 70 + 90\ 35 "^10 35 >/ 5 36 7 2m + 5n 

a»L<7 70+9tfV 5 ■*"10 35 ; 5 15 3] 



5 15 
5m - 3w 



.(48). 



O"- If g 14>ag / 7m- n 3g5m-3yA g 5m-3n 1 
^' ^ a*L ag7O^-90\ 35 "*' 10 35 ; "*' 5 15 J 

10. Taking up now the first case putting = but 0m = gpa and substituting in (46) 
we have as is easily verified 

from which by solving and substituting in (47) where is put =0 we find 



.(49). 



5^5 



.(50) 



and this may be written 
where S- = ^gpajn. 



e.Q,= 



F, 16^ 



</ 6^ + 19 



.(51), 
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Hence if Q, be taken to be W^/g and if we write e for e,, e will give a measure 
of the amount of the inequality and we have 

15^ 



€ = 



6^ + 19 



.(52X 



11. Again taking up the second case, putting everywhere m = 2n, 6 — \gpaln, we find 

p _ o'p 280 + b\0 

• 15 70 + 95 • 
Q _ p 130 + 2 18 

^' 15 70 + 95 ' 
p,_2 gpa* 

• 3 70 + 95' 

Q, 2w gfpg 770 + 1355 
^' 21" 189(70 + 95)5' 



pu 9P 70 + 235 

• 9o»5(70 + 95)' 



*gp 1 



9 a« 70 + 95* 
Substituting in (46) we have for the surface-values at r — a, 



770 + 1355 A^,.r»0__ 
9 7 *''a' 3 ~ 



(130 + 215)^'' 
oag 



25^, - (70 + 235) J fy = (280 + 515) ^^'^ 



.(53), 



o' 3 

W 
and thence in (47) taking as before Qi » — ^ we shall find e, or e given by 

if 

^ 3366500 + 863100^ + 55485^ 



.(54), 



70 + 9^ 53900 + 27160^ + 2C0iy 

where ^ is written for the two numbers being in this case identical. 

12. Now taking the data furnished in Thomson and Tait, Arts. 837, 838 as to the 
rigidity of steel and glass we shall find that d = f nearly for the rigidity of steel, and 
^ = 5 nearly for that of glass, the density p being taken equal to the Earth's mean 
density 5*6, To see therefore how the inequality e depends on S^ or on the rigidity it 
is only necessary to trace the curves (52) and (54) with e for ordinate and Sr for 
abscissa. The curve (52) is a rectangular hyperbola passing through the origin and the 
part ^ positive of the branch through the origin is the part to be considered. It can 
be easily seen by calculation that the corresponding part of the curve (54) lies always 
very near to (52). The tangent lines at the origin to (52) and (54) start out at in- 
clinations of tan^*^ and tan""*^ nearly so that the points of (54) begin by being slightly 
above those of (52) which have the same abscissae. This state of things goes on uutil 
^ > 5 but the difference is diminishing all the way from S^ = | to ^ = 5. When ^ is 
infinite the hyperbola touches the asymptote € = | and the curve (64) touches the asymp- 
tote e « 55485 -r 23409 which is slightly less than f It is difficult without taking a 
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very large number of points to draw both curves. I have therefore contented myself 
with a drawing of the hyperbola (52). On the scale to which the figure is drawn it 
would not be easy to distinguish the two curves. 




Of the points A and By A corresponds to the rigidity of steel and B to that of 
le. A to Sr = f and B to ^ = 5. The ordinate of -4. is about '803 or nearly |, 
that of £ is about 1*53 or slightly greater than f . 

To determine the ''tidal effective rigidity" we may with sufficient exactness compare 
the value of € as given by (52) with that which would obtain in a homogeneous liquid 
sphere of the same mass and diameter. The latter will be found from (50) by making 
n=*0, i.e. it gives 6 = ^. 

We have seen that for rigidity equal to that of steel € is nearly ^ it follows that 
the ratio of the elastic solid yielding in this case to the fluid yielding is nearly ^ or 
about J. Consequently the height of the ocean-tide will be reduced to about | of the 
true equilibrium amount by the elastic yielding of the nucleus when the ''tidal effective 
rigidity" is that of steel. In like manner it will be reduced to about | of the true 
equilibrium amount when the " tidal effective rigidity " is that of glass. 
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V. On Solution and Orystallization. No. HI. By G. D. Liveing, M.A., 
Professor of Chemistry in the University of Cambridge. 

[Read May 26, 1890.] 

In my last communication on this subject I made the supposition that all the 
molecules of the same substance have, on the average, under similar conditions of tem- 
perature, pressure, and other external circumstances affecting their mechanical state, similar 
motions; and that the excursions of the parts of any molecule from the centre of mass 
of the molecule are, under given conditions, comprised with a certain ellipsoid. This 
ellipsoid I called for convenience the molecular volume, and assumed it to be of the 
same average dimensions for all molecules of the same substance under the same circum- 
stances. In passing from the fluid to the crystalline state the molecules will pack 
themselves as closely in the solid state as is consistent with their molecular volumes, 
and then, as I shewed, each ellipsoid will be touched by twelve others, and the orien- 
tation of the axes will be the same for all of them. It is on this arrangement that 
I conceive the ordinary properties of cr3^tals to depend. 

If the ellipsoids have all their axes equal, that is be spheres, the crystal will 
belong to the cubic system with the principal cleavage octahedral: if the ellipsoids be 
oblate spheroids with longest and shortest diameters in the ratio V^ • I ^^d the axes 
of revolution perpendicular to one of the planes in which the points of contact of each 
spheroid mth its neighbours are four in number (Part II. fig. 2), the crystal will belong 
to the cubic system but the principal cleavage will be dodecahedral : if the ratio of 
the greatest and least diameters of the spheroids be 2 : 1 and the axes of revolution 
perpendicular to the plane of fig. 1, the crystal will still belong to the cubic system, 
but the principal cleavage will be cubic. Now if we conceive the spheres and spheroids 
to be material, instead of being merely the geometric boundaries of the exctirsions of 
the parts of the molecules, and to be subject to a uniform stress perpendicular to one 
plane of the fundamental cube, those originally spheres will be strained to spheroids, 
and those originally spheroids with axes of revolution perpendicular to the plane of four 
contacts (fig. 2) will have the ratio of their greatest and least diameters altered, and 
those with their axes perpendicular to the plane of fig. 1 will become ellipsoids. By 
any of such changes the arrangement of molecules will lose symmetry in consequence 
of the strain and the crystal will become pyramidal instead of cubic. 

If the stress be in the direction of one diagonal of the cube, the effect will be 
to convert the crystal from cubic to rhombohedral. In the arrangement indicated in 
fig. 1, one diagonal of the cube is perpendicular to the plane of the figure and if the 
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stress be in that direction the original spheres will be strained into spheroids with axes 
of revolution perpendicular to the plane of the figure, and in the case of the spheroids 
with greatest and least diameters in the ratio 2:1, this ratio will be altered; and 
in both these cases the arrangement of the molecules will be the same as if we sup- 
posed space divided into equal and similar rhombohedrons and a molecule placed with 
its centre in each angular point of the rhombohedrons. In the unstrained system of 
spheres the arrangement is that which would ensue if space were divided into equal 
cubes, and spheres were placed so that there should be the centre of one in each comer 
of the cubes, and also the centre of one in the centre of each face of each cube. The 
strain which converts the cube into a rhombohedron will leave the spheroids similarly 
arranged one at each comer of the rhombohedron and one at the centre of each face; 
but this arrangement can be represented more simply since the planes which pass through 
one extremity of the axis of a rhombohedron and through the centres of two adjacent 
faces, will cut up space into rhombohedrons all similar and equal to one another, which 
will have one spheroid at each angular point and none in any other position. The 
new rhombohedrons will be more acute than the old In fact if the unbroken lines 
in fig. 9 represent the original rhombohedron viewed in the direction of its axis of sym- 
metry, the dotted lines will represent the new rhombohedron, which will have the same axis 
as the original one and will be placed transversely. There will be four times as many of 
the new rhombohedrons in a given space as there wei-e rhombohedrons of the original form. 

In the remaining case, in which the original cube had the centre of a spheroid in 
each comer and one in its centre, the spheroids will become strained into ellipsoids, the 
cube will become a rhombohedron with the centre of an ellipsoid in each angular point 
and one in its centre. Figure 10 will represent the ellipsoids of one rhombohedron pro- 
jected on the plane of four contacts (fig. 2, Part II.), the ellipses with unbroken outline 
representing the ellipsoids with centres a, 6, c, d in that plane, the ellipse with dotted 
outline representing the ellipsoid, with centre e, lying next above them, and those with 
broken outline representing the ellipsoids with centres A, B, C, D lying above that 
with dotted outline. Figure 11 represents a section through ab, perpendicular to the 
plane of fig. 10. The ellipsoids with centres in the plane of fig. 10, or in planes 
parallel to it, will touch each other at the extremities of the equal conjugate diameters, 
and the diameters through aA, bB and so on will be conjugate to the plane of fig. 10. 
These data will sufl&ce to determine the ratio of the axes of the ellipsoids and their 
orientation when the angle between the axis of the rhombohedron and the normal to 
one of the faces is given*. 



* For if i4, P, C be the points where three adjacent 
edges of the rhombohedron (100), 
passing throngh the axis and 
through the oentre of the sphere 
of projection, meet the surface of 
that sphere, be the pole of (111), 
and the angular element, that is, 
the angle between the normals to 
100 and 111, be D, OD will be 
90° -D. If further, each of the 




angles AC, CBy BA be a, and AD (which is the angle Aab 
in fig. 11) be ^, we have 

in triangle OCD^ the angle at 0=60°, 
and oos60°=ootDcot(^+D-90°), 
or tan(^+D-90°) = 2cotD (1). 



also 



or. 



cos D= cot 60° tan 



2' 



tan 5=^3 cos D 



.(2). 
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It does not appear that there is any other form and arrangement of the ellipsoids, 
when packed as closely as possible, which will give rise to the structure of a crystal of 
the rhombohedral system. At first sight it seems as if these would not suffice to explain 
the occurrence of what are called hexagonal crystals; but this difficulty vanishes when 
the following considerations are taken into account. Let us confine our attention for 
the present to crystals built up of spheroids having their axes of revolution perpendicular 
to the plane of fig. 1, and let the circles with unbroken outliue in that figure, centres 
a, b, c, d, e, /, g, represent spheroids with axes of revolution perpendicular to the plane of 
the figure and centres in one plane, then the next layer of spheroids may either take the 
positions indicated by the circles with dotted outline, centres h, k, 2, or those indicated 
by the circles with broken outline, centres m, n, o. Either of these arrangements equally 
well fulfils the condition of maximum concentration of the spheroids, and so far either 
is equally probable. Now in the first case the three planes of the fundamental rhombo- 
hedron (100) will be parallel to hcl, Ick and kch, and in the other case they will be 
parallel to mco, ocn and ncm. The second rhombohedron will be transverse to the first; 
or will be in the position of a twin to the first, the twin axis being the axis of the 
rhombohedron. The crystal may therefore, so &r as concentration of molecules is con- 
cerned, be built up of alternating layers, of indefinite thicknesses, of such twin crystals. 
Now what are called hexagonal forms, that is the forms for which the poles lie in great 
circles bisecting the angles between the three planes which pass each through the axis 
of symmetry and through one of the three poles of the fundamental rhombohedron, are 
not in any way affected by this sort of twinning. In fact the forms hkl, when A + jfc + i = 0, 
and when A — 2A; + 2 = 0, are identical with the twin forms when the twin axis is the 
axis of symmetry of the crystal. None of these forms therefore will be at all affected 
by the alternations of twin layers referred to. It will be otherwise with rhombohedral 
forms. Any fiEtce of such a form which grows when the deposition consists of alternating 
layers of twins, must either be formed of alternating layers of transverse rhombohedrons, 
or. the face will be ridged i^nd irregular. In the former case the average condensation 

Since the plane of fig. 11 is paraUel to the Btrese, it will 1-/2 

be a plane of prineipiil Bection of the eUipeoids and contain ' z*"'^ ' '" 

two of the axes of the ellipeoids, which will be the axes of aq 

the eUipses in that figure and may be oaUed 2* and 2i. ^° 1^^® manner, p-=V2. 

The third axis, 2y, will be perpendicnlar to that plane and But by fig. 10, 

wiU be the axis parallel to cd of the ellipses in fig. 10. ^ ^ 

In fig. 11, a*' is conjugate to the plana of fig. 10. and a« = a(j cos- =2r cos ^ ; 

a6', aa' are conjugate semidiameters of the eUipse with ^ 

centre a in fig. 11. Let od' be «', oaf be jj' and «o which is «> that. V2roos-=y (4). 

half of Aa be r. 

(ANy /NPy , Also -=V2, 

Then ^_)+^_)«l, y^^ 

and since the inscribed parallelogram is half the oiroum- and fj^9in^=y (5). 

scribed parallelogram, 2AN . NP=z'x', and therefore 

(ANy 1/«'V Wehavealso x« +«*=«'«+«'« (6), 

\V) '^1\AN) "^^^ ftnd ««ajV8in^ (7). 

, ^ /ANY^ From these equations the ratios x:y : z may be found 

\~F~) ^ * when D is known, and vice versa. 
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of the molecules will be the mean of that in the two rhombohedrons transverse to one 
another: but this will not be a true measure of the surface tension which, for these 
rhombohedral faces, will change with each alternation of growth. If the alternations took 
place with perfect regularity, so as to produce alternate layers of each rhombohedron of 
uniform very small thickness, the effect might be the same as that of a form having 
the mean condensation. But in (act the alternations will not in general be regular, but 
determined by causes which depend on the mechanical conditions of the fluid at the 
points where crystallization occurs; causes which, so far as the forms developed are con- 
cerned, may be called accidental. The growth of such fetces will therefore be impeded 
in comparison with the growth of hexagonal forms. 

It is obvious that in those cubic crystals in which the molecular volumes are 
spherical, there will also be the same tendency to grow in alternate layers of twin 
crystals with the twin axis perpendicular to the octahedral faces. And such alternations 
have not infrequently been observed. But in the cubic crystal the twinning may take 
place equally well about any one of the four axes perpendicular to the faces of the 
octahedron, and in general the only indication of such twinning would be a roughness 
of the feces. Neither in the hexagonal nor the cubic crystals would the optical and 
other physical characters be affected, unless the crystal were grown under some stress 
which gave a peculiar character to those properties. 

It is also plain that if the system of spheroids arranged with their axes perpen- 
dicular to the plane of fig. 1 be strained in a direction lying in that plane, the spheroids 
will become ellipsoids and that plane will be a plane of principal section. In this case 
also alternations of twins will be probable as before. 

Similar alternations of growth may also occur when the plane of fig. 1 is not a 
plane of principal section, because the ellipsoids which represent the molecular volumes 
may assume in an irregular manner sometimes the positions indicated by the dotted 
lines and sometimes those of the broken outlines in fig. 1. In these cases the crystals 
will belong to the less symmetrical systems, and the alternations, though definitely related 
to one another, will not have the relation of ordinary twins. 

Returning to hexagonal forms, if a face has been developed parallel to the plane of 
tig. 1, that is, a &ce of the form 111, and the other faces developed be also hexagonal, 
there will be no cause to interfere with the alternation of twin layers as the crystal 
grows. But if besides 111 a rhombohedral form, as for example 100, has been developed 
and the crystal grows by an addition to the fiice 111, the twinning will cause a diB- 
continuity of the surfaces of 100 at the edges where the forms 111 and 100 intersect. 
If the transverse form 122 be developed as well as 100, there will be no discontinuity 
of surface at these edges but some discontinuity of surface tension, which is not the same 
in the feces of the two forms. This will be a force tending to prevent the twinning 
or else to prevent the growth of the rhombohedral forms. In most cases the rule that 
the crystal will grow in such a way that the surface-tension shall, on the whole, be a 
minimum will, unless the condensation in the rhombohedral form is much greater than 
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in any hexagonal form, ensure the preponderance of the hexagonal forms. These hexa- 
gonal forms likewise lend themselves more readily to the formation of nearly globulai* 
crystals, that is to crjrstals with a minimum of total surface. 

The cleavages of the hexagonal forms will not be at all affected by the alternations 
of twins, but cleavages in rhombohedral forms will be rendered difficult and, if they occur 
at all, will be interrupted. In general the average condensation in a di-rhombohedral pair 
of forms will be the mean of what it would be in those two forms if there were no 
twinning. With this consideration we may calculate the relative condensation in the 
faces of different forms. For this purpose, if p be the perpendicular distance between 
successive sets of molecules parallel to a face of the form hkl, P the point where the 
normal to that &ce meets the sphere of projection, the corresponding point for the 
face of the form 111, and X, F, Z, the traces on that sphere of the crystallographic axes 

we have, as shewn in Part I., p = r , 

and cos PX = cos PO cos OX + sin PO sin OX cos POX. 

Also if D be the angle between the normals to the faces 111, 100 

k-l 



tanP0Z = V3 



2A«Jfc-r 



/I + A;+ fr 
^ tan OZ = 2 cot A 

and similar equations with reference to the axes Y and Z. 

The hexagonal forms are those for which .either POX or PO is 90"*, and for these 
the condensation in the faces is p. 

For the other forms it will be ^(p+p) where p' is the value of p for a fiewje of 
the transverse form. 

For shortness we may designate the form Oil as a, the form 100 as r, and so on, 
and the corresponding values of p as pa, Pr, cuid so on. 

Then taking first hexagonal forms, we have for a or Oil, P0 = 90°, POF=30^, 

Pa^sinOT cos 30" =-7= ^-- , 

which increases as D diminishes, or as the fundamental rhombohedron is flatter, that is 
more obtuse. 

If 6 = 211, P0 = 90°, POX^0\ l>* = ^^^^=;^i^- 

For a? =210, POF= 90°, POX = 30°, tan PO = -^ tan D, 

OTT V3tan2) + is/3tan2) 

cos-rA = 



and ps • 



J[S + (tan ny] {(tan i))« + 4} ' 

cosPZ V3tanJ) 

2 ~ 7{(tan Dy + 3} ((tan D)* + 4} ' 



16—2 
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For i:=311, POZ = 30°, tan P0 = -^ tan A 

yStan-D 

^' ~ J{4i (tan Dy + 3} {(tan Z))» + 4] ' 

i = 231, POX « 90% tan PO **" ^ 



Pi = 
A = 32l, P0 = 90% tan POX 



2v/3' 
yStanZ) 

s/{(tan2))' + 12} {(tani))> + 4} ' 

1_ 

~3V3' 

V8 



;>* = 



77{(tanZ))' + 4} 



Next for rhombohedral forms. 

For r=100, PO^D, POX = 0", 

SsinD 

Pr 



^•' V(tanD)» + 4' • 

which increases as 2) increases up to 45'', and diminishes as D increases from 45*' to 90** 
For ti = 122, the rhombohedron transverse to r, POX = 180**, 

_ sin J) 

^'■^"■V(tanD)» + 4' 
whence if we put pZ-iiPr-^Pr)* 

,^ 2sinJP 
^''"V(tani))«H-4* 

For = Oil, tan PO = i tan 2) = cot OX, POX = 180°, PO F-= 60', 

_ StanJP 
^•~{(tan2))« + 4j' 
which increases as D diminishes. 

For 6^ = 411, tanPO = itan2) = cotOX, POX = 0^ 

tanJP , , 2tanJP 

^^~{(tanD)» + 4} *'''* ^* ~(tan2))' + 4 ' 

for 5 = 111, tan PO = 2 tan D, POX = 60^ 

= Stan J) 

^' ~ 7[4^^^+Tn(^'5)M^ ' 
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For ^ = 611, POX^O\ tanP0=r2tanA 

^ tanJP ^ 

^'^ n/{4 (tan /))» + 1} {(tan Df H- 4} ' 

2tan2) 
whence Pt = 



For n = 211, tanPOX = 0^ tanPO = 
and for ni = 255, l>»i = 



^{4(tan2))»+l}{(tani))» + 4}* 
tan 2) 



4 ' 
StanD 



N/{(tan 2))> + 4} {(tan Df + 16} ' 

tanD 

s/{(tan Df + 4) {(tan Df + 16} ' 

These foimulae will help us to compare the relative probability of the occurrence of 
the several hexagonal forms. For the reasons given above they are not applicable for 
the comparison of rhombohedral forms with hexagonal; for we cannot say that pr, 
which is the average condensation in a plane parallel to a twin &ce of the form r and 
of the transverse form ri, is a measure of the smallness of the surface-tension on such a 
face, though it indicates a minimum below which that tension will not on the average fall. 

From these formulae we get 

Pa ' l>o = \/3cot2), which is greater than unity if 2) be less than 60"*; 

Pa • Pflj = •/l + 3 (cot D)*, always greater than unity; 

Pi, : px^Jl +S(cotDy : \/3, which is greater than unity if cot J5 be greater than Vf 
or D less than 39° 18'; 

Px ' jpi=V4(tanD)»+3 : ^/(tanD)» + 3, which is always greater than unity; 

Pz : Pi =^/(tan2))»+12 : •74 (tan D)* + 8, which is greater than unity if D be less 
than 60**; 

Pa *• p/ : jPo = V3 : 2sinD : tanD, and pr is always intermediate between pa and po. 

In crystals having for their molecular volumes spheroids arranged with their axes 
perpendicular to the plane of fig. 1, we should therefore expect the faces a and o to 
predominate, and &ces to occur in the same zones with the fsMses of those forms, but 
the rhombohedral forms to occur rarely. And in fact we find that the distinct cleavages 
of hexagonal crystals are parallel to either o or a. 

If we examine particular cases we find in Apatite, D = 55^ 40", and if A be the 
radius of the principal section of the molecular volume, B the semi-axis, 

2 V^ 
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And for hexagonal &ces the values of p, which are proportional to the condensation, are for 

a, Oil, -69877. 
0, 111, -59070. 
X, 210, -45106, 

b, 211, -40344, 
z, 311, -30073, 
i, 321, -27206, 

and the meaft values of p for pairs of transverse rhombohedra are for 

rr,, 100, l22, -49974, 

98,, 111, 5ll, -47724, 

ee,. Oil, 411, -35746. 
The cleavages are parallel to a and o, the former being the more easily obtained. 

In the (nearly) isomorphous crystals of Mimetite and Pyromorphite, the most frequent 
forms are a, o and a?; and they have an imperfect cleavage parallel to x. In Yanadinite a 
and occur, and Des Cloizeaux gives a figure of a crystal which is exactly like a crystal 
of Apatite. 

In Greenockite, D = 58°47', the condensations in a and o ditfer but little, the faces 
most frequent are all hexagonal, a, o, x, z, i, and the cleavages parallel to a and o. 

In Molybdenite the faces occurring are a, o, x and there is a very perfect cleavage 
parallel to o. 

In Polybasite, D=»71*'31', the condensation in o is therefore greater than in a, the 
cleavage is parallel to o, and the forms which occur are o, a, x. 

In Covelline, forms o, a occur and the cleavage is very perfect parallel to faces of o. 

In Pyrrhotine, D = 60® 7' so that the condensation in o is slightly greater than in a, 
and we find that it has a perfect cleavage parallel to o, a less distinct one parallel to 
b; and the forms which occur most frequently are o, a, 6, x, z and the pair ?•, n. 

In Graphite the forms developed are hexagonal, the usual forms o, a, and the cleavage 
parallel to o, but the striation seems to indicate an unsuccessful struggle for the develop- 
ment of rhombohedral forms. 

In Ice the usual forms are o and a, and the cleavage parallel to o. 

In Brucite forms o and a occur, and the cleavage is very perfect parallel to o, 
traces parallel to a. 

In Hydrargillite, o, a, b occur and there is perfect cleavage parallel to o. 

In Emerald, Miller gives D = 44° 56'. The most common forms are a and o, then 
6, X and the pair r, rj, cleavages o and a, the latter interrupted. With 2) = 44** 56' we 
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find Pa : j>o ~ 1'7360» and we should therefore expect that the cleavage parallel to a 
would be more perfect than that parallel to o. If however we take the form which 
Miller assumes to be 100, to be Oil, as we are perfectly at liberty to do, we shall get 
a diflferent value for D, namely 63° 13', and pa : Po — '87302, and the facts then cor- 
respond closely with theory. 

In Nepheline i>~59''l0^ the most frequent forms are o, a, x, z and the cleavages 
and a. As D is nearly Q(f pa and po are nearly equal 

In Pyrosmalite, D 2=46° 42', the forms o, a, x, z occur, and the cleavages are o perfect, 
a lees perfect. 

In Davyne, D = 59^ 13' according to Miller, who assumes the most common six-sided 
pyramid to be the form 231. It seems more reasonable to assume this form to be 120, 
the other six-sided pyramid which occurs will then be 311, and D = 40''2'. The forms 
occurring will then be o, a, 6, x^ z, and the cleavage is perfect parallel to a. 

The varieties of Chlorite known as Pennine and Ripidolite appear to me to be 
hexagonal, or rather to have their molecular volumes spheroids with their axes perpen- 
dicular to the plane of fig. 1. Des Cloizeaux taking the acute rhombohedron, which is 
developed in crystals found on the Rimpfischwange near Zermatt, as the form 100 finds 
2) = 76"" 13'. Miller makes the corresponding angle 79"^ 33'. The former angle gives 

Pa- Pr : Po = 1-732 : 2914 : 4-087, 
the latter gives 1732 : 2*934 : 3*623. o is the plane of perfect cleavage, a is rarely 
developed but there are traces of cleavage parallel to it. The rhombohedral fietces are 
usually striated and ridged or undulated parallel to their intersection with o. In large 
crystals the face o is so dominant that the crystals become six-sided tables. These 
characters correspond well with theory. The condensation in planes parallel to o is much 
greater than in any other plane, and it is so large in r that there must be a strong 
tendency to the development of that form. At the same time the unevenness of the 
faces r betrays the peculiar growth of hexagonal crystals. Specimens from localities other 
than Zermatt are much more hexagonal in their appearance, the form 311 and its trans- 
verse form occurring frequently, and striated parallel to their intersections with o. The 
molecular volume will be a prolate spheroid with greatest and least semi-diameters in 
the ratio 1*444 if we take Des Cloizeaux's measure, or 1*988 if we take Miller's measure, 
of the angular element. As an illustration of the application of the theory to the facta 
it does not matter which we take. 

Tamarite may very likely have a similar molecular grouping. i) = 7l°16', and it 
has a very perfect cleavage parallel to the faces of o, with traces parallel to the faces 
of r, and the crystals are very thin in a direction perpendicular to o. 

In Coquimbite D = 43''30', the forms developed are a, o, x; and it has imperfect 
cleavages parallel to a and x. 

In Parisite the forms which occur are o and z, D = SV20\ and it has a very perfect 
cleavage parallel to o, and a very imperfect cleavage parallel to r. With so large a 
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value for D the concentration in planes parallel to r is much greater than in planes parallel 
to a. 

Although the twinning which produces hexagonal forms is very likely to occur, yet 
its occurrence is mainly determined by the more or less accidental circumstances under 
which the growth of the crystal takes place. The chief obstructive cause to such twin- 
ning will be, as stated above, the variations of surfiGtce-tension which will occur at the 
junction of the twin layers where adjacent faces do not belong to feces in the zone oa 
or the zone ah. In cases in which the condensation in planes parallel to r is much 
greater than in planes parallel to a, the obstruction to the twinning may suffice to 
prevent its occurrence. This will be the case when the value of D is large, as in the 
case of Pennine. And it is probable that those crystals which have a very perfect 
cleavage parallel to o, but are usually classed as rhombohedral, really have their molecular 
volumes spheroids and arranged with their axes perpendicular to the plane of fig. 1. 

In Bismuth if we take the rhombohedron which in natural crystals is most common, 
namely that to which Miller assigns the sjrmbol III, to be the form 100, we get for D 
71** 37', which differs very little from a cubic form. The forms occurring in natural 
crystals will then be 111, 100 and 211. There is a very perfect cleavage parallel to 
111 or 0, less perfect parallel to the faces of the other two forms. The form developed 
in crystallizing bismuth from fusion will be Oil, but there is no cleavage parallel to its 
faces. The anomalous expansion of bismuth in solidifying indicates a change in the 
dimensions of the molecular volumes at that temperature, and this circumstance may 
affect the form assumed by the metal in crystallizing at that temperature. 

Antimony is very nearly isomorphous with bismuth, and if we take the form to 
which Miller assigns the sjrmbol 111 to be 100, D becomes 71'' 40', and the forms ob- 
served are 111, 332 and Oil. The cleavages are o very perfect, n distinct, r less 
distinct, a traces. 

Arsenic also is nearly isomorphous with bismuth. Making a similar assumption as to 
the symbol of the most common rhombohedron namely that it is Oil, we find Z) = 72''33', 
the cleavages are parallel to the &ces of o, perfect, and parallel to the faces of 211 
imperfect; while the facea observed are 111, Oil, and 277. The crystals are of course 
laboratory preparations. 

Spartalite is most probably hexagonal. It has distinct cleavages parallel to o and a, 
and if we take the form to which Miller assigns the symbol 513 to be 210 we find 
for D 71° 57'. If however we take that form to be 311 we get for D 56^56'. The 
latter is perhaps more probable, as it makes the condensation in planes parallel to a 
and more nearly equal. We get in that case, p^ : Po — 1*023, which agrees well with 
observation. The natural mineral gives only cleavage &ces, as far as I am aware. 

Of the isomorphous minerals Haematite, Umenite, and Corundum, the last shews a 
decided tendency to hexagonal forma The cleavages are parallel to the faces of o and 
and r, D = 57''34' and we find Pa : Pr - Po-l - 1*462 : -908. There is a great difference 
between these values, and they seem inconsistent with the cleavages. But the cleavages 
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are very variable in these minerals, in some specimens seemingly perfect, in others in- 
distinct; the apparently perfect cleavages are sometimes only faces of union of aggregated 
crystals, so that after all the inconsistency may be more apparent than real 

In specimens of Willemite from Yieille-Montagne near Moresnet there is an easy 
cleavage parallel to the faces of o, a diflBcult one parallel to the faces of a, while in 
specimens from Franklin in New Jersey, the cleavage is easy parallel to the faces of 
a, according to Des Cloizeaux; and D=37°48'. Miller gives a different value for D, 
but Dana agrees with Des Cloizeaux. Dana says the rhombohedral faces are seldom 
smooth, while the prismatic are smooth. It seems therefore probable that in this case 
also the molecular volumes are spheroids with their axes perpendicular to the plane of 
fig. 1. 

Susannite has an easy cleavage parallel to the faces of o, and D « 6S^ 38". 

In Tellurium if we take the form which Miller puts as 6 to be a, and those which 
he puts as rTi to be z, we find D =: 53"" 46^ and the faces which occur are o, a, jr, with 
a very distinct cleavage parallel to the faces of a, and an imperfect one parallel to the 
£Eu;es of 0. 

In Osmiridium, Miller gives the h^cea which occur as o, a, z, and D ^ 58^ 27'. There 
is a tolerably perfect cleavage parallel to the faces of o. If we take the form to which 
Miller assigns the symbol 311 to be 210 we shall have 2)^72'' 56', the forms occurring 
will be 0, a, x, and the condensation greatest in the planes of cleavage. 

Breithauptite exhibits forms o, a, %, and 251, and Eupfemickel the forms o, a. 
Amongst laboratory crystals of hexagonal development we find 

Lithium §ulphate, with forms a, w, o, with cleavage parallel to o, and angular element 
73^*26'. 

Barium perchlorate, with forms a, w if crystallized from alcohol and a, « if crystallized 
from water, and angular element 52'' 57'. 

Ethyl-ammonium chloroplatinate, with forms r, o, b hemihedral, with perfect cleavage 
parallel to o and angular element 64'' 6'. More probably the forms are x, a, o and angular 
element 67° 19', x and a being hemihedral 

Iodoform, with forms x and o and angular element 53"^ 32'. 

Ceroso-ceric sulphate, with forms rvi^ 6, a?, o and angular element 69'' 45'; or if we 
assume the hexagonal prism to be a, and the di-rhombohedron rvi to he x, the forms 
will be a, x, o, 144, 522, and angular element 77*^ 58'. 

Basic ferric-potassium sulphate, with forms a, o. 

All these agree well with theory if we assume (as I have done) that the six-sided 
prism is the form Oil and the six-sided pyramid 012. 

There are yet two natural crystals which are commonly classed as rhombohedral but 
to me appear rather to be hexagonal These are quartz and cinnabar. Both are remark- 
able for exhibiting asjrmmetric hemihedry (trapezoidal tetartohedry of some crystallographers) 
and for their rotation of the plane of polarization of plane polarized light. 
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To begin with quartz. The moat common, I believe the invariable, fonn is i^ six- 
sided prism terminated by a six-sided pyramid with or without other forms. This gene- 
rally hexagonal appearance is modified frequently by unequal development, and unequal 
smoothness, of the alternate faces of the terminal pyramids, which is thought to mark 
them as di-rhombohedral combinations. The cleavages are so diflScult to obtain and so 
interrupted that they hardly help us, but as far as they go they confirm the hexagonal 
character of the crystal. They are given by Miller, and by Des Cloizeaux, as perpendi- 
cular to the axis of the six-sided prism, and parallel to the faces of both rhombohedrons of 
the di-rhombohedral combination, and there is no indication that the cleavage parallel to 
the £a,ces of one rhombohedron differs in character or facility from that parallel to the 
feces of the transverse rhombohedron. I know no other case of equal cleavages parallel 
to the faces of a di-rhombohedral combination, and it appears to me essentially an 
hexagonal character. Twins are common, almost universal, with the twin axis the axis 
of the prism. This is very frequent amongst hexagonal crystals, but is not confined to 
them. If we regard the Crystal as hexagonal the difference in size and roughness of 
the alternate faces of the terminal pyramids will be indications of hemihedral develop- 
ment, or growth under stress, as is the case in many hemihedral crystals when the 
hemihedry does not extend to the complete suppression of half the &ces. The asym- 
metric hemihedry of quartz is an indication of the. formation of the crystal under stress, 
and there is no reason why both kinds of hemihedry should not coexist. If the crystal 
be taken as hexagonal the prism will be the form {a) or Oil and the terminal pyramids 
the form (x) or 012. We shall then have for the angular element 65°33'*2, and if 
uVti/ be the symbol of a face referred to the new axes and uvw the symbol of the 
same face referred to the axes assumed by Miller, 

w' = w + 2u, v' = tt + 2t;, tt/ = v + 2w. 

The abundance of quartz in nature, and the great variety of circumstances in which 

it has crystallized, have caused a great many combinations of forms to be recorded. 

The symbols of some of the most frequent forms as referred to the old and new axes 
are given in the following table: 



MiUer's 
Symbol 


Hexagonkl 
Symbol 


211 


. lOl 


100 and 122 


210 


142 


010 


Oil 


123 


oil and 111 


Il3 


13, 8, 8 


618 1 



Miller'8 
Symbol 


Hexagonal 
Symbol 


lOl 


112 


722 


412 


221 and 8U 


324 


412 


625 


U, 22, 7 


7, 10, 12 


432 


223 



The symbol of the form 111 remains unchanged and though it never occurs except 
as a cleavage face it is the regular twin-face. This form and the first three forms in 
the left-hand column have the greatest condensation in their faces, and the supposition 
that quartz is hexagonal agrees sufficiently well with my molecular theory. 
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CinnaW has quite a rfaombohedral appeanuic^ ^ far as external form goes, hut it 
has a perfect cleavage parallel to the faces of a hexagonal prism. There is no truly 
rhombohedral crystal which has such a cleavage, and I infer that the apparently rhombo- 
hedral development is due to hemihedry. This inference is confirmed by the fact that 
cinnabar sometimes shews in its external form an asjrmmetric hemihedry, and shews 'by 
its powerful twisting of the plane of polarization of light that it has this asymmetry in 
its internal structure. In this respect it. presents a striking analogy to the hyposulphates 
of lead, strontium and calcium, described further on« These three substances are iso- 
morphous» and the strontium hyposulphate has decided hexagonal symmetry, while the 
crystals of lead hyposulphate resemble those of cinnabar. If we take cinnabar to be 
hexagonal we must take the cleavage prism to be the form (a) Oil. The most common 
forms besides the hexagonal prism, are those to which Miller assigns the symbols 111, 
100^ 522. If we take the last of the three to be the hemihedral development of 012, we 
get for the form 100 the new symbol 412, the form 111 retains its symbol, and the 
less frequent forms, become l25, 741, and 13, 5, 1. The angular element becomes 56"^ 47'. 
The asymmetric hemihedral forms observed by Des Cloizeaux seem to be the alternate 
faces of 211 and of a scalenohedron. They are however rare. 

We might assume the form 100 of Miller to be 012. We dioiild then get for 622 
the new symbol 432, and for the less frequent forms the symbols 123, 543, 753. The 
numerical values of the indices become a trifle more simple on this assumption, but the 
angular element, 70''43^ would give a smaller value for the condensation in planes parallel 
to the faces of the hexagonal prism than in planes at right angles to them, and the 
facility of cleavage in the former planes seems to negative this. Again it might be 
assumed that the form given as Oil by Miller should be 012. This would give still 
more simple indices for the forms observed but would still give a greater condensation 
in planes parallel to 111 than in planes parallel to the faces of the hexagonal prism. 
On the whole the first supposition ccnrresponds very well with the facts and entirely 
with my theory. In twin crystals of cinnabar the twin &ce is 111, as in most hexagonal 
crystals. 

In lead hyposulphate, mentioned above, the forms observed, if we take the crystals 
as rhombohedral, are r, e, o, a, b, a, and Too, the first three being most common, and the 
angular element 60^ If we change the axes and take the form r to be 012 («), we 
get the hexagonal forms a?, f, o, b, a, z and 187, and the angular element 71** 34'. There 
is no cleavage, and the fitcts agree well with theory. 

Calcium hyposulphate and strontium hyposulphate are isomorphpus with the lead 
salt, but the forms of the stroi^tium hyposulphate are o and x, o being laigely developed, 
and X holohedral but with uneven fitces. There is also an imperfect clea,vage parallel 
to o» as we should expect because the maxifnum concentration (on the hypothesis that 
the angular element is 71'' 34") is greatest in the. planes parallel to o. 

Crystals of sodium periodate with three molecules of water have a very unusual 
appearance from unequal development of the facea The forms commonly develop^, 
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considered as rhombohedral, are r, e, 6, b, o, o being hemimorphic and b sometimes hemi- 
hedral, and the angular element dl^'SS^ They rotate the plane of polarization of light, 
and besides the hemihedral character of b, sometimes shew the alternate edges formed by 
the intersection of r and e truncated by a hemihedral scalenohedron. If we assume the 
crystal to be hexagonal and hemihedral and make the forms r, 6, to be 012, 101, respec* 
tively, we get for e, 8, the symbols 123, 113, respectively, and for the angular element 
65^26', which makes the facts and theory agree. The corresponding silver salt appears 
to be isomorphous with it, or v^ nearly so, and it exhibits quite as irregular an 
appearance. It is very likely endowed with the power of rotating the plane of polari- 
zation of light, but I am not aware that any one has actually observed this fact. In 
a few other crystals similar characters have been observed, but they hardly call for a 
detailed discussion. 

Next referring to fig. 2 of Part II., let us consider that the circles with dotted out- 
line eee represent spheres with their centres in the plane of the paper, while those with 
unbroken outline bed, &c. represent the projections on that plane of the outlines of a 
set of spheres which touch the former set and have their centres in a plane below the 
plane of the figure. We may suppose that there is another set of spheres also touching 
the first set, but lying above them. The projections of their outlines on the plane of 
the paper will correspond with the circles of unbroken outline, and to distinguish the 
set l)dng above the first set we may designate their centres sis B, G, D &c., b and B, 
c and G, d and D, &c. having the same projections, respectively. Then the points 
c, (7, c\ G\ d', ly, d, D, lie in the corners of a rectangular parallelepiped with the centre of 
a sphere e in its centre, and the whole space may be cut up into similar and equal 
parallelepipeds, each having the centre of a sphere at each comer and one in its centre. 
If the spheres become oblate spheroids with axes perpendicular to the plane of the 
figure, these parallelepipeds will be cubes if the ratio of the greatest to the least 
diameter be *J2, If further we suppose the spheroids to be all strained in the direction 
of one of the diagonab of the cube the spheroids will become ellipsoids and the cubes 
will become rhombohedrons. The axes of these rhombohedrons will not be perpendicular 
to the plane of fig. 1. In fact if the circles with unbroken outline are supposed to have 
their centres in the plane of the paper, those with dotted outline below, and those with 
broken outline above, that plane, and c be the central sphere, the eight centres 'which 
form the comers of the parallelepiped may be abmnlkfe, and two of the diagonals ae, 
bf lie in the plane of the. paper, the others mk, In lie in an inclined position. If the 
parallelopiped become a cube by changing the spheres into spheroids their axes of revo- 
lution will be perpendicular to the plane amnb. If further the system be subject to a 
uniform stress in the direction of one of the diagonals of the cube, the spheroids will 
become strained into ellipsoids and the cube into a rhombohedron with its axis in the 
direction of the strain. The arrangement of the ellipsoids will be the same as if space 
were divided into equal rhombohedrons with the centre Of an ellipsoid in each angular 
point and one in the centre of each rhombohedron. This is the same as if two sets of 
rhombohedrons were superposed, all being equal, similar, and similarly situated, and each 
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having the centre of an ellipsoid at each comer but none in its centre, but one set 
having its angular points at the centres of the other set The planes of a set of parallel 
planes which pass through the comers of one set of rhombohedrons will not in general 
pass through the comers of the other set, so that, if the arrangement represent the 
structure of a crystal, the relative condensation of molecules in the direction of the 
sets of planes will in general be the same as if there were but one set of rhombohedrons 
with molecules at their comers only. But there are certain cases in which the same 
plane will pass through the comers of both sets of rhombohedrons, and in such a plane 
the condensation will be double of what it would otherwise be. 

To see what planes have this property, let figure 12 represent the traces on three 
planes of reference of the planes forming one set of rhombohedrons. Then a plane which 
passes through Zi and yi and is parallel to the axis OX, will pass through the centres 
of the rhombohedrons as well as through their comers. This will be the face Oil. Also 
any plane parallel to OX, which passes through ZnVm, where m and n are odd, will 
also pass through the centres of some of the rhombohedrons. The symbol of the (euce- 
in this case will be Okk where h and k are both odd numbers. Next if the plane pass 
through xi, where I Lb odd, and also through the intersection of the lines in the plane 
ZOY drawn parallel to OF and OZ through Znym> where m and n are odd numbers, it 
will pass through the centres of some of the rhombohedrons. That is for such a plane 
the reciprocals of the indices (reduced to whole numbers) must be one of them an odd 
number, and the others equimultiples by a power of 2 of some odd numbers; or the 
indices, without regard to sign, must be of the form 

2*(2m+l)(2n+l), (2m+ l)(2r + l), (2« + 1) (2r + 1), 
where ib is an integer, and m, n, r are integers or zero. 

Such will be 211, 433, 631, &c. 

How to find the relation between the axes of the ellipsoids, and their orientation, 
when the angular element of the crystal is known, has been already explained. Taking 
the same notation as before we get in the feces of certain forms double the concentrations 
which were obtained when there was no molecule in the centre of the rhombohedron. 



For 



^,1 2 V3 

h, 211, p,^^ ^ 



v'(tanD)« + 4' 

^,, etanJD 

^' °^^' ^•'(tani))» + 4' 

.-- _ 2tanD 

e„ 411, l>^.-(tanD)» + 4' 

o,i etanJD 

n. 211, pn=- 



^/l(tan Df + 4j{(tan Df + 16} * 
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n„ 255, 
i. 821 



2tani) 



h, 321, pm' 



^^» Vl(tan /))« + 4j {(tan D)» + lt)j * 

2^3 tan i? 

7{(ttin i))* + 4} t(tan />)« + 12] ' 
2V3 



Pi = 



V7t(tanjD)» + 4|' 



and so on ; while those forms of which the indices do not satisfy one of the conditions 
above enunciated, will have the same concentration as if there were no molecule at the 
centre of the rhombohedron. 

Comparing the concentration in some of the forms we find 

Pe VStani) ' 
which lA greater than unity if tan D is less than V2 or D less than 54^ 43'. 



AlSO^: 



,, which is always greater, than unity; and hence, with 



Pr cosZ)7(tanZ))«+4' 
this arrangement of molecules, the rhombohedron with the easiest cleavage will be Oil 
and not 100. 



Pe.2 /4(tanD)«+l 



(tanD)» + 4 ' 



which is always greater than unity. 

Again ^r-^i)} ^^d Pa ^ greater than po if tanD is less than 2^3, or D less than 

p 6 ' . 

73^54'; and ~=s — , and pe is greater than po if tanD is less than 4^2, or D 

Po J{tsiiDf'\-4f 

less than 79° 59'. 

Now if Calcite have the molecular arrangement now under consideration, the cleavage 
form must be Oil, not 100, and we must change the axe& If we make a change of 
axes so that form 100 becomes Oil, we shall have the new axes parallel to the inter- 
sections of every two of the fitces of the form 111, and for a face uvw referred to the 
original axes we shall have the sjrmbol u'f/v/ referred to the n^w axes, where vfasy^-w, 
v' — M + w and w'^u + v. 

In the case of any face for which u + v + w=sO the symbol will remain unchanged. 
Also for any &ce for which 2w — t; — w = we shall have 2u' — v' - w' = 0. 



Form 100 (r) becomes Oil (e'), 
„ 011(e) „ 211 (n'X 
„ 211 (n) „ 233 
„ 111(«) „ 100(/), 
„ 122 (n) „ 411 (O. 
„ 210(0?) „ 123(0, 



Form 210 becomes 211, 
„ 311 (^) „ 210 (:c^), 
„ »21(i) „ 845, 
„ 511 (O „ 122 (r/). 
„ 411 (e.) „ 255 (n/). 
„ 311 „ 111(0. 
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Forms 111, Oil, 211, 3^, retain their symbob. 

Also for the new angular element of the crystal, we have tan iX = 2 tan D. 

Hence for Calcite 2y = 63**7'*3, and the relative condensation in the planes of faces 
of the most common forms are given in the following table: 



Symbol 
'eferred to 
olduee 

100 


^mbol 
referred to 
newkzes 

Oil 


Condenaation. 
1-00000 


lOl 


lOl 


•82211 


111 


100 


•68505 


Oil 


211 


•62991 


211 


211 


•47465 


111 


111 


•46823 


210 


321 


•40687 


311 


111 


•34508 


122 


411 


■33333 


5n 


122 


•21168 



Calculating the ratios of the axes of the ellipsoids representing the molecular volumes 
we find them as 1 : '76169 : 57216. 

A similar change of axes will be needed in the case of other crystals which have 
a perfect rhombohedral cleavage. Most of these are isomorphous, or nearly so, with 
calcite, and it may be assumed that the anhydrous carbonates of rhombohedral form are 
all similarly constituted Nitratine follows them. Pyrargyrite and Proustite both have 
rhombohedral cleavage, and if we assume the symbol of the cleavage &ce to be Oil we 
find the angular element for the former 61''12'-6 and for the latter ei^'M'S. The cha- 
racters of Chabasie, which has a tolerably perfect rhombohedral cleavage, are satisfied by 
a similar supposition. 

Phenakite has a not very distinct rhombohedral cleavage, and also a similar cleavage 
parallel to the six-sided prism 101. If we assume the symbol of the cleavage rhombo- 
hedron to be 011,^. as before, the angular etement will be 56"" 44", and the condensations 
in planes parallel to the two faces .named will have the ratio "9525, or nearly one of 
equality, which agrees with the faciB of the case. 

Dioptase has a perfect rhombohedral cleavage parallel to the &ce Oil, but as the 
angular element is 50"" 39' the ratio of the condensations in planes parallel to the fistces 
of 101 and Oil respectively is 1109, and we should have expected a cleavage parallel 
to the faces of 101 as well as of Oil. No such cleavage has been observed, though the 
form 101 is almost always developed. The faces of that form are however striated in 
such a way as to lead to the supposition of some sort of alternations . having occurred 
in the growth of the crystals, which may possibly interfere with the cleavages parallel to 
those faces. 
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Millerite has perfect rhombohedral cleavages parallel to the &ce8 Oil and 100. The 
angular element is however only 20''51'» which should give the condensation in planes 
parallel to the faces of the form Oil much greater than in either of the cleavage form& 
This form is that which is chiefly developed and the crystals are usually capillary so 
that it would be hardly possible to observe whether they had a cleavage parallel to the 
faces of Oil. 

The cleavages in tourmaline are imperfect parallel to faces of the forms 100 and 
111. If we change the axes as before the symbols for these faces become Oil and 100, 
and the angular element 415"" 57\ which makes the condensation greatest in planes parallel 
to the form Oil. If however we take the form to which Miller assigns the symbol 111 
to be Oil, the form 100 becomes 211 and the angular element 7()''24\ The concen* 
tration in the &ce8 of the most common forms then become 



Symbol 
xeferredto 
old axes 


SymVd 
nfenedto 
new axes 


Conomtnti* 


(8) 111 


Oil 


lOOOOO 


(r) 100 


211 


•79839 


(o) 111 


111 


•76553 


(a) 101 


101 


•64134 


(y) sn 


100 


•53984 


(h) 211 


211 


•37028 



These figures agree sufficiently with the observed facts. The tendency to the develop- 
ment of the form (b) 211, for which the concentration is much less than for some other 
forms, seems to be connected with the stress producing hemihedrism (as explained in 
Part I.), since the form (b) 211 is almost always hemihedral. 

Of laboratory crystals not many of rhombohedral character require special mention. 

In magnesium sulphite the forms observed are r, e, a, o, and the angular element is 
50° 29'. 

The double ferro-cyanide of barium and potassium has forms r, o and angular ele« 
ment 61° 7', and cleavage parallel to the faces of r. If we take the cleavage form to 
be e or Oil, the angular element becomes 74° 35', and theory will agree with the facts. 

Aldehyd-ammonia has r, e, a, o, with cleavage r, and angular element 58° 10'. If 
we take the cleavage form to be e or Oil, r becomes n or 211, and the angular element 
72° 45', which agrees well with theory, since with that angular element the condensation 
is greatest in the faces of e, next in n, a, o, in order. 

In crystals of sodium chloride with grape sugar and two molecules of water, the 
faces of a, fTi, e and more rarely b, o have been observed, and the angular element is 
63° 15'. This agrees with theory, but the forms tti might be taken as eei, when the 
other forms observed would be a, n, fry o and the angular element 75° 51'. 
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Some may think, in the light of Reusch's experiment in producing the rotation of 
the plane of polarized light by a pile of plates of mica successively twisted through 60°, 
to which the twinning of quartz and other hexagonal crystals bears a close resemblance, 
that such twinning would account for the effect of quartz on plane polarized light. This 
cause is however, as it seems to me, inadequate. The rotation can hardly be accounted 
for by any static arrangement of molecules. It is a phenomenon more nearly related to 
the rotation of the apsides of a planetary orbit, and seems to imply a stress. This 
view is borne out by the fact that it is produced by some liquids, and that these liquids 
appear, so far as it is possible to judge of such a fact in a biaxal crystal, to 
lose their rotatory power when crystallized in asymmetric hemihedral forms; while the 
asymmetric crystals which have the power of rotation lose that power when liquified. 
The stress reacts, as it should do, on the external form, because the tendency must 
always be for the molecules, so far as they are free, to arrange themselves in such a 
way as to counteract the stress. 

On the whole the molecular arrangement for which the principles of mechanics give 
adequate reason accounts remarkably well for the main features of hexagonal and rhombo- 
hedral crystallization. I say the main features, because surface-tension, though the primary 
and principal cause of crystalline form, is not the only cause which affects the growth 
of crystals. The other causes mentioned in Part I. have a secondary influence, and 
produce in some cases disturbing effects, but they are only disturbing not overpowering. 
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SECTION I. 

General Principles. 

§ I. In the most general type of vibrations of an isotropic elastic solid there have to 
be considered three displacement and three stress components at every point of a surface 
along three mutually orthogonal directiona In the general case at a common surface of two 
media there are six necessary conditions, arising from the equality of the displacements and 
stresses at adjacent points on opposite sides of the surfiau^. In the types of vibration 
discussed in the present memoir the surfaces limiting the .several media are either 
concentric spheres or coaxial right cylinders, and the displacements are either entirely 
radial or entirely transversal. In all the cases considered the number of independent 
conditions to be satisfied at the common surface of two media reduces to two, one 
arising from the equality of the stresses, the other from the equality of the displacements 
at adjacent points on opposite sides of the surface. If a surface where no stress exists 
be termed free, and one where the displacement is zero be termed Jiaed, then in the 
types of vibration treated here, there is at a free surface a single condition expressing 
the vanishing of the stress, and at a fixed surface a single condition expressing the 
vanishing of the displacement. The centre of a solid sphere and the axis of a solid 
cylinder may be regarded as fixed surfaces. 
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§ 2. For the sake of brevity we shall frequently have occasion to apply the term 
layer to a portion of homogeneous isotropic material limited by two concentric spherical 
or two coaxial cylindrical surfaces. When one such layer exists alone it will be termed 
a simple shell, while a series of layers one above another will be termed a compound shell, 
provided there be no material at the centre of the sphere or at the axis of the cylinder. 
When the material extends to the centre of the sphere or the axis of the cylinder, the 
system will be termed compound when more than one medium exists. The inmost 
material, whose outer surface is of course spherical or cylindrical, will be spoken of as 
the core. 

The principal object of this memoir is to determine bow the pitch of the several 
notes of a simple shell or core would be altered by the existence in it of a thin layer 
differing from the rest of the material. Now the elasticity of a layer can doubtless be 
altered without altering its volume, but of course the density cannot. For the sake of 
brevity, however, the term altered layer will be applied here whatever be the difference 
between the structure of the layer and that of the rest of the material. The term merely 
indicates the existence of a certain definite want of homogeneity, and does not imply 
that the vibrating system ever was homogeneoua By the change of pitch due to an 
altered layer is meant the difference between the pitches of corresponding notes in two 
vibrating systems, the only difference between which is the existence in one of them of 
a layer differing in an assigned way from the rest of the material. 

§ 3. A vibrating system is in general capable of producing a large — theoretically 
an infinite — number of different notes, answering to each of which there appears a separate 
term in the expression for the displacement. The expression for the representaUve dis- 
placement at any point in a layer may be regarded as a product of two factors. One 
of these is cosA;^, where kj2,ir is the frequency of the representative note and t the 
time. This factor is the same for every point in all the media of a compound system. 
The other &ctor is the sum of two functions each multiplied by an arbitrary constant. 
These functions have for their variable the radial or axial distance r, and contain, in 
addition to k, the density and one or both of the elastic constants of the medium; they 
thus vary from Jayer to layer. In a core one of the above two functions of r must be 
omitted, as it would become infinite when r vanishes. 

In the case of the transverse vibrations of a sphere there exists in general a thiixi 

factor in the representative displacement. It is, however, a function solely of the angular 

coordinates. It does not in £Eu;t enter into the sur&ce conditions and may for our 
present purpose be left out of account. 

The following remarks apply equally to the radial and to the purely transversal 
vibrations of spherical and cylindrical systems. 

If a compound shell consist of n layers the expressions for the representative dis- 
placement contain 2n arbitrary constants. At each of the n — 1 surfaces separating the 
layers there are two surface conditions, and at each of the bounding sur&ces of the 
shell — whether fixed or free — there is 1 surface condition. There are thus 2n equations, 

19—2 
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of which 2n — 1 sufl&ce to determine the ratios of the 2n arbitrary constants. Thus we 
are left with a single equation from which all the arbitrary constants have been elimi- 
nated, and this supplies the frequencies of the vibrations of the given type which can 
occur in the compound system. 

If there be a core and n — 1 layers there are 2n — 1 arbitrary constants and 2n — 1 
equations connecting them, so that the result is exactly the same. In general it will 
be unnecessary to consider separately the case when a core exists. 

§ 4. At the common surface, r^^Qg, of two media the two surface conditions may 
be put in the form 

^M^(a..7-i) + -B^i^i(a#-7^i)=^«^(<^#-7#) + -Bt^i(a.-7.) (1), 

^.-i<?K.7#-i)+-BM<?i(a..7.-i)==^<?(a#-7*) + ^.<?i(a..7.) (2), 

the first representing the equality of stress, the second of displacement on the two sides . 
of the surface. Here the ^'s and B'h are arbitrary constants whose absolute magnitudes 
depend on the amplitude of the vibration. The jP's and G's represent certain functions 
of a,, of the density and of the elastic properties of the media. For brevity the letter 7 
is employed to represent all the material properties of the medium, Le. its density and 
elastic constants m and n combined. -F (a, .7,-1) is of course the same function of p,_i, 
7n,_j and n^i that ^(a».7#) is of p,, m, and n,. 

The right-hand side of (1) is proportional to the stress and the right-hand side of (2) 
to the displacement at the surface r^a^ in the medium 7,. It must, however, be clearly 
understood that the expressions in (1) and (2), multiplied by cos kt, need not be the 
exact stresses and displacements themselvea 

If r = ag were the outer bounding surface of a compound shell then the surface 
condition would be got by equating to zero the left-hand side of (1) or the left-hand side 
of (2), according as the surface was free or fixed. Similarly, if r = at were the inner 
bounding surface, we should equate to zero the right-hand side of (1) or the right-hand 
side of (2) according to circumstances. 

In a shell, whether simple or compound, there are four fundamental types of vibration, 

the free-free, the fixed-free, the free-faced, the fixed-fixed, 

where the first term applies to the inner surface. 

In what follows it is necessary to adopt some one notation free from ambiguity. 
Thus a compound shell of, say, three layers, the inmost of material (pi, rwi, ti,) — repre- 
sented by 7i — bounded by the surfaces r = 6 and r^c, the middle of material {pt, m^, ti,), 
and the outmost of material (p,, m,, w,) bounded by r = 6 and r = a, will be spoken of as 
the shell («. 71. 0.72.6.78. a). 

The letter / will be invariably employed for the function which equated to zero 
gives the frequency equation, and inside the accompanjdng bracket will be given the 
letters necessary to define the system. If a bounding surface be fixed, then the radius 
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of that surface will appear in the bracket with a horizontal line over it. Thus, for 

instance, 

/(c.7i.c.7,.6.7,.a) = 

represents the frequency equation of the three-layer compound shell specified above, the 
inner bounding surface, r = e, being free, the outer, r = a, being fixed. 

From the remarks made on the forms assumed by (1) and (2) at a bounding surface, 
we find at once for the frequency equations of the four fundamental types in the simple 
shell (6. 7. a) the following — 

fib.y.a)^Fia.y)F,(b.y)^F,(a,y)F{h.y) = (3), 

f{b.y.a)^F{a.y)Q^(b.y)'-F,(a.y)G(b.y)^0 (4), 

f(b.y.a)^G(a,y)F,(b.y)-G,(a,y)F(b.y)^0 (5), 

f{b.y.d)^G(a.y)G,{b.y)^G,{a.y)G(b.y) = (6). 

The terms in these functions will always be supposed to present themselves in the same 
order as above. 

§ 5. Suppose now we proceed to find the frequency equations for the two-layer shell 

(O]. 71.0,. 7s. a,). For the free-free vibrations we have to eliminate the arbitrary constants 

from 

A,F{a,.yO + B,F,(a,. y,) = (7), 

A,F{a,.y,) + B,F,(a,.y,)^A,F(a,.y,)-\-B,F,(a,.y,) (8), 

A,G(a,.y,)'^'B,G,(a,.y,) = A,G{a,.y,)'^'B,G,(a,.y,) (9), 

= AJ'{a^.y,) + BJ',{a,.y,) (10). 

The result of elimination is easily found to be 
/(ai.7i.a,,7,.a,)={^(a,.70^i(ai.7i)-^i(«.-7i)^(^-7i)l{^(«3.7.)«^ 

-{(?(as.70J^i(ai.7i)-<?i(flt»-7i)^(ai-7i)}{^(a,.7a)-^i(a»-72)-^i(^ 

Comparing this with equations (3) — (5) we obviously have 

/(ai.7i.a,.7s.a,)==/(a,.7, .a,)/(aa.7a.a,)-/(a,.7i.a,)/(aj.7j.a,) (11); 

similarly we may easily prove 

/(a, . 7i . a» • 7a- «,) =/(a, . 71 . as)/(a,. 7, . a,) -/(oi . 71 . a,) /(a,. 72. a,) (12), 

/(ai.7i.a,.7s.a,)=/(a,.7,.a,)/(a,.7,.a8)-/(ai.7,.a,)/(a,.7,.a,) (13), 

/(ai;7i.a,.7,.a8)==/(ai.7i.a,)/(a,.7s.a,)-/(ai.7j.a,)/(a,.7,.a,) (14). 

In each of these identities there is a very obvious physical meaning. For instance, 
we see from (11) that f((ii'yi'(h-yi'(h) = will be satisfied by any value of k which 
satisfies simultaneously either 

/(«! . 7i • «,) = 0, and /(a, . 7, . a,) = 0, 

or /(a, . 7i . a,) = 0, and f(d^ . 7^ . a,) = 0. 
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This merely signifies that if there be a common frequency of vibration for the two 
layers existing separately with their common surface either a free or a fixed surfsu^, then 
this too is the frequency of a vibration which the compound shell can execute. 

At first sight it might appear that in (11) we had also the two alternatives 

/(Oi . 7i • «^) = =f(ay . 7i . 0,), 
/(a, . 7, . a,) = =/(a, . 7, . a,). 

Neither of these alternatives is, however, possible in any case, as might easily be foreseen 
from the physical meaning of the functions. 

§ 6. The relations (11) — (14) are particular cases of a general law which will now 
be proved. 

It will be suflScient to limit our proof to the cases when both surfaces of the com- 
pound shell are free or when the outer only is fixed. The method of proof in any other 
case is practically identical. 

Let us assume that for a compound shell (ch .71. a, .... an. 7n.ctn+i) of n layers the 
frequency equations take the forms 

/(»! . 7i •«»••• C^n . 7n . On+i) =/(«! • • • (^)f(fln • 7n • On+i) -/(«! • • • an)/(an . 7n • dn-^i) = 0. . .(15), 
/(ai. 7, . a, ... On . 7n . ^n+i) =/(«! ... Ofdfi^n - 7n • «n+i) -/ (^i '"^n)f((hi • 7n • ^n+i) = 0...(16), 

where /(oi ... an) = 0, and /(cii ...an) = are the frequency equations in the compound 
shell (Oi ... a») of n - 1 layers. 

Now the difference between the frequency equations 

/(Oi ... On+i) = 0, and /(Oj ... an+i . yn+i • On+i) = 0, 

is that whereas two arbitrary constants An, B^ have in the first case their ratio deter- 
mined by the single equation 

AnF (On+i . 7n) + ^n^i (On+i • 7») = 0, 

this ratio is in the second case determined by means of the three equations 

AnF{an^i . 7n) + BJF^ (On+i . 7») = ^n+i-F(a»n-i • 7n+i) + -Bfi+i^i (a»+i . 7n+i). 

AnO (On+i . 7n) + B^Oi (on+i . 7ft) = A^+fi (a^+j . 7«+i) -h -B»+iG^i (a„+i . 7„+iy 

= -4n+ijP(an+2 . 7n+i) + -Bn+1^1 (On+i • 7n+i). 

Eliminating A^+i and £n+i from these three equations we find 

j4« _ -f(an+i ' 7n+i ■ ttn+2) ^i (On+i ■ 7n) +/(^n-n ■ 7n-4-i - dn+s) ^i (^n+i » 7n) ,jyv 

-^n -/(aii+i.7n+i.a„+i)G^(aft+i-7n) +/(a»+i . 7n+i . On+j) -*'(an+i . 7n) 

Thus we obtain /{Oi... On+i) by replacing in (15) the ratio ^i (a„+i . 7n) : -F(an+i . 7n) by 
the ratio given by (17) for An : — Bn. 
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The only factors in (15) in which Fi{(in+i.yn) and -P(a»+,.7n) occur are 

/(On . 7n . Ofi+i) = F{an+i . 7n) <?i (Ofi • 7n) - ^i (On+i • 7n) © (Ofi • 7nX 
/(On . 7n • «n+i) = -^(ct»+i • 7n)^i (^n • 7n) - -^i (^n+i • 7n) -^ (On • 7n). 

These factors are thus to be replaced, the first by 

-/K+i . 7ii+i • On-n) {G^ (On+i . 7n) G^i (^n • 7n) - <?i (^n+i • 7n) <3^ («»» • 7n)} 
+/(^i . 7n+i . On+j) {^ (On+i • 7n) <?i K • 7n) - ^i (On+i - 7n) (On . 7n)}, 

the second by 

-/(CWI • 7n+i . On+i) {<? K+i . 7n) -^i {On • 7n) - <?i (^n+i • 7») -^ («» • 7»)} 
+/(an+i . 7n+i . On+a) {^(a»+i • 7n) ^i K • 7n) - ^i (^n+i • 7n) ^K • 7n)}- 

In other words, we obtain /(ai...an+i) from (15) by substituting 

-/(Ofi+i . 7n+i . an+a)/(«n • 7n • ^+i) +/(a»+i • 7n+i • 0,1+1) /(^ • 7n • ^n+i) 

for /(dn . 7n . On+i), and 

-/(Ofi+i • 7n+i . a»+a)/(<i„ . 7n . o^+j) +/(a»+i . 7n+i • aw+«)/(a» . 7* . On+i) 
for/(aH.7n.an+i). 

Thus we find 
/(ai...an+i) = 

- {/(ai...an)/(dn.7n. ^+i)-/(ai--an)/(an.7n. an+i)}/(an+i.7n+i • «!*+«) 

+ {/(Oi. . .an)/(an . 7n • ^n+i) -/(Oi. • ^dn)f(an • 7n • an+i)}/(d»+i . 7^+1 • On+t) = . . .(IS). 

Hence we find from the assumptions (15) and (16) 

/(ai. . .On+i . 7n+i . On+a) =/(ai. • .a,H-l)/(^n+i • 7»+i • ^n+a) -/(Oi- • •an+i)/(an+i • 7n+i • a»+j) = 0. . .(19). 

Similarly we may prove that if (15) and (16) be the proper forms for the frequency 
equations of an n-layer shell, then 

/{Oi. . .On+i . 7n+i • On+a) =/(ai. . .an+i)/(dH+i . 7»+i . dn+a) -/(Ch- . .d»+i)/(a,»+i . 7n+i . d,H-a) = 0. . .(20). 

Thus if (15) and (16) be correct types of the frequency equations for the free-free 
and free-fixed vibrations of a compound shell of n layers they are likewise correct types 
for a compound shell of n + 1 layers. But they agree with the forms (11) and (13) 
which we obtained for a shell of two layers, and so their universal truth is established. 

We can easily establish in like manner the formulae 

/(Or . 7i . a,.. .On . 7» . an+i)=/(ai...an) ^(On • 7n. ^n+i) -/(Oi-.. «»)/(«». Jn • On+i) = 0...(21), 

/(d, . 7, . a,.. .an . jn - ^n+i) =f{ai'"an)f(an . 7n . o^+i) -/(Oi... dn)/(an. 7n • d„+,) = 0. . .(22), 

§ 7. We can obviously by means of these results obtain very simply the frequency 
equations of any compound shell in terms of the functions which when equated to zero 
are the frequency equations of the individual layers. Thus in the case of (15) our next 
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step would be to express /(ai...an) and /(ai...a») in terms of /(ai...a»_i), /(oi... »«-,), 
/(On^i . 7^1 . an\ f(an-i • 7»i-i • <*n), /(Oyir-i • ^n-i • ^n) a^d /(an-i . 7„_i . On), and so on. 

The final form so obtained for the function which when equated to zero constitutes 
the frequency equation of a compound shell of n layers is a series of terms each composed 
of n £Ebctors. Each of these £Ebctors when equated to zero constitutes a fi-equency equation 
of one of the four fundamental types for one of the layers of which the shell is com- 
posed, and each layer contributes one factor to each term. 

For instance, the frequency equation for the free-free vibrations of the three-layer 
shell (oi . 7i . Oj, . 7, . a, . 7, . 04) is 

/ (oi . 7i . 0, . 7a . a, . 7, . a4) =/(ai . 71 . (h)f(^ • 7« • (h)f(^ • 7» • ^4) 
-/(Oi . 7i • a»)/(a« . 7» • (h)f(a» - 7» • ^4) +f((h • 7i • ^)f(<h . 7» • «»)/(a» • 7» • ^4) 
-/(ai.7i-«»)/(^a-7«-a,)/(a,.7,.a4) = (23). 

§ 8. There is a considerable resemblance between the functions we are here dealing 
with and the sines and cosines of multiple angles. An illustration of this, which is also 
of importance in itself, is the following: 

Instead of converting (18) into (19) we can write it as 

/(a,. . .an+2) =/(ai. . .On) {/(On . 7n • Cin+i)f(Om+i • 7n+i • Oft+a) -f(^n • 7n • O^-^i) fiCLn-^i - 7n+i • ttn+j)) 

-/(Oi. . .On) {/(an . 7n • (ln+i)fi^n+i • 7«+i • <*n+j) -/(^n • 7n • On+O/tOn+i • 7n+i • ^n+i)} = 0, 

or 

/(Oj. . .On+a) =/(«!. . '(hdfian • 7n • C^i+i . 7n+i • ^n+a) -/(«!. • '0^n)f((ln • 7n • ^n+i • 7n+i • C^i+a) = 0. . .(24), 

by (11) and (12). 

This can easily be extended so as to lead to the result 

/(Ov .a»)=/(ai...a,)/(a,...an)-/(a,...d,)/(a,...an) = (25), 

where a, is the boundary surface separating any two of the n layers. 
The corresponding results for the other three types of vibration are 

/(Oi. . .On) =/(«!. . .«•)/(«.. . .an) -/(Oi. . .«.)/(«*. . .On) = (26), 

/(Oi. . .On) =/(»!. . .a,)f{a,. . .On) -/{a,- . 'a,)f(a,. . .On) = (27), 

/{Oi- . .an) =/(ai. . .ag)f(a^. . .an) -/(a^. . Ms)f(a,. . .an) = (28). 

§ 9. As the results we have obtained for the frequency equations arise from the 
elimination of arbitrary constants, different methods of elimination may lead to results 
which can be reduced to our standard forms only through multiplication by some factor, 
which ought of course to be incapable of vanishing. The existence of factors which can 
not vanish, and therefore supply no additional roots to the frequency equation, is obviously 
of no importance. 

As this point is a little obscure without an example, let us consider the following 
case. Let us suppose c to be any length intermediate between a and 6. We can regard 
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the shell (b.y.a) as composed of two layers of the same material whose common surfieu^e 
is of radius c. Thus 

/{b,y.c.y.a)^f{b.y.c)f(c.y.a)-f{b.y.c)f(c.y.a)^0 

ought to supply all the roots o{ /(b.y.a)^0 and no additional roots, but the two 
functions f(b .y.c.y.a) and /(b .y.a) are not identical. 

It is in £Etct easily proved that 

f(b.y.c.y.a)^{F(c.y)0,{c.y)^F,(c.y)0(c.y)]/(b.y.a) (29). 

Now referring to (4) we see that 

F(c.y)O,(c.y)^F^(c.y)O(c.y)^0 

would be the frequency equation for the vibrations of an infinitely thin simple shell of 
radius c, one of whose surfaces is fixed. But it is subsequently proved in the case of all 
the forms of vibration treated here that the free-free is the only possible form of vibration 
in a very thin shell Thus /(b.y.c.y.a) is the product o( /(b.y.a) and a factor which 
cannot vanish. 

The result (29) can easily be extended so as to lead to 

/(a,.7.a,.7...7.o,.7.a,+i...an)«{/'(a,.7)Gi(a,.7)-l'i(a,.7)0(a,.7)}x... 

x{F(a„y)Oi(a,,y)^F,{a..y)G{a,.y)]x...xf{a,.y.an) (80), 

where the number of fiEtctors such as -F(a,.7) (?i(a,.7)-^i(ag.7) G(a,.7) is equal to the 
number of intermediate surfaces whose radii are a,... a,.... These same factors will also 
present themselves though one or both of the bounding sur&ces r^ai, and r^On be fixed 

§ 10. There is another class of general results which regarded as independent facts 
seem very curious. They present themselves repeatedly, so their explanation at an early 
stage is advisable. 

Suppose we have a simple shell (b.y.a-^-da), where da is so small that {da/ ay is 
negligible. We may write the frequency equation for the free-free vibrations of this 
shell in the form 

f{b . 7 . a . 7 . a + 9a) =/(6 . 7 . a)/(a . 7 . a + 3a) -/(6 . 7 . a)/ (a . 7 . a + 9a) = 0, 

or, since /(a . 7 . a + 9a) cannot vanish, 

/(6 . 7 . a) - ^({^^^•.':;L/ (a ■ 7 . a •«• aa) - (31). 

This must be equivalent to /(6 . 7 . a + 9a) « and so, as (da/ay ia negligible, to 

/(6.7.a) + 9a^/(6.7.a) = (32). 

Since the equations (31) and (32) are equivalent we must have 

. ^/(^•7.a)--{ 3,/^g;;;:J,4 /(a.7.a-Haa) (33). 

Vol. XV. Pabt II. 20 
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But f(b.y.a) = is the frequency equation for the free- fixed vibrations of the simple 
shell (6.7. a), and f(a,y,a'^ da) = is the frequency equation for the free-free vibrations 
of a very thin shell of radius a. Thus if we take the function f(b,y.a) which when 
equated to zero gives the frequency of free-free vibrations in a simple shell {b.y,a\ and 
differentiate it with respect to the radius a of the outer surface, this differential co- 
efficient equated to zero must supply us with the frequency of the free-fixed vibrations 
of the shell (b.y.a) and with the frequency of the free-free vibrations of an infinitely 
thin shell of radius a, when we modify it in a suitable way by introducing the facts 
that — ^as follows from (32)— /(6 . 7 . a) differs from zero only by a term of the order daja 
and that (da/ay is negligible. 

Examples of this result will be found in § 14, Sect. II., § 50, Sect. III., § 64, Sect. IV., 
§ 92, Sect. VI. etc. 

A similar treatment of Tr/(6.7.a), when the result is equated to zero, leads to 



the equation 



db' 
/•(6.7.a)/(6-ai.7.6) = 0. 



Such a result as this last, in which it is tacitly assumed that b does not vanish, 
cannot of course be applied to any case in which a core exists, but all the results such 
as (21) or (22) where no such assumption is latent apply immediately in the case of 
a core. The result (33) also applies to a core when b is replaced by 0. 

§ 11. In so far as the results of the present section are mathematical they may 
doubtless be deduced from the properties of the determinant which would result from the 
elimination of the arbitrary constants in the surface conditions treated as simultaneous 
equations. 

The methods of this section are probably the simplest for obtaining the change of 
pitch due to a thin altered layer in an otherwise homogeneous system, and their application 
to this object will be found in Sections VI. to IX. which deal with spherical and cylindrical 
shells. In Sections II. to V., however, a different procedure is adopted in dealing with 
solid spheres and cylinders in order to determine how the t3rpe of vibration changea 



SECTION II. 

Radial Vibrations in Solid Sphere. 

§ 12. In a simple spherical shell of material (p, m, n) vibrating radially the repre- 
sentative displacement may be taken as 

.{A fsmkar , \ . B f cos kar . . \) ,,^^ 

u=coBkt^-(-^^-coHkar) + -{-j^^ + smkar)^ (1)*. 

where a = ^/p/(m + n) (2). 

* Cambridge Philotophical Transacticnt, Vol. xiv., equation (60), p. 820. 
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The corresponding radial stress is 
27 =s— coskt A •j(m + w)&ar sinAor — 4n (—j- cosiarH 

'{■B\(m + n)kar cosfcar — 4wf — r— — + sinAarji (3). 

Suppose now we have the compound solid sphere (0 . a . c . «! . 6 . a . a), where 6 - c is 
so small its square is negligible. Here we denote Vpi/(7yii + Ui) by a,, supposing pi, m,, ?ii 
to be respectively the density and the elastic constants of the thin layer. 

The presence of the thin layer will produce only a corresponding small change in 
the type of vibration throughout the rest of the sphere. We may thus assume for the 
type of vibration answering to a note of frequency k/iir, 

in the core u/coekt = — (-^^^ cosAarj (4); 

XL 1 f 1^ AifBinkaiV , \ . B, /cosfcair . . , \ /->, 

m the layer w/cosfc^ = — = (— r — - — cos Arajr 1 + --^ (—r — ^ + sm«aiH (5); 

in the material outside the layer 

, ,, A+dA /sini-or , \ , dB /coskar , . , \ .^. 

u/coBkt — (— F co8«arj + — i—r + smA»rl (6). 

The several quantities A^ Ai, etc. are constants to be connected presently through 
the sur&ce conditions. 

If the layer did not exist the expression (4) would apply to the whole sphere. Thus 
dA/A and dB/A must be of the order & — c of small quantities at least. 

§ 13. We shall confine our attention entirely to the case when the surface of the 
sphere is free. The relations connecting the constants of the solution may then be 
written in the form 

. fsiu kotc J \ J, /sinArajC , \ . n foo&kaiC . . , \ ,»-v 

A j(w + n)Arac sin fcac — 4w f-r— co8iacj|' 

=* ^1 \(mi + th) koLxC sinteiC - 4wi f-r — - - cosAraiCJJ- 

+ -Bi ](ini + ni)fcaiC cos teiC - 4ni (— r — ^ + sin AaiC j > (8), 
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(A + dA) Urn + n) fa* Bin ta6 - 4n r^^ - co8A;a6jl 

+ 35 ](m + n)ifca6 coefcoft- 4n [—jT-nr—H- sin fa* j I 
as Ai \(mi + ni) A?ai5 sin Awji — 4?ii ( , ,^ — cos kaibj > 
^B,\{nH'\'n,)kaJ>coBka,b^4ai^(^^^ (10), 

(1 + -j-J \(m + n)kaa sin Aow — 4n f — jr cosAoaH 

+ -T- \{m + n)kaa cosAxKa- 4n f-r-^ — hsinfcaojj- = (11). 

In equation (7) put c = 6 — (6 — c) and neglect tenns in (t — c)"; then subtract the 
equation £rom (9) and we find 

= — il ^ , ^ \kab sin fcg6 — (~XT cos4a6j|- 

+ ^1 — -T— ]feri6 sinfcai6 — f , ,' — cosfca,ij|- 

+ 5^^|ifca^6co8ifca.6-(?^^ + sinifca,6)l (12). 

Treating (8) and (10) similarly, we deduce 
dA |(m + w)Jfca6sinAa6 — 4w(— jT-T cosA?a6j|' +95 j(i» + n)A:a6 cos toft — 4n f—r-r — hsinio6j[ 

=s — -1 — g- |(m + n)fca6(sinAa6 + A?a6 cosAoft) — 4nrfca6 sinAaft FT" ■*"^'^^*0| 

+ ^1 — g— |(mi + w,) kaib (sin A?ai6 + fcaji cos kuib) — 4wi f teift sin kaj> , , ' + cos kafij !• 

+ 5i T- \ (wh + ni) Attift (cos kaib — A;ai6 sin kaji) — 4ni f A?ai6 cos kafi r— jt — sin *aiM [ 

.'. (13). 

Now as terms in (6 — c)* are negligible we are to determine dA and dB firom (12) 
and (13) by substituting in these equations the approximate values for AJA and BJA 
deduced £rom (7) and (8) by putting c = &, or from (9) and (10) by neglecting dA and 
dB, These approximate values are 

-r (wh + ni) Attii = f ■■ ,* + sin kajb] \{m + n) fcoft sin kab — 4n f -r-r cosifcoi Jj- 
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Substituting these values of AJA and BJA in (12), reducing and arranging the terms, 
we get 

The same substitutions enable us in like manner to reduce (13) to 

-j- ] (m + n) kab sin kab — 4?i ( -r-r cos A»& ) [ + -r ] («* + w) ^^ cos Aw6 — 4 n f —^-r — h sin ifcoft J [ 

+ 4(w + n)f-^^ ^-)kab^k%b'\ (17). 

Solving (16) and (17) we obtain 
-J (m + w) A?ao -^ — r— 

/sinioft , j\fcoBkab, . , ,\ 

X J(m + »)A?a6cosiw6~4nr--jr-T— + 8ini5w6U 

+ (2^ + 8infa*)|(m + n)Jba68inifc«6-4n(^^-co8fei6)}] (18). 

-j- (m + n) «o6 + — r— 

— ( — ) \(m + n) kab sin kab — 4n ( — r-r cos kab][ 
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§ 14. If the thin layer did not exist the frequency equation would be got by 
putting dA = — dB in (11), which would give 

f(0.a.a)^(m + n)kaasmkeia-in\P^ -^^-cosAoaj = (20)*. 

In consequence of the existence of the thin layer, /(O.a.a) is no longer zero but is 
of the order 5-c. We may thus neglect dA/A in (11). Further as dB/A is by (19) 
of order 6 — c, we may introduce into its coefficient in (11) any modification consistent 
with the supposition that (20) is exactly true. We thus reduce (11) to 

/ . \7 • 7 A /sin iota J \ (m-^n)kaa dB ^ .^. 

(m + n)A;oasmA?aa-4n(— j cosfcaa — i >, f ~r==Q ("I)- 

^ ^ \ kaa J smAoa j A 

—J cos&aa 

kaa 

Now in this equation A;/27r is the frequency of the vibration of the compound system. 
Thus if the presence of the layer has raised the frequency by dk/iir, then (fc — 3fc)/2ir 
was the frequency of the corresponding note of the simple sphere, and so A;— 8A; must be 
a root of (20). 

Aj3 3A; is of order 6 — c we are thus to substitute k — dk in (20) and neglect terms 
in (3*)*. We thus find 

/(0.a.a)-|fc^/(0.a.a) = (22). 

Now k^^/(0.a.a)^kaaj^/(0.a.a) 

= kaa Um + n) (sin kaa + kaa cos kaa) — 4;i ( — r + sin kaa — jj- — ^ J >• . 

As this occurs in (22) in the coefficient of dk we may modify it by any transformation 
consistent with the hypothesis that (20) is exactly true. We thus easily transform it into 

*s/<»-«-«)-(^-— H{<'-)'«'-^t??1 <^'> 

We may thus replace (22) by 

(m -\- n) kaasmkaa -- 4sn (—r cos iaaj 

, 3A;/sinA?aa , \L , v 7. , , 4n(3m-n)) ^ 

This equation being necessarily identical with (21), we obtain 

dk _ —{m-\-n) kaa dB/A . 

k "/sinfcoa , \*\. \ i^i , , a (3m — n)| ^ 

— i cosAwa) Um •\-n)k^aW-4en^- — : — ^y 

\ kaa / p ^ m + n } 

As dB/A and so dk/k is of order b—c, we may in this equation regard A;/27r as the 
frequency in the simple sphere (O.a.a). Thus the ratio of the small change in the 
frequency of a typical note to the value it possesses in the simple sphere is found by 
substituting in (24) the value obtained for BB/A in (19). 

* Cf. Tramaetiofu, Vol. ziv., equation (65), p. 818. 
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§ 15. Some preliminary considerations will enable us to give for dhlJe a compara- 
tively short symbolical expression. 

Let ^— £'(a.a) denote the frequency of the firee-free radial vibrations in an infinitely 
thin spherical shell of material a and radius a. Then it is known that 

This result may also be obtained by equating our expression (23) to zero in accordance 
with the general result established in Sect. I.f 

Also let '^^^'Kk cosfcarj (26), 

CTy = - J (m + w) kar sin kar — 4n ( — r cos kar yt ( 27 ). 

These represent respectively the amplitude of a displacement and the corresponding 
greatest radial stress at a distance r from the centre of a simple sphere of material 
{p, m, n). Whatever be the magnitude of the displacement or the instant considered, 
the simultaneous displacements at radial distances r and / are in the ratio Ur i v^, and 
the ratio of the radial stress at r to the simultaneous displacement at r is always 

Employing these several abbreviations in (19), and then substituting for dBjA in 
(24), we finally obtain 

dk_^h--c ( p(k'^K\.,,)^p,{k''K\^.,^) fby /w, Y 
k a \ p{k^^K\.ai) W \uj 

(_2 1 \ ^ (Ui>\\ of ^ ^ \ b /Uf^\] 

Vm + » 7n, + n,J a*p(k'-K\a.a))\uJ U + n nh + n,J a'p{k'^K\,ai)\v}a Jj '"^ ^' 



+ 



§ 16. In establishing (28) certain assumptions have been made which limit its 
applicability. 

The primary assumption is made in § 12 where dA/A and dB/A are supposed to 
be small quantities of the order 6 — c. In the proof this is interpreted as meaning that 
(6 — c)lb is small. The form of the expressions (18) and (19) constitute a complete 
justification of the primary assumption and of the mathematical treatment provided kab 
be not very small. 

If however we were in (18) and (19) to suppose kab very small, we should find 
that while dB/A varies as (6 — c)6", dA/A varies as {b — cyb. Now in (11) we are 

* TraruaetiofUt YoL ziy., equation (67), p. 821. 

t See § 10, notioing that k^f(0.a,a)=a^f(0,a.a), and that "^|^-oo8lkaa=0 is by (4) identical with 
/(0.a.d)=0. 
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justified in neglecting dAjA only if it be of the same order of small quantities as dB/A. 
Thus our method and assumptions are legitimate only when (b — c)l^li^ as well as 
(6 — c)6'/a' is a quantity whose square is negligible. In other words the volume of the 
layer must be small compared to the volume of the mass inside it. 

It would thus be unjustifiable to apply (28) to the case when the material (/h* ffh> ^) 
forms a core, but by supposing (6 — c) sufficiently small it may be applied to any true 
layer however small its radius may be. When the layer is of infinitely small radius, its 
thickness being supposed of course of a still higher order of small quantities, it will be 
designated the central layer. 

The results obtained for the central layer are practically useful, because as will 
presently appear, the effect of a given alteration of material is for the central layer 
either zero or else a numerical maximum. Thus the values obtained for the central layer 
are asymptotic limits, and they supply very close approximations for practical cases in 
which the layer has a finite though small radius. 

Further discussion of the central layer and core is reserved for § 22. 

§ 17. We notice in (28) the separation of the expression for the change of pitch 
into three distinct terms, the first depending on the square of the displacement at the 
altered layer, the second on the square of the radial stress, and the third on the product 
of the displacement and radial stress. 

If the layer differ from the remainder of the sphere only in density then the first 
term alone exists. This is also the case when the position of the layer coincides with 
the surfigtce of the sphere, or more generally with any nO'Stress suT&ce — ^ie. a suriiaboe 
over which the radial stress U vanishes. 

If on the other hand the layer occur at a node surface — or surface where the dis- 
placement u is always zero-— then the second term alone exista 

If the material of the layer remain the same, then however its distance from the 
centre may vary the signs of these two terms remain unchanged. 

The third term vanishes when the layer coincides either with a node or with a no- 
stress surface. It differs from the other terms in the important respect that its sign 
varies with the position of the layer. Another important feature of this term is that 
it vanishes if rui/ni^m/n, a relation which on the uniconstant theory of isotropy is 
necessarily true. 

§ 18. Before entering on a discussion of (28) it will be convenient to consider shortly 
the type of vibration throughout the sphere. In the core there is no pronounced change 
of type because (4), with of course a different value for k, would apply equally to a simple 
sphere. The only consequence of the existence of the layer is that every node, no-stress 
and loop surface — or surface where the displacement is a maximum — alters its radius r 
according to the law 



I 



-dr/r^dk/k (29). ! 
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■(l+i^6)«^°*«<''-^>-iiS-^)'^*«(^-^>' 



.(30); 



(31). 



(32). 



Substituting in (6) the values of 3-4/^4 and dBjA fix)m (18) and (19) and I'educing, 

we find outside the layer 

, . I. 1 /sinAar , \ 

ufA cos Ari = - f — r cos A?ar 1 

+0Jr^r[{''<^-^v«)-P.(A^-irv..«)}6«*/(6.«.f)+(^^ 
+ *(i^-^) {^-«»/(^.«.^)+^»/(5.«.^)}]. 

where f(b.a.f) 

f{b.a.r)^{m + n) j- sin ia (r — 6) — A;a6 cosA;o(r — b)y — 4n/'(6.a.r) 

The functions / have the same significations in reality as in Sect. I. 
This is easily proved if we notice that 

F (6 . a) = (m + n) kab sin kab — 4»i ( r-r cosioi) , 

^1 (5. o) = (m + n) kab coskab - 4n (-nr-^ + siniai] , 

^ ., V sinArai , , 

G (6 . a) = — , -F cos fcao, 

^ ., . cosAraft . . , , 
Gi (6 . a) = -jT-r — I- sin A:o6 

It will be noticed that / (6. a. r) vanishes and changes sign as r passes through any 
value answering to a node surface of a simple shell of material (p, m, n) performing 
radial vibrations of frequency A?/27r, whose inner surface is of radius 6 and is fixed. 
Similarly f{b.a,7) vanishes and changes sign as r passes through any value answering 

iio a node surface of a simple shell of material (p, m, n) whose inner surfiaice is of radius 

A and is free, the frequency of vibration being also A;/27r. 

The formula (30) diflers from that for the displacement in the core by the addition 
<3f the long expression which has b — c for its factor. This expression we shall here call 
"the change of type. It consists of three terms corresponding to the three terms in (28). 

If the diflference between the material of the layer and that of the remainder be 
such that one or more terms in the expression for the change of frequency vanish, then 
t^he corresponding term or terms in the expression for the change of type also vanish. 
-Again if the position of the layer is such that either of the first two terms in the 
expression for the change of frequency vanishes, then too the corresponding term in the 
change of type vanishes. 

While, however, the third term in the expression for the change of frequency vanishes 
when the layer occurs either at a node or at a no-stress surface, the third term in the 
change of type cannot vanish except for a chance value of r, for Ut and Ui, cannot be 
simultaneously zero. It thus appears that, except on the uniconstant theoiy of isotropy, an 
alteration of elasticity occurring throughout a thin layer coincident either with a node or 

Vol. XV. Part IL 21 
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with A no-stress sur&ce may produce a change of type to which there is no corresponding 
change of frequency. 

It is also worth noticing that while the first two terms in the expression for dk/k 
depend respectively on the squares of U}, and f7i, the first two terms in the change of 
tjrpe depend for their sign on the position of the layer. 

A special interest attaches to the displacement just outside the layer. As /(6.a.6) 
vanishes and /(6.a.5) = - (m + n)fca6 by (31), the displacement in question is 






.(33). 



Now if in crossing the layer the type of vibration existing in the core were maintained, 
the displacement just outside would be simply 

u — A coskt.ui. 
Thus the coefficient of 6 — c in (38) is the measure of the change of type met with in 
crossing the layer. 

The displacement in the layer itself may be got very simply from the consideration 
that it must have the value (33) when r = b, and the value 

-4 COB i^ - {—J cos kac] 

c \ kac J 

when r = c, terms in (6 — c)* being neglected. It is thus given by 

u/A coskt^ T ( -,-r cosAw6 j 7— r \kab sinkab — 2 [—r~k cos Aroij^ 

( \ni + n 7?ii + rtiJ \m + n wij + riiJ j 

The term in r — c in (34) represents the progressive change of type, due to alteration 

of material alone, met with as we cross the layer from within outwards, and it reaches 

the value represented by the term in 5 — c in (33) when the layer is completely crossed. 
If the layer differ from the remainder only in density no change of type is met 

with in crossing it. In other words the layer vibrates as if it formed a portion of the 

included core. 

Any alteration of elasticity will in general produce a progressive change of type in 

the layer, but this will not be the case when the layer coincides with a no-stress surface 

if the uniconstant theory be true, or if both constants in the biconstant theory be altered 

in the same proportion. 

§ 19. As continual references to the properties of a simple vibrating sphere are 
essential for a discussion of (28), and as a good many of these properties have not, so 
far as I know, been fully discussed elsewhere I shall briefly notice them. 

The frequency equation for the simple sphere (O.a.a) is (20). 

The roots of this equation answering to the six notes of lowest pitch have been 
calculated by Professor Lamb* for the values 0, "25, '3 and S of Poisson's ratio 
<r = (m — n)/2m. 

* Procudingt of the London Mathematical Society, Vol. xxii. p. 202. 
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Answering to <r = 1/2 the frequency equation is 

sinA?aa = (35); 

whence kaa^^iir, where i is any positive integer. 

The following table incorporates some of Professor Lamb's results. 



Table I. 
Values of kaa/ir. 



Number 
of note. 

(1) 


o-= 


-25 


•S 


•5 


•6626 


•8160 


•8733 


1 


(2) 


1-8909 


1-9285 


19470 


2 


(3) 


2-9303 


2-9539 


2^9656 


3 


(4) 


3-9485 


3-9658 


3-9744 


4 


(5) 


4-9590 


4-9728 


4-9796 


5 


(6) 


5-9660 


5-9774 


5-9830 


6 



It will be noticed that except in the lowest note or two the frequencies are nearly 
independent of the value of a, and that the case <r = '5 supplies asymptotic values to 
which the results in the other cases tend. 

As (4) is the type of vibration in the simple sphere the node surfisu^s are the con- 
centric spheres whose radii are given by 

r=^(v/ka, where tana:=:ir (36). 

The following are the first six roots, taken from p. 266 of Verdet's Lefons dVptiqve 
Physique, Tome I., 



X 



- = 0, 1-4303, 2-4590, 34709, 44774, 5-4818. 

TT 

The higher roots are approximately odd multiples of 7r/2. 

The nO'Stress surfaces are likewise concentric spheres, and their radii are supplied 
by (20) for the note of frequency Ar/27r when the a in that equation is replaced by r. 
Thus for a given note and a given value of a, the ratios of the radii of the no-stress surfaces 
to the radius of the sphere are obtained by dividing the values of kaa/ir in Table I. 
for all the notes of less frequency, and for the note itself by the value of koui/ir for the 
note in question, all being taken for the assigned value of o-. 

• This method of determining the positions of these surfaces is given by Professor 
Lamb in his p. 197. The surfaces so determined he, however, speaks of as loop surfaces. 
I have here ventured to employ the term in a diflferent sense, defining a loop surface 
as one over which the displacement is a mcucimum. 

I employ the term no-stress surface only in defeult of a better. It must be borne 
in mind that over a surface so named it is only the radial stress that vanishes. 

21—2 
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As defined above loop surfaces are the loci where - [ -r cos kar\ numerically 

considered is a maximum. They are thus concentric spheres whose radii are given by 



r = xjkoLf where sin a? — - ( cosa? J = . 



.(37). 



Now if we write x for kaa, and 1 for m/n in (20) we transform it into (37). Thus 
the radii of the loop surfaces are found by equating koir to the values ascribed to kaa 
in Table I. for the value of a. The loop surfieu^es accordingly coincide with the no- 
stress surfaces only when Poisson's ratio is zero. For all other values of Poisson's ratio 
each loop surface lies inside the corresponding no-stress surface. 

The following table gives the positions of the node, loop and no-stress surfeu^es for 
the first six notes for the limiting values and '5 of o*, and the value '25 of the uni- 
constant theory. 

Table II. 

Values of r/a over node, loop, and no-atress surfaces. 





<r = 




Loop and 
no-stresg 
surfaces 




<r=25 






<T = '0 




Number 


Node 


Node 


Loop 


No-stiesB 


Node 


Loop 


No-stress 


of note 


maUoea 


sur&ces 


Bur&oes 


soifaoes 


soifMes 


BOiCuies 


Borfooes 


(1) 





1^0 





•8120 


1-0 





•6626 


10 


(2) . 





•3604 





•3436 


•4231 





•3313 


•5 


•756-t 


10 


•7417 


•9805 


10 


•7151 


•9454 


1-0 







•2261 





•2243 


•2762 





•2209 


•3 


(3) 


•4881 


•6453 


•4842 


•6401 


•6529 


•4768 


•6303 


•6 




, -8392 


10 


•8326 


•9920 


1^0 


•8197 


•9768 


1^0 







•1678 





•1671 


•2068 





•1656 


•26 


(4) ■ 


•3622 


•4789 


•3607 


•4768 


•4863 


•3576 


•4727 


•5 


•6228 


•7421 


•6201 


•7389 


•7448 


•6147 


•7326 


•75 




•8790 


10 


•8762 


•9956 


1-0 


•8677 


•9871 


1-0 







•1336 





•1332 


•1641 





•1325 


•2 




•2884 


•3813 


•2876 


•3802 


•3878 


•2861 


•3782 


•4 


(5) - 


•4959 


•5909 


•4945 


•5893 


•6940 


•4918 


•6861 


•6 




•6999 


•7962 


•6980 


•7940 


•7975 


•6942 


•7897 


•8 




< -9029 


10 


•9004 


•9972 


!•© 


•8955 


•9918 


10 







•1111 





•1109 


•1365 





•1104 


•16 




•2397 


•3169 


•2393 


•3163 


•3226 


•2384 


•3151 


•5 


(6) ■ 


•4122 


•4912 


•4114 


•4902 


•4942 


•4098 


•4884 


•5 


•5818 


•6618 


•5807 


•6606 


•6635 


•5785 


•6581 


•e 




•7505 


•8312 


•7491 


•8296 


•8319 


•7462 


•8265 


•85 




i -9188 


10 


•9171 


•9981 


1-0 


•9136 


•9943 


1^0 
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§ 20. Counting the centre as a node surface and the outer surface as a no-stress 
surface, the number of the node, loop, or no-stress surfaces is always equal to the number 
of the note. We shall refer to any such surface by its number, supposing the surface 
of the same kind of least radius to be number (1). 

For the node surfaces kar is equated to certain numerical quantities independent of 
<r, viz. the roots of (36). Thus the ratio of the radii of the node surfaces of numbers 
{%) and (%) in a given sphere, when i and i' are given integers, is the same whatever be 
the value of c for the material of the sphere or the number of the note. In like 
manner for the loop surfaces kctr is equated to certain numerical quantities. Thus the 
ratio of the radii of the loop surfaces of numbers (i) and (i') in a given sphere is inde- 
pendent of the value of <r or of the number of the note. 

For the no-stress surfeces, however, kar is equated to the values obtained for kaa from 
the frequency equation, and these vary with the value of <r. It thus appears that while 
in a sphere of given material the ratio of the radii of the no-stress surfaces of numbers 
(%) and (iT) is the same for all the notes, this ratio is different for materials which differ in 
the value of Poisson's ratio. 

It will be seen frt>m the table that unless a- be small there is a marked difference in 
the positions of the corresponding loop and no-stress surfaces of least number. Between the 
loop and no-stress surfaces of high number the difference is obviously very small Their 
radii, as well as those of the node surfaces of large number, are but little dependent 
on <r. As the number of the node surface increases it tends continually to become equi- 
distant from two successive loop or no-stress surfaces. 

§ 21. In all the expressions we are about to deal with for the change of- frequency 
there occurs one or other of two factors. The first is 



.(38). 



Q = (~y -J- {Jfc»a»a» - 4n (3m - w) (m + n)-«}, 

the second W = W^^<^'Q 

As the expressions (38) occur in the coefficient of 6 — c in the expressions for 
dk/k we may, to the present degree of approximation, simplify them by any transformation 
which regards %aa as a root of (20) or the quantity tabulated in Table L 

Thus we may take 

,, . , 1 /sin tea , \ m + n . y 

^ Uy 8>t(m-n) / 4« V 1 f* . 
\ " {m+ny ^\m + n) ifc»a>a' j ' 

whence we get the following alternative formulae 

Q«{4n(m + w)->co8ecAraa}'-i-{A:'o''a'-4n(3m-n)(m + n)-*} (39), 

"H^'-^^fr^- + (^r<*"«>'*}^{***'«'-*"(3m-«)(m + n)-} (40). 
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In the higher notes (40) is much the safer formula to use, because with it any 
small error in the value attributed to kaa in Table I. has a wholly insignificant 
effect. 

The method by which (40) was deduced requires modification when (r = '5. It is 
easy however independently to prove for this case 

a result consistent with (40); whence we also get 

where i is an integer equal to the number of the note. 

Employing the results in Table I., I find the following values for Q and Q' — 











Table III. 






Wntnber 




Vala« of Q 






Value of Q* 




of note 


<r=0 


irs-26 


<r=' 


5 '<r=0 


.r=-26 


<r=-5 


(1) 


2-253 


1-369 




9-762 


8-996 


9-8696 


(2) 


10636 


10401 




37-53 


38-18 


39-48 


(3) 


1-0247 


1-0161 




86-84 


87-51 


88-83 


(4) 


1-0133 


1-0088 




155-93 


156-59 


157-91 


(5) 


1-0084 


1-0055 




244-74 


245-415 


246-74 



(6) 10058 10038 1 353-31 353-98 355-31 

We may regard the case <r = -5 as supplying an inferior asymptotic value, viz. 1, 
for Q, and a superior asjniiptotic value, viz. i^tt* where i denotes the number of the 
note, for Q^, Except in the case of note (1) we may in rough calculations treat Q as 
unity, and regard Qf as varying as the square of the number of the note whatever be the 
value of <r. 

§ 22. We shall first discuss some special cases of (28). 

By supposing b/a very small we pass to the case of the central layer mentioned in 
§ 16. Supposing V the volume of the whole sphere, dV that of the layer, we have 

8F/F=S(6-c)6»/a«. 

Retaining in (28) only the lowest powers of 6, and treating the function of kaa in the 
manner just discussed, we easily find for this case 

aA?f_8F^ 3mi-ni-(37n-n) f^ . 4 ni-n ] 

k " F^ 9(77h + n,) t 3^5^+»ij ^ 

where the suflBx I signifies that the material (/^i, m,, w,) forms a true layer. 

As already explained, the case when the material (pi, m^, Ui) forms a core cannot be 
derived from (28). I have, therefore, worked out this case by a rigid method inde- 
pendently. Supposing b the radius of the core and 3F its volume, so that 

3F/F=6»/a', 
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and retaining only the lowest power of b/a, so that the result assumes the core of 
very small volume compared to the sphere, I find 

• Wi — (9m — n) 



dkc_dVfySmi 



■4n) 



.(41c). 



The suffix c signifies that the material (pi, mi, n,) actually forms a core. 

The physical conditions under which (41/) and (41^) apply are totally dififerent, so 
there is no reason to expect an identity between the two results. It will be noticed, 
however, that when the difference between the material of the layer or core and that of 
the rest of the sphere is small (41;) and (41 J lead to the same result, viz. 

(42). 



dk_dV ^ Sffti — n, - (3wt — w) 
k~ V*^ 



9(m + n) 

Since pi—p appears neither in (41{) nor (41,) we see that an alteration of density 
alone throughout either a central layer or a small core has to the present degree of 
approximation no effect on the pitch of any note. 

In investigating the effects of alteration of elasticity we shall mainly consider the three 
following special cases: — 

*1° when the elastic constant m alone is altered, 

2° when the rigidity n alone is altered, 
■f3° when both elastic constants are altered in the same proportion so that 

»»,/T»=n,/» = l+p (43), 

where p must of course be algebraically greater than — 1. 

The relation (43) is on the unioonstant hypothesis necessarily true, but on the bi- 
constant hypothesis of isotropy there is no d priori reason to expect it to hold. 

Employing the sufBxes I and c as in (41|) and (41,), we find for the changes of pitch 
in the above three cases: — 

1° when m alone is altered 
dV. 



dk, 

k ' 



' k" 



V^ 3(nH + ny 



when n alone is cdtered 

dkt ^/v "i~" 

k~ V^ 9(w + n,) 



r^3m + nj' 



dkc 8Fq, n, — n 

k~ "F^3(3TO-n, + 4») 

3° when the relation (43) holds 
dki_ p dV 



.(440; 



.(44"); 



k 

dk, 
k' 



fy 3 m— n (". 4 n ) 

Q, 3m — » f . 3m — n ]~' 
^9(m + n)| ■^^3(m+n)J . 



dV 



,.(44"') 



.(44). 



* This gives the most general alteration of the oom* 
presdbiiityi or of Toang's modnloB, which is aocompanied 
by no change in rigidity. 



t This is the most general alteration oonsiBtent with 
the constancy of Poisson's ratio. 
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We see that an increase in m alone throughout a small volume at or close to the 
centre raises the pitch and a diminution of m lowers it; also for a given numerical 
alteration of m the fall of pitch when m is diminished is greater than the rise of pitch 
when m is increased. 

Since 3m — n is essentially positive we see that in both forms of (44'') the sign of 
dh is opposite to that of Ui — n. Thus when the rigidity at or close to the centre is 
altered the pitch is raised or lowered according as the rigidity is diminished or increased. 
The fall of pitch due to a small increase of rigidity at or close to the centre is greater 
than the rise of pitch due to an equal small diminution of rigidity. 

In the case of the core this is obviously the case whatever be the magnitude of 
the alteration of rigidity. In the case of the central layer we may regard dki as com- 
posed of two terms, the first varying as ni — n and indicating a change of pitch opposite 
in sign to the alteration of rigidity, the second varying as (rii — n)" and always indicating 
a fall of pitch. 

If the alteration of elasticity satisfy (43), then the pitch is raised or lowered accord- 
ing as the elastic constants are increased or diminished. In the case of the core the 
rise of pitch due to a given numerical increase in the elastic constants is obviously 
always less than the fall of pitch due to an equal diminution in the constants. The 
same is easily proved true for the case of the central layer when the alteration in elasticity 
is small. 

For any alteration of elasticity other than those above considered occurring at or close 
to the centre, we obtain from inspection of (41^) and (41J the general law that the 
pitch of all the notes is raised or lowered according as the elastic quantity m-n/S — 
i.e. the hulk-modulus — ^is increased or diminished. 

§ 23. When, as necessarily happens on the uniconstant theory of isotropy, only one 
elastic quantity is involved, the meaning to be attached to the terms stiffness and elasticity 
is in general free from ambiguity, and the statement that a local increase in stiffness raises 
the pitch may be in all cases sufficiently definite to admit of its truth being tested. 
As applied to the case (43) it is strictly true, and so when proceeding from supporters 
of uniconstant isotropy is in accordance with the facts here arrived at. 

When, however, the statement is made by supporters of the biconstant theory it fails 
in the present case to have any exact meaning. This is obvious if we consider that 
the terms stiffness and elasticity might be interpreted to mean the rigidity, the bulk- 
modulus, Young's modulus, or any other modulus. 

Now an increase in the rigidity produces an. increase in Youngs modulus and a fall 
in the bulk-modulus, while an increase in m increases both Young's modulus and the 
bulk-modulus. Thus a given increase in Young's modulus may be accompanied by a rise 
or by a fall in the bulk-modulus. 

Our recent investigation shows that if the term stiffness is limited to mean the bulk- 
modulus the general statement is here in accordance with the facts; whereas if it be 
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supposed equivalent to Young's modulus it may be true or false according to circum- 
stances. 

§ 24. As concerns the numerical magnitude of the change of pitch we may regard 
in the case of the central layer 






aF3wv;-ni--(3m-ri) 

r 3 



and in the case of the core 

dV Smi -ni~(3m- n) 



= 3^., 



V Snii — rii + 4n 
as measuring the magnitude of the alteration of elasticity. 
The expressions (41/) and (41,) may then be written 

Thus if in Table III. we divide the values given for Q by 3, and alter the heading 

from Q^ to rdki-i-dEi^^ .dkc-rdEc, we obtain at once a numerical measure of the changes 

in the pitch of all the notes considered in that table. The forms taken by dEi and 
dEc in the special cases when m alone is altered, or n alone is altered, or (43) holds 
are obvious from equations (44). 

The forms given above are convenient when we examine the eflPect on the pitch 
due to a given alteration of material occurring throughout a given volume. 

We shall also have occasion to deal with layers of given thickness, for which b — c 
is constant The square of the thickness is supposed in every case negligible, thus the 
effect on the pitch of any note due to any alteration of material throughout a central 
layer of given Sickness or throughout a core of equal small radius, being at least of order 
{kaby, must be held to be zero. 

§ 25. A second special case arises when the alteration of material occurs at the 
surfEtce. 

As the proof on which (28) rests assumes that the material (/^i, mi, rii) has material 
(f>, m, n) outside it, its application without further proof to the case when (pi, mi, rtj) 
forms a surfr^^ layer might be objected to. I have thus worked out independently the 
case of the two-material compound sphere (0 . a . 6 . a^ . a), and proceeding to the limit 
when {(a — 6)/a}" is negligible I obtained a result identical with that derived from (28) 
by supposing 6 = a. 

Denoting the thickness of the layer by t, and remembering that in virtue of the 
sur&ce condition in a simple sphere Ua is zero, we easily obtain fi^m (28) 

Vol. XV. Part II. 22 
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UaW P'"^ - 4n(3m-n) ( n^ (9m, - wQ (m, + n^ )-^ ] 
dk ^ t p (m + ny \ n (3m - n) (m + n)-^ ) 

k ' a f ji 9 • 4n(3w — r?) ^ 

(w + w)* 

The value of dk/k when the density at the surfisu^e alone is altered is shown in the 
following table for the first six notes answering to the values 0, '25 and '5 of <r. 

Table IV. 

Vcdve of """xr"^(~^ — -) for a surface layer. 

Number 

of note (1) (2) (S) (4) (5) (6) 

1-857 1-060 1024 1013 1008 1006 

1-511 1-064 1-0265 10145 1009 1006 

111111 i 

! 
Noticing that if we suppose in (45) i 

n(3m-n)(m + n)-^ p ^""^ ^*''^' 

it reduces to the wonderfully simple form 

A=-a« (^^>' 

we deduce at 6nce from Table IV. the following results for the change of pitch due to a 
surface alteration of elasticity alone — 

Table V. 

Valu, of ^*^ [M^^^-^^^ for a surface layer. 

*' k \a{ n (3m '^n){m'{' n) * j J *' •' ^ 

Knmber 

of note (1) (2) (8) (4) (6) (6) 

fO -857 -060 024 013 -008 006 

25 -511 064 -0265 -0145 -009 -006 

;5 

From Table IV. we see that in every case of a surfiewje alteration of density the pitch 
is raised or lowe'red according as the density is diminished or increased. 

The effect of a sur&ce alteration of elasticity whatever be the value of o- is very 
small in the case of the higher notes^ and continually diminishes, as measured by the 
percentage change of pitch, as the number of the note increases. For the limiting value 
*5 of o* the effect of a surfisu^e alteration of elasticity alone is always zero. 

From Tables IV. and V. we see that if a thin surfisuje layer of an isotropic sphere 
be altered in any manner consistent with its remaining isotropic, the ratios of the 
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frequencies of all the higher notes can only be very slightly affected; but, unless the 
value of a for the unaltered material approach the limiting value *5, or else both density 
and elasticity be altered in such a way as approximately to satisfy (46), the ratio of the 
frequency of the fundamental note to that of any of the higher notes may be sensibly 
disturbed. 

If we suppose the relation (43) to hold, then (46) takes the form 

P = 9» 
or the percentage alterations in the density and in the elastic constants are to be numeri- 
cally equal and of the same sign. 

§ 26. An exhaustive analysis of (28) being out of the question, I propose limiting 
the investigation to the following cases: 

V. Suppose the layer to differ from the remainder only in density, then remember- 
ing (38) and (26) we have 

where ^ = 6-c, M = 4^a*p/3, 9Jlf = 47r6* (6 — c) (pi - p), 

and dM/M is supposed small. 

The form of (48) to be used is the first or second according as the layer is of 
given thickness or given volume. 

2°. Suppose m alone altered, or the layer to differ from the remainder in all its 
elastic properties except the rigidity. For this case there are the two alternative 
formulae 

;- = -— ^—; — Qsm*kab==-^ ^^-- — f- , , 1 (49), 

k a TTh + n V roi + n 3 V kab I ^ ' 

where F = 4TraV3, ar=47rfe»(6 -c), 

and dV/V is supposed small. 

•3°. Suppose m constant and n alone altered. The following seems the most con- 
venient way of representing the expression for the change of pitch — 

4(n,-n)fl fain kab r Al'l ,,n^ 

We can obtain an alternative form in 3 F by putting 

^«-'-?i(i)* <")• 

employing dV under the same restriction as in (49). 

* For the case where the oompresfdbility is constant while the rigidity ia altered, see the note at the end 
of this Section. 

22—2 
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4°. Suppose the relation (43) to hold. The fonnula for the change of pitch is 

k a^^l {m + ny \kab\ kab J) 

+ (l + p)-|8m&a6--A__Z_^___cos&«6JfJ (o2). 

The substitution (51) gives the equivalent form in dV, applicable under the usual 
restriction. 

§ 27. Comparing the several expressions (48), (49), (50) and (52) for the change of 
pitch we see that each is a product of three factors. 



The first factor is such as 



t p^ — p dVmi — m 
a p ^ mi + w * 



and may be regarded as measuring the magnitude of the alteration in the material. For 
a given alteration of material the first factor is the same for all notes, and for all positions 
of the layer. The second factor is either Q or Q'/S. These quantities vary with the 
number of the note and the value of a, as shown by Table UI., but are independent 
of b. The third factors are such as sin'Arafc. They determine how the effect on the 
pitch of a given note of a given alteration of material varies with the position of the 
altered layer. 

In the case of (48) and (49) these third fiu^tors do not contain m or n explicitly, 
and depend on a only in so far as Ara does. They may thus be regarded as functions 
solely of the vaiiable kofb. We thence arrive at a comparatively simple way of treating 
the subject. 

§ 28. We shall first examine the case of (48) and (49). 

As an example let us take the first form of (48) and draw a curve B, fig. 1, viz. 

/sin a; V ._^. 

y = {-^-cosa?j (63), 

whose abscissae are the values of a; = kob. Then the ordinates of this curve indicate 
the variation in the magnitude of 

_^k ^/t pi-p \ 
Ic ' \a p J 

with the radius of the layer of altered density, supposed of given thickness, whatever 
be the number of the note or the value of <r. The only effect of a variation in the 
number of the note or in the value of <r is to vary the value of the factor, viz. 
{koLay-^, by which the abscissae must be multiplied to get the corresponding values, of b/a, 
and the fskctor, viz. Q, by which the ordinates must be multiplied so as to give the 
numerical values of 

^dk^np^ 

k \a p / 
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In the fundamental note for instance the position of the layer to which the abscissa 
X refers answers to 6/a = a?/('66267r) when a- = 0, and to ft/a = a?/(-81607r) when <r = "2o. 
In the first case the portion of the curve which applies is limited by the abscissae 
and '662&7r, whereas in the second case the limiting abscissae are and '816(hr. In 
the first case to find the numerical value of 

dk 



k ' [a p J' 



we must multiply the ordinates by 2-253, whereas in the second case the fector of multi- 
plication is 1*369. 

Suppose again we consider one of the higher notes, for instance note (4) when 
cr = *25. Here the position of the layer to which the abscissa w refers answers to 

ft/a = a?/(3-96587r), 

and the whole of the curve between the origin and the point whose abscissa is 3*9658^ 
applies. To get the numerical value of 

dk , ft pi-p \ 
k ' \a p J' 

we must in this case multiply the ordinates by 1*0088. 

Still employing the same curve we shall illustrate its application to the determi* 
nation of relations between the successive positions of the layer when the change of 
pitch vanishes or is a maximum. Since dk vanishes when the ordinate of (53) vanishes, the 
several positions of the layer when its existence has no effect on the pitch are found by 
equating kab to the successive roots of equation (36), which are absolute constants inde- 
pendent of k or cr. 

In like manner the several positions of the layer when its effect on the pitch is 
a maximum are found by equating kab to those abscissae which supply the maxima 
ordinates of (53), i.e. to the successive roots greater than zero of the equation 



1/sina? \ ^ ,^.. 

sma? ( coBXj =0 (54). 



The roots of this equation are likewise numerical quantities. We thus conclude that as 
ka is constant for a given sphere performing a vibration of given frequency, the radii 
of the several positions of the layer where its existence has no effect or a maximum 
effect on the frequency of a given note are to one another in certain constant ratios 
wholly independent of the number of the note, of the value of a, or of the magnitude of 
the sphere. 

If we denote the i^ positive root in ascending order of (54) by Xi, and the radius 
of the corresponding position of the layer for the note of firequency k/iir by 6<, then 

bi/a^Xi/kaa (56). 
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Thus the ratio to the radius of the sphere of the radius of the layer when in the 
position answering to the maximum change of frequency of given number ({), in the note 
of frequency k/27r, — ^the position nearest the centre being held number (1) — varies inversely 
as the value of kaa for the note and material considered. The same is obviously true of 
the radii of those positions of the layer where its effect on the pitch vanishes. 

Again since the numerical value of dk/k for a given note in a given sphere is 
obtained by multiplying the ordinate of (53) by a constant factor, we find between the 
maxima changes of pitch of numbers (i) and (f) in a note of frequency k/2w and the 
maxima ordinates of numbers (t) and (j) in the curve (53) the simple relation 

dki : dkj :: y< : y^ (56). 

Now yi and yj are certain numerical quantities, thus, whatever be the number of 
the note or the value of a, the ratio of the maxima changes of frequency of numbers 
(i) and (j) is the same. Thus if we desire to compare the relative magnitudes of the 
successive maxima changes of frequency in the pitch of a note of given number in a given 
sphere, due to an assigned alteration of density throughout a layer of given small thick- 
ness, all we have to do is to compare the lengths of the successive maxima ordinates of 
the curve B, fig. (1). 

Conclusions of the same general character obviously apply to the three following curves — 

A, fig. 1, viz. y=|-^^?-^-C08flp)j (57), 

5, fig. 2, „ y = 8in'a? (58), 

^, fig. 2, „ y = (ar'smxy (59), 

which represent the variation of dk/k with the value of kab in the second form of (48), 
and in the first and second forms of (49) respectively. In the case of (57) and (59), 
where the layer is supposed of given volume, the restriction of the formula in the case 
when the radius of the layer becomes very small must be remembered. The ordinates 
however at the origin give correctly the change of pitch due to a central layer. 

§ 29. There are various other general conclusions which are easily derived from (48) 
and (49), in the elucidation of which the curves (53), (57), (58) and (59) are useftil. 

If we suppose the curves drawn on the same scale, then the value of b/a which 
answers to a given value of x is, for a given note in a given material, the same in all 
the curves. 

Again if we are considering the effect of an altered layer of given thickness, the 
second factor, which determines the variation of dk/k with the value of <r or with the 
number of the note, is Q in the first forms of both (48) and (49). 
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We thus conclude that if the same scale be adopted in the curves, then the quantities 

— -r- -h ( - ^ — ^j and iT -r ( ] for any given note and material are simply in the 

ratio of those ordinates of the curves B, fig. 1, and B, fig. 2, whose abscissae are found 
by multiplying the values of b/a for the assigned positions of the layer by that value of 
kaa which applies to the note and material under consideration. 

If we suppose the thicknesses of the layer of altered density and the layer whose 
elastic constant m is altered the same, and further suppose 

Pl^^Vhq^ (60). 

p rrii + n ^ ^ 

then the numerical magnitudes of the changes of pitch in the two cases in a given 
note and material are simply as the lengths of the ordinates of the curves. 

Similarly if we are considering the efifect of altered layers of given volume, we see 
from the second forms of (48) and (49) that the second factors are the same, viz. Q'/S, 
whether the alteration be in the density alone, or in the elastic constant m alone. We 

thus conclude that the magnitudes of the quantities ""TT'^I'Ij) *^^ T'^ilT ) 

for any given note and material are simply in the ratio of the ordinates of the curves 
A, fig. 1, and A, fig. 2, supplied by the abscissae which correspond to the assigned positions 
of the layer. 

§ 30. The expressions (50) and (52) do not admit of so simple a treatment. 

We may, however, regard (50) as composed of two terms, each of which may have 
its dependence on b represented by a curve whose ordinate is a function solely of 
X = kab. 

When the layer is of given thickness, these curves are 

y = ti(«^)t.(^) (61), 

where ^i(a?) = 8ina:-2flr»(a:-*8ina?-co8aj)) 

^j(a?) = sina7 — 6ar*(«"*sina;— cosa?)j ^ 

and (57). 

We may then suppose a compound curve drawn whose ordinate is the ordinate of 
(61) diminished by the product of the ordinate of (57) into the quantity 

4(ni-n)/(m + n). 

Since this quantity depends on the value of a and on the magnitude of (n^ — n)/n 
the compound curve varies with the value of a in the material and with the magnitude 
of the alteration of rigidity. 
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When the layer is of given volume the two curves are 

y^w^it,{x)ir,{x) (63), 

and y « [or* (ar^ eiax- cos x)Y (64). 

A compound curve may be derived from (63) and (64) precisely as one was derived 
from (61) and (57). 

The expression (52) may likewise be regarded as composed of two terms. The first 
of these may have its dependence on b shown by a curve whose form is independent 
of a. This curve is (57) or (64) according as the layer is of given thickness or of 
given volume. The second term has its dependence on b shown, according as the thickness 
or volume of the layer is given, by the curves 

y = {sin a? — 4n(m + n)~*ar*(ar^ sin a? — cos a?)}* (65), 

y = a;-« {sin a?— 4n(m-f n)~*ar*(ar* sin a: — cos a:)}* (66) 

respectively. 

Compound curves may as before be constructed showing the variation with b of the 
complete expression (52). These compound curves vary with the value of a and with 
the magnitude of the alteration of elasticity. 

If we suppose a compound curve drawn in the case either of (50) or (52) answering 
to a given alteration of elasticity and a given value of a; then it applies to all possible 
notes. There are thus for a given alteration of elasticity and a given value of cr the same 
species of relations between the relative positions of the layer when its effect on the pitch 
is a maximum, and between the magnitudes of the several maxima of dkjk, as there 
were in the case of (48) and (49). 

§ 31. When the alteration of elasticity and the value of <r remain unchanged then 
in (50) and (52), precisely as in (48) and (49), the variation of the several maxima of 
dkjk with the number of the note depends only on the factor Q when the layer is of 
given thickness, and on the factor Q'/3 when the layer is of given volume. 

Now as appears from Table III., Q differs but little from unity except for note 
(1) ; whereas in the higher notes Q increases at least very approximately as the 
square of the number of the note. Thus for any one of the four types of alteration 
of material treated here, the maxima percentage changes of any given number in the 
frequencies of the several notes above the first are all nearly equal when the layer is 
of given thickness, but vary approximately as the squares of the numbers of the notes 
when the layer is of given volume. 

§ 32. The evaluation of some of the functions of x represented by the curves being 
a very laborious process, I have carried none of the calculations beyond the value 37r 
of X. The results are given in Table VII. This supplies most necessary data for the 
first three notes in any material, but in the case of the higher notes its scope is 
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limited to positions of the layer which, roughly speaking, lie inside the third loop 
surface. 

The unit abscissa adopted in the table is ^/18. For shortness the functions are 
represented by /(a?) .../,(«). Full information as to the first eleven of these headings 
is supplied in the following table. The entry "p" in the column headed "Property of 
material altered" means that both elastic constants are supposed altered in the same 
proportion, as in (43): 

Table VL 




/i(a?) = 8in*a? 

/.W = ^/i(^) 

/, (x) = (ar* sin a? — cos a?)' 

f^ (x) = {sin a? — 2a:""* (ar' sin x — cos a:)}* 

f,(x)^ar^Mx) 

f^(jc)^ {sina: — |ar*(a?"**sina: — cosa?)}* 

A(x)^ar^Mx) 

/,(x) = |8ina?-?(''^-cosa:)||8ina?-^(?^-c^ 

/„(a?) = flr«/io(a?) 



Property of ' 
altered i 


Layer 

of 
giveD 


Figure 
where 
carve 
drawn 


Letter 
kttMh- 
edto 
oarve 


Values 

of<r 

carre 

appUes 

to 

1 


m 


thickness 


2 


B 


all 


\p 


>» 


»t 


ft 


•5 


m 


volume 


2 


A 


all 1 


\P 


»» 


» 


n 


•5 


P 


thickness 


1 


B 


all 


[P 


volume 


1 


A 


all 


r 


thickness 


>l 


>f 


» 


\p 


ff 


M 


>i 


ft 


n 
V 


volume 


1 





all 


n 


» 


n 


» 


P 


thickness 


4 


B, 





P 


volume 


4 


^, 





P 


thickness 


4 


B, 


•26 


P 


volume 


4 


A^ 


•25 


n 


thickness 


3 


B 


all 


n 


volume 


3 


A 


all 



As the first nine functions cannot be negative no signs are attached to their values. 
In the case of /io(^) and fnix) signs are attached to those entries which occur next 
the zero value. Any number without a sign attached has the sign last entered in the 
column. 

The functions /u(a?) and fit{x) which appear in the table apply both to the radial 
and the transverse vibrations of a sphere. Their use in radial vibrations is stated at the 
end of this section; their form is more fully discussed in Sect. III. 

Vol. XV. Part IL 23 
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§ 33. We shall now discuss in some detail the effects of the several alterations 
of material. 

When the layer differs from the remainder only in density the change of pitch is 
given by (48). The positions of the layer when the pitch of a given note is unaffected 
coincide with the node surfaces for that note. 

When the layer is in any other position the pitch is raised or lowered according 
as the density is diminished or increased. 

When the layer of altered density is of given volume dklk varies simply as u^, as 
may be seen by comparing (26) with the function of x occurring in curve (57), Le. A, 
fig. 1. 

The points of this curve whose ordinates vanish answer of course to the node 
surfaces including the centre. The successive maxima ordinates answer to positions of 
the layer coincident with the successive loop surface& 

The number of maxima is always equal to the number of the note. When <r = 
the sur£ace of the sphere is always a position supplying a maximum. 

We see at once bova the curve that the first maximum is &r the most important. 
Thus the effect on the pitch of any note of an alteration of density throughout a layer 
of given small volume whose radius exceeds that of the first, or at all events the second, 
node surfisu^ is comparatively insignificant. The calculation of the lengths of the maxima 
ordinates may be simplified by the consideration that since the corresponding abscissae 
are the roots of (37) we may put 



{K^-*^'')F=(i"'''')*=M^-^^r 






.(67), 



where xftr has the values ascribed in Table I. to the case a* = 0. For the ratios of 
the first to the successive maxima ordinates, and so of the first to the successive maxima 
- 3fc 9Jf T ^ J 
k M 

1 : 1485 : 0620 : 0342 : 0217 : -0150.... 

As already explained the absolute magnitudes of the maxima vary as Q and so 
depend on the value of <r and on the number of the note. The following table gives 
the first and so the largest maximum for the first six notes. 
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Table VIII. 
First maximam of — -f "^ if • 



Yalne 
of <r 


Nnmber 

of note (1) 


(2) 


(8) 


(*) 


(6) 


(«) 



•26 

•5 


•619 
•570 
•626 


2-38 
2-42 
250 


5-51 
565 
563 


9-89 

993 

10-01 


15-52 
15-56 
15-65 


22-41 
22-45 
22-53 



When a ^'5 the first maximum for note (i) is given by 

_|,9^=».^«259 (68); 

! and for all values of t above 6, this equation will give a close approximation to the 

I first maximum whatever be the value of o-. 

§ 34. When the layer of altered density is of given thickness t, the mode of varia- 
tion of dk/k with kab is given by curve (53), ie, B, fig. 1. The successive maxima 
ordinates diminish slightly as the values of a; to which they correspond increase. 

The exact values of the abscissae supplying the maxima ordinates are the positive 
roots of 

8ina:--f^-cos^Uo (69), 

excluding zero. It will be noticed that (20) may be made identical with (69) by writing 
X for kaa and taking m^Bn. Thus the roots of (69) are the values assigned to kaa 
I in Table I. in the column for a » •§. The corresponding positions of the layer thus 

I coincide with the no-stress surfisu^s when a^'d, and lie outside or inside these surfaces 

! according as a* is less or greater than this value. It follows that provided <r be not less 

than *S the number of true maxima of dk/k is equal to the number of the note. If, how- 
ever, a- be less than d the number of true maxima is less by unity than the number of 
the note. 

This point requires special attention in note (1), as there is here no true maximum 
I if (T be less than *S. This simply means that when <r is less than 'S the portion of 

I curve B, fig. 1, which applies to this note does not extend as fSu* as the first maximum 

ordinate. The value of dk/k in such a case increases continually as the layer moves out 
firom the centre. The value arising when the layer is at the surface may be called a 
maximum, but it must be carefully distinguished from the true maxima which answer to 
the maxima ordinates of curve B. 

All the data necessary for calculating the positions of the layer answering to the 
I true maxima in the case of those notes and materials considered here exist in Table I. 

I have, however, thought it worth while to record the results in the following table. 
' The blanks indicate the absence of true maxima. 
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Number 
of note 



(1) 



(2) 



(3) 



(4) 



(5) 



(6) 



Table IX. 

Values of bla when —-r-^-i- — ) is a maximum. 
' k \a p J 

Valne Number of 

ofiT muimom (1) (3) (S) (4) (5) 



-25 
-5 



•25 

-5 



•25 
•5 



•25 

•5 



•25 

•5 



•25 

•5 



(6) 



•8733 










•4618 
•4528 
•4366 


-9735 








•2980 
•2956 
•2911 


•6644 
•6591 
•6490 


-9885 






-2212 

•2202 
•2183 


•4931 
•4909 
•4867 


-7511 
•7478 
-7414 


-9936 




•1761 
•1756 
•1747 


•3926 
•3915 
•3894 


•5980 
•5964 
•5931 


-8015 
•7992 
•7949 


•9959 


•1464 
-1461 
•1455 


-3263 
•3267 
-3245 


•4971 
-4961 
-4943 


•6662 
•6649 
-6624 


•8347 
•8331 
•8299 



•9972 



In calculating the lengths of the successive maxima ordinates of curve B, fig. 1, 
we may, since a? is a root of (69), replace 

/srn^ _ ^^^ \ ^y (1 - a?-« + x-^y^ 

For the ratios of the first to the successive maxima ordinates I find 

1 : -908 : '895 : '890 : -888 : -887.... 

These are thus the ratios of the first to the successive maxima of — dk/k due to a 
given alteration of density occurring throughout a layer of given thickness in a given sphere, 
whatever be the density or elasticity of the sphere or the number of the note con- 
sidered. 

The absolute values of the maxima vary as Q. In the following table are given 
the absolute values of the first and so largest maxima for the cases considered here. 



First maximum 



Table X. 
dk 



ft pi-f>\ 









ft 


Ka p J 






Value 
of a 


Nmnber 

of note (1) 


(8) 


(») 


(4) 


(6) 


(6) 




•25 

-5 


1-857* 
1-511* 
1130 


1-202 
1175 
1130 


1158 
1148 
1130 


1145 
1140 
1130 


1140 
1136 
1130 


1137 
1135 
1130 
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In the case of note (1) there are no true maxima for the values and '25 of o*. 
I have, however, given the greatest values which the quantity tabulated can have in 
these two cases. They answer to positions of the layer coincident with the surface, 
and are distinguished by asterisks. 

As in the case of all quantities varying as Q, it is only in the first few notes that 
the percentage change of pitch depends to any marked extent on a. For any note 
above the sixth in any isotropic material the formula for the limiting case <r = *5, viz. 



P 
supplies a very fair approximation to the first maximum. 



-T-a^')-»»» <'»)■ 



§ 35. In the second case we are to consider m alone is altered. Mathematically con- 
sidered this change is very important, as the expressions which occur in the formula for 
dk/k are of extraordinary simplicity. 

The change of pitch in this case is given by (49). The positions of the layer when 
the change of pitch in a note of frequency k/2w vanishes are given by the equation 

x = kab — %Tr (71), 

where % is any positive integer. For all other positions the pitch is raised or lowered 
according as m is increased or diminished throughout the layer. 

Employing (71) we can easily calculate firom Table I. the values of b/a for those 
positions in which the layer does not affect the pitch of the several notes. When «- = '5 
these positions coincide with the no-stress surfisMses. For other values of <r it seems 
unnecessary to tabulate them, because they lie exactly midway between the successive 
positions given in Table XI. where the layer when of given thickness has most effect 
on the pitch. 

Supposing first that the layer is of given volume, we have the variation of dk/k 
with the value of kab given by the curve (59), Le. A, fig. 2. 

Of the maxima ordinates that at the origin is very much the largest. Thus the 
maximum change of pitch which arises when the altered material forms a central layer 
is extremely large compared to the other maxima. 

In the present case to obtain the change of pitch due to a central layer, we have 
only to divide by 3 the values given for Q' in Table III., and to alter the heading from 

From (59) we see that the several maxima ordinates have for their abscissae the 
roots of tan^»«. The corresponding positions of the layer are thus coincident with the 
node surfacea 
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In comparing the lengths of the maxima ordinates it is convenient to notice that 

since ta.nx^x, 

{x-' sinxy =^ (1 + o^yK 

Employing this relation, I find for the ratios of the first to the subsequent maxima 
ordinates, and so for the ratios of the first maximum change of pitch — answering to a 
change of m throughout a central layer — ^to the subsequent maxima 
1 : 04719 : 01648 : 00834 : 00503 : 00336.... 
For notes above the sixth a close approximation to the first maximum in any material 
is supplied by the equation 

dk ^ fdV ^_--m\ _iV .^^. 

k ' \V m. + n)'' 3 ^ ^' 

where i is the number of the note. This is the exact equation for the value *5 of c 

§ 36. Suppose next that the layer whose m differs from that of the remainder is of 
given thickness. The corresponding curve is (58), i.e. B, fig. 2, which is merely a special 
form of the curve of sines. 

The zero ordinates coincide of course with those of curve A, fig. 2. The abscissae 
supplying the maxima ordinates are found by ascribing positive integral values to i in the 
equation 

X = (2% + 1) 7r/2. 

The corresponding values of b/a for the notes and materials treated here are given in 
the following table: 

Table XL 



dk 





Values of b/a when -r- -i- 


Namber Value 


Namber of 




of note 


Of V 


Maximimi (1) 


(3) 




[0 


•7546 




(1) • 


•25 


•6127 






•5 


•5 









•2644 


•7933 


(2) ■ 


•25 


•2593 


•7778 




•5 


•25 


•75 




fO 


•1706 


•5119 


(3) ■ 


•25 


•1693 


•5078 




•5 


•16 


•5 




fo 


•1266 


•3799 


(4) ■ 


•25 


•1261 


•3782 




•5 


•125 


•375 







•1008 


•3025 


(5) . 


•25 


•1005 


•3016 




•5 


•1 


•3 







•0838 


•2514 


(6) H 


•25 


•0836 


•2509 




•5 


•08S 


•25 



(t mi — m ) 
\a mi + n] 



IS a maximum. 



(8) 



(*) 



(5) 



(6) 



8532 
8463 
83 

6332 
6304 
625 

5041 
5027 
'5 

4190 
4182 
416 



8864 
8826 
875 

7058 
7038 

7 

5867 
5855 
58^ 



•9074 
•9049 
•9 

•7543 
•7528 
•75 



•9219 
•9201 
•916 
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Comparing the preceding table with Table II. it will be seen that the positions of 
the layer of given thickness when an alteration in • m has most effect on the pitch are, 
with the exception of the first, only a very small distance outside of the corresponding 
node sur&ces. The distances separating the two sets of surfaces become less and less 
the higher the note. 

The maxima ordinates are all exactly equal. The exact expression for the maxima 

changes of pitch is 

dknrn^\^ (78). 

k \atni + nj ^ ^ ' 

Their numerical values are thus given explicitly in Table III. by altering the heading in 
dk 



that table from Q to f ^f^!?^^:!??). 



§ 37. In the next case we are to consider when the layer differs from the re- 
mainder only in rigidity the change of frequency is given by (50). 

This may be regarded as composed of two separate terms, one varying as the first, 
the other as the second power of fii — n. When the difference between the rigidities of 
the layer and the remainder is small the second term may be neglected, except for such 
values of 6 as make the first term nearly vanish. By supposing the difference of the 
rigidities sufficiently small we can indefinitely reduce the limits wherein the second term 
is comparable with the first. We shall thus for the sake of simplicity commence by 
supposing that rti — n is very small and that the term in (rti — ny is negligible. 

The law of variation of dk/k with the value of kab is in this case given by (61) 

or (63) according as the layer is of given thickness or of given volume. The sign of 

dk/(ni^n) is thus the same as that of the product of the functions •^i(a?) and '^j(a?) 
defined in (62). 

The ordinate of curve A, fig. 3, is the quantity or^'^i{ic)'^i{(c), or /u(«) of Table VIL; 
while the ordinate of curve B, fig. 3, is the quantity "^i (a?) -^j (a?), or fio(x). Thus the 
ordinates of these curves are proportional to the changes of pitch when a small alteration 
in rigidity occurs throughout (1) a given volume, (2) a given thickness. 

The sign of dk is the same as that of ni — n or the opposite according as the 
ordinates of the curves are positive or negative. The zero ordinates have for their 
abscissae the roots of the two equations 

ti(*) = (74X 

t.(^) = (76). 

As a increases through a root of (74) the curves cross from the negative to the 
positive side of the axis of a?, while as x increases through a root of (75) they cross 
from the positive to the negative side. 

Comparing (62) with (20) we see that the roots of (74) are the values ascribed to 
kaa in Table I. for <r = 0, the corresponding positions of the layer being coincident with 
Vol. XV. Part II. 24 
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the loop surfaces. For the first two roots of (75), excluding zero, I find approximately 
l-6947r and 2'797'rr. 

If we denote by iXi and ^i the i^ roots excluding zero of (74) and (75) re- 
spectively, then it is easily proved that as i increases the roots iXi and ^i^i both con- 
tinually approach iir. Also lO^ — ^ir-i remains positive but continually diminishes as % 
increasea Thus the breadth of the segments which lie on the negative side of the axis 
becomes less and less the further they are firom the origin, while the breadth of the 
positive seg^ients approaches w. 

For further information as to details the reader may consult the following table, 
remembering that the term in (tij — n)* is neglected in its conclusiona 

Table XII. 



Sign of dk/(ni — n), and values of b/a for which its sign changes. 





Nnmber 

of note dklin^^n) =0-0 + — 0+ 



(1) 



(2) 



(3) 



(4) 



(5) 



(6) 



( ( 

■lo- = -25 \b/a = 
( -5 I 

(Of 

iff = -25 U/a = 
I -5 I 

( ( 

iff = -25 ib/a » 
I -5 I 

j ( 

<ff = -26 \b/a = 
( -6 ( 

( ( 

iff = -25 ibla = 
( -5 I 

( ( 

•(«r = -25 ib/a = 
I -5 I 



•812 
•663 


1 

1 








•350 
•344 
•331 


•896 
•878 
•847 


1 

•980 

•945 


1 
1 




•226 
•224 
•221 


•578 
•574 
•565 


•645 
•640 
•630 


•955 
•947 
•932 


1 

•992 
•977 


•168 
•167 
•166 


•429 
•427 
•424 


•479 
•477 
•473 


•708 
•705 
•699 


•742 
•739 
•733 


134 
133 
132 


•342 
•341 
•339 


•381 
•380 
•378 


•564 
•562 
•559 


•591 
•589 
•586 


111 
111 
110 


•284 
•283 
•282 


•317 
•316 
•315 


•469 
•468 
•466 


•491 
•490 
•488 



For the fourth and higher notes the table is complete only for positions of the layer 
inside the third loop surfiice. The other positions of the layer in which dk/(ni — n) 
vanishes in changing from negative to positive, being the same as the loop surfaces above 
the third, are given for notes (4) — (6) in Table II. 

§ 38. - For the numerical magnitudes of the changes of pitch we must separately con- 
sider the cases when the layer is of given volume and of given thicknesa In the former 
case the curve A of fig. 3 applies. This curve has its largest maximum ordinate at the 
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origin. The numerical magnitude of the first maximum change of pitch may be obtained 
from §§ 22 and 24. As explained there its values for the several notes and materials treated 
here may be found by dividing by 9 the values assigned to Q' in Table III. and equating the 

results to — -7- -?-(-— — tt- V 
k Vwi + n V) 

Thus the change in pitch due to a given small alteration in n throughout a central 
layer is numerically equal to one-third the change in pitch due to an equal alteration in 
m throughout the same central layer. The feet that dk is opposite in sign to nj — n is 
thus important practically as well as theoretically. 

The abscissae answering to the subsequent maxima ordinates are the roots of a 
complicated equation. The approximate values of the first few roots can be seen from 
the figure or from Table VII. As regards the higher roots it is comparatively easy to 
prove that they split up into two sets, one set approaching the values (2i + 1) 7r/2, the 
other set approaching tV, where i is an integer. Answering to the first set are those 
maxima for which 3i:/(ni — n) is positive, to the second those maxima for which 3i/(?ii— n) 
is negative. The number of negative maxima, including that for the central layer, is 
equal to the number of the note and exceeds by 1 the number of positive maxima. 

It is not difficult to prove that the successive positive maxima ordinates vary 
approximately as the inverse squares of the corresponding abscissae, while the negative 
maxima ordinates after the first vary approximately as the inverse fourth powers of the 
abscissae. No great interest thus attaches to the numerical magnitudes of any but the 
first positive and negative maxima ordinates which can be approximately derived from the 
figure or from Table VII. 

§ 39. When the layer whose rigidity suflfers a given small alteration is of given 
thickness the variation of dkjk with the value of kah is shown by curve B of fig. 3. 
The equation determining the abscissae corresponding to the maxima ordinates is very 
complicated. It is, however, easily proved that there are two sets of roots, the higher 
roots of the first set being approximately odd multiples, and the higher roots of the 
second set approximately even multiples of 7r/2. 

The first set supply the positive, the second the negative maxima ordinates. It is 
easily proved that the positive maxima changes of pitch which answer to those of the 
maxima ordinates which are most remote from the origin in the case of the higher notes 
are all approximately given by 



T-(^^3=e <"»• 



They thus approach to equality amongst themselves and likewise to equality with the 

maxima of -7- -5- ) m the same notes. 

k \ a mi + nJ 

The positions of the layer answering to the (t-1)*** positive maximum in the case 
of n altered, and to the i*^ maximum in the case of m altered are also when i is 
large nearly identical. 

24—2 
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The abscissa supplying the first and largest positive maximum ordinate is greater 
than tt; thus the corresponding maximum change of pitch cannot apply to note (I). 
This ordinate is greater than the maxima ordinates of curve B, fig. 2, by Ailly 50 per 
cent. Thus the greatest possible change in the pitch of any note, except the first, due 
to a given small alteration of n throughout a layer of given thickness is fully 50 per 
cent, greater than the maximum change of pitch in the same note due to an equal 
alteration of m throughout a layer of equal thickness. 

The abscissa answering to the first and largest maximum negative ordinate is 
approximately '44^, and the corresponding value of 

slightly exceeds '290. 

This is a far firom insignificant change of pitch, and it applies to all the notes in 
every material. In the case of note (1) it is the only true maximum there is, and 
when a is small it is the numerically largest change of pitch which the given alteration 
of rigidity can produce. If, however, o* approach '5 an equal alteration of rigidity through- 
out a layer at or near the surface of the sphere is more eflfective in altering the pitch, 
and in this position the sign of dk is the same as that of Ti^^n, 

The subsequent maxima negative ordinates rapidly diminish as the corresponding 
abscissae increase. 

§ 40. We must next take into consideration the term in (Wi — w)* in (50). Its con- 
tribution to the change of pitch is given, writing x for kah, by 



.(77), 



dk t 4(n,-n)» Q. 

dk__^dV 4(wi-n)« Q ^, 
^'' k^ V {m + n,){m + n) 3 -^'^^^ 

according as the layer is of given thickness or of given volume. The term in {ui^nf 
indicates a fall in pitch whether the rigidity of the layer be increased or diminished. 
The curves 

y=/4(«)> and y^Mx) 

are A and C of fig. 1 respectively, the former of which was discussed in § 33. The zero 
ordinates of both curves answer to positions of the layer coincident with the node sur- 
faces. Of the maxima ordinates of curve A the first is much the largest. The corre- 
sponding contribution to the change of pitch in the present case may easily be calculated 
approximately firom the curve and Table III. It is far from being insignificant com- 
pared to the contribution of the term in n, — n when the alteration in rigidity is laige. 
As the subsequent maxima ordinates of curve A, fig. 1, rapidly diminish as their abscissae 
increase, while the several maxima ordinates of curve B, fig. 3, remain large, it follows 
that for an alteration of rigidity throughout a layer of given thickness the relative im- 
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portance of the term in (th — n)* rapidly diminisheB as the layer moves outwards from 
the first loop surface. 

Elxactly similar condusioiis for the case when the layer is of given volume follow 
from a comparison of curve (7, fig. 1, and curve A, fig. 3. Of the maxima ordinates of 
curve C, fig. 1, that at the origin is much the largest In &ct the second maximum 
is so small that I have not attempted to draw the curve further than the first zero 
ordinate. 

§ 41. Our investigations show that for positions of the layer inside the first loop 

surfEU^e the term in (yh — n)' is in general far from negligible unless the alteration in 

rigidity be small; but that in the case of the higher notes for positions of the layer 

outside the first loop surface this term is in general comparatively insignificant even 
when the alteration in rigidity is large. 

It must, however, be remembered that the term in ni-n vanishes when the layer 
coincides with a loop surface, whereas the term in (rii — ny has its maxima when the 
layer is at or very close to the loop surfaces. Thus, however small the alteration in rigidity 
may be, when it occurs in a layer immediately adjacent to a loop surface the term in 
(ni — n)* is the larger of the two. 

We thus arrive at the following conclusions. 

There ai-e certain volumes within a sphere performing any given note where any 
alteration in rigidity* throughout a thin layer lowers the pitch. As the term in (wi — n)* 
varies as (m + «i)*"^ the corresponding fall of pitch is greater when the rigidity is diminished 
than when it is increased. 

The principal volumes of this kind are in the immediate neighbourhood of the loop 
surfSaces Li, if .... There are, however, similar volumes in the neighbourhood of the 
surfeces 8i, 8^, etc. which answer to the roots of (75). The volumes surrounding two 
adjacent surfaces Sir-i and Li may possibly in some cases when tii — n is large become 
coterminous, but when ni — n is small they are certainly separate. An alteration of 
rigidity throughout a layer within one of these volumes acts to some extent as what is 
frequently termed a constraint. 

In general terms it may be said that the existence of the term in (ni — n)* extends 
the regions wherein an increase of rigidity lowers the pitch, and increases numerically 
this lowering of pitch. On the other hand it restricts the limits of the regions wherein 
a diminution of rigidity raises the pitch and reduces numerically this rise of pitch. 

§ 42. In our last special case the change of pitch is given by (52). For the limiting 
value '5 of a this assumes the simple form 

T-iih'^^^'''^ <^«> 

Now the coefficient of p/il-^-p) in (78) is the same as that of (mi — m)/(mi + w) in 
(49). Thus the curves of fig. 2 and the conclusions already come to in the cajse when 
m alone varies apply at once with merely a change in phraseology. 
^ i.e. any alteration of elasticity which leaves m unaltered. 
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Except in this extreme case the coefficient of p on the right-hand side of (52) is 
the mm of two squares. 

Further as the equations sin ^ ^ and tan a? = have no common root other than 
zero, the two squares cannot simultaneously vanish unless 6 = 0. Thus an alteration of 
both elastic constants in the same proportion necessarily affects the pitch unless it occur 
at the centre, and the pitch is raised or lowered according as the constants of the layer 
are increased or diminished. 

It will also be seen from § 22 that when such an alteration of elasticity occurs through- 
out a core of given volume there is a change of pitch whose sign agrees with that of p. 
Thus the statement that the change of pitch is of the same sign as the alteration of 
elasticity is on the uniconstant theory universally correct as well as unambiguous. 

§ 43. It will be convenient to suppose 
where 

f-!^i&M^(^— '"')}" <"»■ 

'hi Th<^)'h ''"*^-^»(^— ")}' <*•> 

The numerical magnitude of dki is independent of the sign of p, whereas dk^ is 
numerically greater for a given negative value of p than for an equal positive value. 

Again dki depends on the square of the displacement. It thus vanishes when the 
altered layer is at a node surface, and when the layer is of given thickness it has its 
maxima when the layer coincides with the loop surfaces. On the other hand dkt depends 
on the square of the radial stress. It thus vanishes when the altered layer is at a no- 
stress surface, and when the layer is of given volume it has its maxima when the layer 
coincides with those surfaces over which the radial stress is a maximum. 

Again the law of variation of dki/k with kab is wholly independent of the value 
of <r, but the absolute values of dk^/k diminish rapidly and become inconsiderable as a 
approaches near the limiting value '5. On the other hand the law of variation of dk^/k 
with koib varies with the value of o*, and this is very conspicuous in the case of the 
fundamental note, or so long as b/a is small in the case of the higher notes. 

Perhaps the most important difference of all is that in the case of the higher notes 
when the layer, supposed of given thickness, travels outwards from the third node surface 
dki/k becomes rapidly insignificant, whereas dkjk has a succession of important maxima 
of nearly uniform magnitude and nearly independent of <r. By supposing the layer of 
given volume we should come to precisely the same conclusion as to the relative pre- 
ponderance of dk^ when the layer is outside the third node surface. An exception must 
of course be made of positions of the layer immediately adjacent to the no-stress surfaces 
where dk^ vanishea 
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§ 44. To obtain some idea of the numerical magnitude of the change of pitch we 
must consider separately the cases when the layer is of given volume and when it is of 
given thickness. 

In the former case, with the usual limitation as to the centre, writing x for koib, 

dk aFQ'4n(3m-n) fl /sin« \)« ,^-. 

The variation of dkjk with kab is thus shown by /5(a?) as tabulated in Table VII., 
and by curve (7, fig. 1, for values of x less than Sir/2. This curve has by fiw its largest 
maximum ordinate at the origin. This ordinate is by no means insignificant. It has also 
in the present case to be multiplied by 4n (3m — n) (m + n)~*, a quantity which varies 
between 2 and 9/4 for values of a less than 'S. Thus the corresponding change of pitch 
is of considerable importance in ordinary isotropic materials. So long in &ct as d; is less 
than IT the ordinates of curve (7, fig. I, are fiurly comparable with the ordinates of the 
other curves which apply when the layer is of constant volume. 

For positions of the layer, however, answering to points beyond the first zero ordinate 
of curve (7, fig. 1, dki is always extremely small. It is in fact easily proved that the 
second maximum ordinate is less than 1/134 of that at the origin. 

Still supposing the layer of given volume, we have with the usual limitation, writing 

X for kahy 

dk, p dVQ'Tl ( . 4n 1 /sin a; On ,^^, 

V^T'T rr \ -:i\^^^^ i COSajH (82). 

The function of x inside the square bracket reduces when o* = '5 to a?"* sin'a?, the 
quantity appearing as ft(x) in Table VII., and represented by curve A, fig. 2. This curve 
has been ahready exhaustively considered. The function is also tabulated for the values 
and '26 of <r in Table VII. under the headings fjix) and /»(«) respectively. The cor- 
responding curves are Aq and A^ of fig. 4. 

The diflferences between the three curves last mentioned are very conspicuous near 
the origin. 

For small values of x the ordinates of curve (7, fig. 1, are comparable with the ordinates 
of the curves mentioned above. Thus in comparing the changes of pitch due to a given 
percentage alteration of elasticity for different values of a we must, at least when the 
altered layer is inside the second node surface, construct compound curves of the kind 
mentioned in § 30. 

The compound curves showing the variation with kab of 

dk f p dVQ^\ 
k ' [l+p V 3) 

are found as follows: — 
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when <r = 0, multiply the ordinate of curve (7, fig. 1, by 2(l+p), and add it to the 

ordinate of curve Aq, fig. 4. 
when <r = -25, multiply the ordinate of curve C, fig. 1, by 20(l+|})/9, and add it to the 

ordinate of curve A^, fig. 4. 
when <r a= '5 there is the simple curve A, fig. 2. 

When the alteration in elasticity is small we may neglect p in forming the compound 
curves, i.e. replace 1-i-p by 1 simply. 

In deducing the numerical value of dk/k for a given value of p the ordinate of the 
corresponding compound curve must be multiplied by that value of ^/S which applies to 
the note and material under investigation. 

Since the largest maximum ordinate in all the compound curves occurs at the origin, 
it will be found simplest when the greatest possible change of pitch alone is wanted to 
apply at once the result obtained in § 24, replacing dEi by 

dV p 3m -n f 4 n ) 
FH-p3(m + i2)t "*"3^m + 7ir 

§ 45. The three curves A, fig. 2, Aq and A,„, fig. 4, become extremely similar when 
X is large. 

The equation for the abscissae supplying the maxima ordinates in these curves is 

sin a? 2(l-2cr) 1 f . ^fsinx \) ^ .-^. 
cosa?H — YZ. ^ ja7sma?-3( cosa?l^ = (83). 

For o- =s '5 the roots of (83) are identical with those of tan x=^x, and for all other 
values of a- the higher roots of (83) though less than the roots of taiix = x are very 
nearly equal to them. 

Thus the more remote positions of the layer answering to the maxima values of 
dk^k in the case of the higher notes lie close inside the successive node surfieu^es, except 
for the limiting value '5 of <r when they exactly coincide with the node surfaces. 

The first root of (83) other than zero varies from l'232ir when o- = to l'4307r 
when <r = '5. Thus the position of that maximum ordinate which lies between the first 
and second zero ordinates varies to an appreciable extent with the value of <r. 

There is also an appreciable diflFerence in the lengths of this ordinate in the three 
curves, these lengths unlike those of the ordinates at the origin increasing as <r diminishes. 
Beyond the second zero ordinates the curves would lie very close together, so in fig. 4, 
curve A^ stops at this point. 

For values of x exceeding ir, dki/dk^ is very small except for such positions of the 
layer as make dk^ insignificant. Thus for practical purposes the dependence of dk/k on 
the position of the layer, when close to or outside of the second node surface, is ap- 
proximately given for the values 0, -25 and -5 of <r by the curves Aq, A^ of fig. 4 or 
A, fig. 2, alone. 
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Except in the case of the first one or two nuudma no serious error will be introduced 
by supposing the positions of the layer which supply the maxima changes of pitch to 
coincide exactly with the node surfaces. 

These maxima are also approximately given by the formula which in strictness applies 
only when <r = '5, viz. 

k l+p F3(l + ^) ^^^• 

Here % is the number of the note and x is that root of (36) answering to the particular 
node surfiace, at or close to which the layer is found. 

§ 46. We shall next suppose that the layer is of given thickness. We may regard 
dk as consisting of two terms given by (79). and (80). Of these the variation of dki 
with kab is shown by curve A, fig. 1, whDe the variation of dk^ is shown for the values 
0, -25 and 5 of a by B., B^, fig. 4, and B, fig. 2. 

It is obvious from these curves that for values of w exceeding ir, dki is small com- 
pared to dk^, except very near the vanishing positions of the latter quantity, and the 
value of dki depends but little on the value of o-. 

The exact positions of the layer supplying the maxima changes of pitch in the limiting 
case represented by curve B, fig. i, are the positions given in Table XL for a^*5. In 
this case all the maxima for any given note are equal, and their numerical values are 
obtained at once from the formula 

dk^l p 
k a l-^p' 

In the third segments there is a difference only of something like 1 per cent, between 
the lengths of the maxima ordinates of the curves B^, B.u, fig. 4, and B, fig. 2. Also 
these maxima are near the zero ordinates of curve A, fig. 1, representing the variation 

in dki. Thus by altering the heading of Table III. fit)m Q to t^ -s- (- f~7~") ^^^ rejecting 

the numbers given for notes (1) and (2), we oDtain what are extremely good approxi- 
mations for the third and subsequent maxima, for the values and '25 of cr as well as 
for o-ss'S. Even in the case of the second maxima the magnitudes derived fix)m this use 
of Table III. would not be seriously in error. 

When k(»b is small the dependence of the law of variation of dkjk on the value of 
(T is so conspicuous in the figures that further comment is hardly necessary. 

§ 47. For even a rough approximation to the change of pitch when the layer is 
inside or but little outside of the first loop surface we must construct compound curves 
for the values and '25 of <r. These are formed by combining curve A, fig. 1, with 
the curves B^ and A» of fig. 4, in precisely the same way as the compound curves in 
the case of a layer of constant volume were formed by combining curve 0, fig. 1, with 
the curves Aq and wd.» of fig. 4. 

Vol. XV. Part II. 25 
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If we suppose p very small the greatest ordinate that either of the compound curves 
supplies for values of x less than w is very considerably less than 1, which is the approxi- 
mate value of the subsequent maxima ordinates. Thus for a small alteration of elasticity 
there is in the case of the higher notes no position of the layer inside of or close to 
the first loop surface which can produce as great a change of pitch as the positions near 
the second and subsequent node surfaces. For note (1) however none of the maxima 
answering to positions near the node surfaces apply. 

For <r = 0, x/w must be less than '6626 to apply to note (1). Now it is easily 
found that when p is neglected in the equation, the compound curve for <r = runs very 
nearly parallel to the axis of x between the values 'Qw and '6626ir of x. The corre- 
sponding ordinate is approximately *381, and is greater than any ordinate answering to 
a smaller value of x. 

Also for o- = the value of Q in note (1) is 2*253. Thus the maximum change of 
pitch due to a very small alteration of elasticity, in a layer of given thickness, in the 
case of note (1) for o* = is approximately given by 

The corresponding position of the layer is at or close to the surface of the sphere. This 
result is in accordance with Table Y. 

For <r = '25 the compound curve when p is neglected in its equation has a tnie 
maximum ordinate for a value of x answering to a position of the layer at some distance 
inside the first loop surface. The length of the ordinate is '58 roughly. Thus as Q when 
0-^*25 has the value 1*369 for note (1), it follows that the maximum change of pitch 
in this case for a very small alteration in elasticity throughout a thin layer is approximately 
given by 

The greatest possible percentage change of pitch in note (1) for given values of p 
and t is thus less when <r equals '25 than when it equals or *5. 

When p is large the form of the compound curve near the origin will vary widely 
from the form it takes when p is small. When p is positive the compound curve is 
the more influenced by the form of curve A, fig. 1, the larger p is, whereas when p is 
negative the influence of this curve continually diminishes as p increases numerically. 

§ 48. In the case of the higher notes a pretty close approximation to the change 
of pitch due to any alteration solely in elasticity, occurring in a layer outside the third 
or fourth node surface and not in the immediate neighbourhood of a no-stress surface, is 
easily obtained by the following considerations. 

Comparing (26) and (27) we see that when kab is large i/^ ^^nd Ut except when 
negligible may be replaced respectively by 

Wft = — 6"* coskab, Uj, = 6"* (m + n) kab sinfcaft. 
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Thus, noticing (26), we see that when the elasticity alone is altered the tenns in (mj)* 
and Uf,Ui, in (28) may in general be neglected when kab is large, and that an approximate 
expression for the change of pitch is then 



^^^Jf-i —]{m + n)Q8m'kab (85). 



Near the no-stress surfaces, the terms in (ui,y and u^Ui, cease to be small compared 
to the term in (fT^)*, but their greatest values being small compared to those of the 
latter term, this limitation to the applicability of (85) is not of much practical importance. 

'We thus see that in the case of the higher notes when the alteration of elasticity 
occurs outside of the third or fourth node surface the change of pitch, when of practical 
importance, may be regarded as depending mainly on the alteration of only one elastic 
quantity, viz. m + n. 

It will be remembered that when a small alteration of elasticity occurs near the centre 
the change of pitch may be regarded as arising from the alteration in the single elastic 
quantity m— n/3; and in the case of note (1), for a sur&ce alteration of material, there 
is for ordinary values of o- a not inconsiderable change of pitch depending on the alteration 
of the single elastic quantity n (3m — n)l{m + n). 

It thus appears that in any purely verbal explanation of the phenomena such terms 
as stiffness or elasticity would require to be used in a very elastic sense. 



Note. August 7. 1891. 

[When the rigidity is altered while the bulk modulus m—n/S, and so the com- 
pressibility, is unaltered, the change of pitch is given, writing x for kab, by 

dk k = — .Q#/i2 (a?) = -rr ; — -^ l/w W 

where, as in Table VII., /„ (x) = a^f^ (x) = {sin x - 3ar» (ar^ sin a? - cos a?)}*. 

So in this case the change of pitch is always of the same sign as the alteration 
of rigidity. 

The variation of dk/k with the position of the altered layer is shown by A or by 
B, fig. 5, according as the layer is of given volume or given thickness. For comparison 
with the effects of other alterations of material the ordinates of these curves should be 
increased in the ratio 4 : 3. When so increased the first maximum ordinate of £ is the 
largest ordinate in any of the curvea It answers to an abscissa of l*247r approximately, 
and so never applies to note (1). The extremely flat character of these curves near the 
origin calls for special notice.] 

25—2 
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SECTION in. 

Traksvebse Vibrations in Solid Sphere. 

§ 49. By transverse vibrations are here meant vibrations in which there is no radial 
displacement. 

Let p be the density, n the rigidity, of an isotropic material, and 

ff'^p/n (1). 

Also let Ji^(ai), J^^f^i){x) represent the two solutions of the Bessel's equation 

S + i| + 3'{l--^(» + i)'i-0 (2). 

where % is a positive integer. 

Then the types of the displacements v and w, respectively in and perpendicular to 
the meridian plane — or plane containing the line ^ = — ^in a transverse vibration of 
frequency k/2Tr in a simple shell are* 

t;= cos iter-* (sin «)-M^<'^<+i(*/8r) + ZV.<<+j,(*/8r^ (3), 

fv^co8ktir^{wiJi+^(kl3r) + v/iJ^(i+^)(k0r)} (4). 

Here Xi, X\ are surface spherical harmonics of degree i, while Wi, fv\ are quantities 
connected with them by the relations 

diVi _ dXi dw'i ^ dX'i .-v 

d^ " " W d^ " " "35" ^ ^' 

The spherical harmonics Xi, X'i must be of such a type that v is nowhere infinite, 
and so — at least for a complete shell — must contain sin0 raised to some positive power. 

Under (3) and (4) we may suppose included the type of vibration 

^"^' 1 (6)- 

w^cosifc^r^* {w^BmeJ% (Jk/9r) + w'o sin 5 J_| (A?/8r)} J 

in which w^ and tc/o a^ constants, and so w^^ sin and w\ sin may be regarded as equi- 
valent to the quantities w^ and w\ satisfying (5). This special form of vibration will 
here be spoken of as the rotatory ^ this term being applied to it by Professor Lambf. 

At the spherical Rmfeuse separating two isotropic media there are in this case nominally 
four surface conditions, viz. the equality in the two media of the two displacement com- 
ponents V and w, and likewise of the two stress components n f -i J and n ( -^ ) . 

In consequence however of the relation (5) these constitute in reality only two in- 
dependent equations. 

* See Camb. Phil Trantactiotu^ Vol. xiv. p. 819, equations (34') and (35'). 
t Proceedings of the London Mathematical Society^ Vol. xni. p. 196. 
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/ 



A moment's consideration will also show that the Xi and the X'i in the i; displacement 
in any layer of a compound solid sphere must be the same function of and ^, and 
that this function must be the same for all the other layers and for the core. We may 
thus represent the to displacements in the typical vibration of frequency kjTnr in the 
compound sphere (0 .fi .c.fii.b.0 .a) as follows: 

In the core tvr^ /wi cob kt'=^AiJi+^(k fir) •••('^)« 

In the layer wr^lwiCOBkt — iAiJi+^{kfijr) + ^BiJ^^i^){kfiir) (8). 

Outside the layer 

wr^/Wi cos fc« « (il< + dAi) Ji+^ (kfir) + a^i JL<f+j> (kfir) (9). 

Here J[«, lAi, etc. are constants whose relationships are determined by the surface 

conditions, and Wi is a certain function of and ^. If we suppose 6 — c small then 

dAijAi and dBi/Ai are of the order 6 — c of small quantities, and their squares are 
negligible when that of 6 — c is neglected. 

It is unnecessary to write down the expressions for the v components in the several 
media as they lead to precisely the same conditions at the surfaces as the w components. 

§ 50. Let us for shortness put 

F ir.ff)^n {kfir J'i^i (kfir) ^^i^i(kfir)}, \ 

^,(r./S) = » {fci8rJ'_«+j, (kfir)^^.^^ {k$r)} J ^ ^' 

Then we find fix>m the sur&ce conditions 

AiJi^ (kfic) - lAiJi+i (kffic) + ,fi< J-«+i, (fc/8,c),^ 
AiFic.fi) '^.AiFic.fi,) +,BtF,(c.fi,), 

{At + dAi) Ji^ (kfib) + dBiJ.^ (kfib) = ^AiJi+^ {kfij>) + A7-,i+|, {kfij}),} ....(11). 

(Ai+ dAi) Fib.fi) +dBiF,ib.fi) ^, AiFib.fi,) + ,5< J*, (6 . A). 

iAi + dAi) Fia.fi) -¥dBiF, ia.fi) =0 

Treating the first four of these equations in the usual manner, and putting 

A (6 . /3 . 60 - ^*+i (kfib) J'.^^ (fc/86) - J',+j ikfib) J.^ ikfib) (12). 

find 



^^nkfih6.ib.fi.V)^^-'Y 

= - [vi?fi^ - njd'fi,^ + («,_»)(»- 1) (t + 2)} 7,+t ikfib) J_«4, ikfib) 
_ fl _ 1) „ {kfibJ'i^iikfib) - |Ji+i ikfib)} n lkfibJ'.ii^,, ikfib) - f/-_«+„ ikfib)}. ..(IS), 

-■^^' dfc^6 A ib.fi.b')^ * ~ - = {nk'fil^ - «.A'/3x«fe' + (n, - n) (t - 1) (» + 2)} {Ji^ ikfib)}* 

+ (}^-^[n{kfibJ'i^ikfib)-^i^iikfib)}Y (14). 
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For the frequency equation of a simple sphere we find from the last of equations 
(11), putting afi< = 0, 

/(O . /8 . o) = ib/3a/'i+j(ifc/3o) - ^i+i{k0a) = (15)» 

From the properties of the Bessel's function 

- kffa^fiO .0.a) = [k'^a' - {% + i)'} J<+j (k^a) + %k^aJ'i^i{kfia) (16). 

Supposing (15) to hold we may reduce (16) to 

-*/8aj^-^/(0./3.a)={*'^'-(t-l)(» + 2)}J^j(*i8a) (I7)t. 

Supposing (15) to hold we also obtain 

F^ (a . )9) = nfc)9a A (a . /9 . a') -^ /»+* Qcpa), 

Thus, following the same train of reasoning as in Sect. II., we conclude that if dk 

be the increase in k due to the existence of the layer, the two following equations must 

be identical — 

?k 
/(0./3.a) + ^{A»/3-a'-(i-l)(t+2)}J,^(Ar)Sa) = 0, 



Thence we find for the change of frequency 

dk^dBi kfiaA (c 
k Ai l^^i 



dk _ dBi kfiaA (a.l3.a')\JM(kl3a)}'^ ,. ^. 

j.a«-(i-l)(i + 2) ^^^^• 



Let ^K[fi,a) denote the frequency of the free transverse vibration of the type (3) 
and (4) in an infinitely thin spherical shell of material {p.n) and radius a; then 

iif'ui.a)a» = (i-l)(i + 2) /?-• = (*- l)(i + 2)7i/p (19)§. 

Also let wr = r^Ji^i (k/Srl ) _ 

Wr^nr^[kffrJU^^{kl3r)^iJi^{kfir)}} ^' 

so that WrWi cos kt represents a w displacement in a simple sphere performing a transverse 
vibration of frequency A:/29r, and WrWi cos kt the corresponding stress, both quantities re- 
ferring to points at a distance r from the centre, and Wi being a function derivable from 
a surface spherical harmonic of degree i through the relation (5). 

Employing this notation, introducing in (18) the value of dBi/Ai from (14), and 

noticing that 

kl3bA{b.l3.b') = kfiaA(a.l3.a')^'-C (21), 

* Cf. Traruactunu, Vol. xiv. p. 816, equation (47 a). t See Sect. i. § 10. 

§ CI TransactUmi, Vol. xiv. p. 820, eqaation (59), and (17) above. 
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Tvhere C is an abaolute constant, we finally obtun 

(22). 

Thifl may be applied with the same limitation as in Sect. II. to the case of a central 
layer. 

§ 51. Inside the layer there is no change of type other than a shifting of all the 
node, loop and no-stress surfistces according to the law 

-ar/r = ait/A; (23). 

Outside the layer we find on substituting in (9) the values of dAi/Ai and dBi/Ai 
from (13) and (14) and reducing, 

w/Ai^uji COB let ^ ^ V»+i (A?/8r) 

•^G-^)^'/<^-^->] <2*)' 

where /(6 . /3 . r) = Ji^ (k^) /_,<+», (kfib) - J.^H) (*^'-) '^+4 (.^M 

/(b.^.f) = Ji^(k0r)F,{b.l3)-J-H^ikfir)F{b.fi) ) 

The functions / have their usual meaning. 

In the layer itself the displacement is given by 
w/Amvi cos JU = 6-4 Ji+j (kfib) -kfiib- r) {r VVi(A;/96) - (2*/36»)-' Jf+j (kffb)} 



-<'-''>S-^3^» <2«>- 



The change of type outside the layer, Le. the coefficient of 6 — c in (24), consists 
like the expression (22) for the change of pitch of two terms only. The first terms in 
each alone exist when the layer diflfers firom the remainder only in density, and they vanish 
when the layer coincides with a node surface. The second terms vanish when the layer 
coincides with a no-stress surface. In the special case of the rotatory vibrations the second 
terms alone exist when the layer differs firom the remainder only in rigidity. 

In the layer itself the change of type is given by the last term of (26). Thus 
if there be an alteration only in density, or an alteration of rigidity occurring at a no-stress 
surface, then no progressive change of type appears as we cross the layer; in other words 
the layer vibrates as if it were of the same structure as the core. 

§ 52. Before discussing (22) it is desirable to trace .the characteristic features of the 
transverse vibrations of a simple sphere. The type of such vibrations is given by (3) 
and (4) with X'l^O^w'i, and the corresponding firequency equation by (15). 
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If t be a large integer X{ may be any one of a large number of spherical 
harmonics, but (15) depends solely on i, on the radius of the sphere, and on the 
material There may thus be a large number of different forms of vibration which have 
all the same frequency equation. 

The displacements vary, unless t — 1, with and ^ as well as with r. Thus there 
is a conical sur&ce, or a series of surfaces, given by 

Xi^O (27), 

over which the component of the displacement in the meridian plane vanishes. Similarly 
there is a conical surfiswje, or series of surfaces, given by 

«^i = (28), 

over which the component at right angles to the meridian plane vanishes. A line of 
intersection of (27) and (28) is a locus where the resultant displacement is always zero. 

While the title node surface might legitimately be applied to the lines or conical 
surfaces which are the intersection of (27) and (28), it will here be understood to apply 
solely to the spherical surfaces over which the displacement vanishes. Such surfaces we 
see from (3) and (4), putting X'i = 0, are obtained by equating k/Sr to the successive roots of 

JiA(^)^0 (29). 

Thus for a given sphere the positions of these surfaces depend solely on the number i 
of the spherical harmonic Xi, and in no respect on its form. 

In like manner there are spherical loop surfaces, obtained by equating kfir to the 
successive roots of 

J'i-,k{^)-^Ji^h(^)^0 (30), 

where the displacement regarded as a function solely of r is numerically a maximum. 
There are also spherical no-stress surfieuses, obtained by equating kjSr to the successive 
roots of 

^W^)-^'^i+*(^) = (31), 

at every point of which the transverse stress is zero. 

In a given sphere the radii of the several loop and no-stress surfisu^s depend, like 
those of the node surfaces, entirely on the number t, and in no respect on the form 
of the spherical harmonic Xi. 

The above equation (31) is of course identical with (15), but for certain purposes 
its present form is more useful 

§ 53. Since the equations (29), (30) and (31) do not contain p or n it follows that 
the nature of the material, supposed of course isotropic, has no effect on the ratios of 
the frequencies of the several notes answering to a given value of i, or on the mutual 
ratios of the radii of the node, loop, or no-stress surfaces of given number, or on the 
ratios of these radii to the radius of the sphere. 
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As regards the form of the Bessel's function Ji^ix) we know that 

•',«-\/|(=^-»") w- 

•'.w-\/;^{(|-i)'^'-i'^'} <«*''■ 

and between any three consecutive functions there subsists the well-known relation 

(2i+l)/<+j(a;) = a?{Ji_i(a?) + J'^|(a?)} (34). 

If the value of a; be large a close approximation to the value of these functions 
is supplied by 

-J^t+»(^)=V^^8in(*^-<r). (35)t. 

From (35) we see that the higher roots of (29) are given approximately, j denoting 
a positive integer, by 

a? = (2j + l)7r/2 (36), 

or x^jir (37), 

according as i is odd or even. 

Again, the roots of both (30) and (31) obviously approach more and more nearly 
the higher they are to the corresponding roots of 

^W^) = (38), 

and firom (35) it is easily seen that the higher roots of (38) lie approximately midway 
between consecutive roots of (29). Thus the higher roots of both (30) and (31) are 
more nearly given the higher they are by 

or a? = (2j + l)^/2, 

according as t is odd or even. 

Again, from (35) it follows that those maxima values of x{Ji^^{x)Y which answer to 
large values of a; are all approximately equal .2/7r, and that the corresponding values of 
X are approximately given by (37) or by (36) according as t is odd or even. In like 
manner we conclude that the maxima values of {Ji^\(x)Y which answer to large values 
of X vary approximately inversely as the corresponding values of a?, and these values of x 
are likewise given approximately by (37) or by (36) according as t is odd or even. 

* Lommel, Studien Uber die Be$$eVsehen Functionen^ p. 118. 

t See Todhonter's FvnetwnM of Laplace, Lami, and Beeeel, Arts. 406—7, especially eqaation (9), p. 818. 

Vol. XV. Part II. 26 
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§ 54. From the data obtained for the approximate positions of the roots of the 
equations (29), (30) and (31) we may draw the following conclusions: — 

The pitch of the higher iiotes in a given sphere answering to any given value of 
i increases approximately in an arithmetical progression with the number of the note. In 
any one of these higher notes the corresponding no-stress and loop surfisices of higher 
number lie very close to one another, and are very nearly midway between successive 
node surfaces. The radii of successive higher surfaces of the same kind, whether node, 
loop or no-stress surfax^es, increase very approximately in arithmetical progression* 

§ 55. Before discussing the general application of (22) it will be convenient to 
consider the special cases when the change of material occurs at or close to the centre, 
and when it occurs at the surface. 

Supposing first the change of material to take place throughout a central layer, we 
require to find the dimensions of the lowest powers of b occurring in (22). 

Employing the ordinary formula for the Bessel in ascending powers of the variable, 
we see that when b is very small the most important terms in the coefficients of pi — /> 
and Wi~n respectively in (22) are of orders (6 — c) 6**+*a'~<^+'» and (6 — c) 6'^a"'^**"'"^*. Also 
(i— 1) occurs as a factor of ?ii — n. Thus even when i = l, (3Ar/A;)-s- (3F/F) is of the order 
(b/ay of small quantities Thus to the present degree of approximation no alteration of 
material whatever, occurring throughout a central layer whether of given thickness or 
given volume, has any effect on the pitch of any note of any transverse type. 

Working out independently the case when the material (pi, Ui) forms a true core, I 
come to exactly the same conclusion. 

Next, making 6 = a in (22) we obtain the change of pitch due to an alteration of 
material throughout a surface layer. Putting b — c — t, and remembering that Wa = for 
a simple sphere, we find 






dk 



When t = 1 the change in frequency depends solely on the alteration of density. For other 
values of i it may be regarded as composed of two terms, the first giving the effect of 
a surface alteration of density, the second of a surface alteration of rigidity. The denomi- 
nator in (39) is essentially positive; thus the pitch is lowered when the density at the 
surface is increased, and raised, except in the rotatory vibrations, when the rigidity is 
increased. 

Since the values of kjSa supplied by the frequency equation ieure the same for all 
isotropic materials, it follows that the percentage change of pitch due to a given surfisu^e 
alteration of density is quite independent of the rigidity; and similarly the percentage 
change of pitch due to a given surface alteration of rigidity is independent of the density. 
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Putting p,/p-l=5 (40). 

n,/»-l=p (41), 

we find fi:om (39) when q^^p 

T'-S" <«)■ 

In the fundamental note answering to any given value of % greater than 1, the 
effect on the pitch of equal percentage alterations in the density and in the rigidity are 
fidrly comparable. The higher however the number of the note the smaller is the relative 
importance of the alteration of rigidity, and the more nearly is the change of pitch given by 

^^^^ieULB (43). 

k a p 

In the case i « 1 this result is exact f<>r all the notes. 

§ 56. We shall next suppose the position of the layer to be any whatever, but the 
N alterations in density and rigidity to occur separately. As in either case the change of 

/ pitch vanishes for an alcered core, we may vrithout restriction replace 



1 



(6-c)6*/a«by jar/r 

and Pi:ZJL<f>-p)y. ^y ^MjM. 

When the density alone is altered in the layer we have, according as the volume or 
the thickness of the layer is given, — 

i -|»ffl(W-*(|/.^^(W (4*a). 

-| = ^^^-Ql(*/96)*(1)V^(W}' (446); 

'iere ^-W a^-f-[)(i+2) K^"* (l/ /<^(W}- .....(45). 

Q^QIikfiay (46). 

When the layer differs from the remainder only in rigidity we have, according as it 
i^of given volume or given thickness, 

+ J p/96)-* (I) V'<+j(A./96) - % (mr* (J)* Ji^iikm*] (47 «). 

- = ^'^Q[(i-l)(»- + 2)((i^6)-*(|)*/,,i(^-^)l» 

lmbi'{lfj'iHik^b)-uki3br^(^fjiHi!'mY] (476). 



k 

+ 



26—2 
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It will be noticed that the several expressions depend on t but are wholly inde- 
pendent of the form of X^. Thus the change of pitch accompanying any such alteration 
of material as is here considered is the same for all possible forms of vibration w^hich 
have the same frequency. 

In (44 a), (446), (47a) and (476) the expression for the change of pitch consists, like the 
expressions in the case of the radial vibrations, of three factors. The fmst measures the 
magnitude of the alteration of material, the second is Q or Q'/S according as the layer is 
of given thickness or given volume, and the third gives the law of variation of the change 
of pitch with the position of the layer. 

The variation of the third factors with a?, = hfih, may be shown by curves which apply 
to all the notes answering to a given value of i. These curves are as follows: 

For a layer of altered density of given volume . 

y = {^(f/^i+»(«')}'=/«(^) (*8). 

For a layer of altered density of given thickness 

y = ^/i(^)=/s(^) (49). 

For a layer of altered rigidity of given volume 

y = (t-l)(t + 2)ar'/.(^) + |{ari(|:)jVi(«)-i«-»(f) Ji^MY'fx(P)-" («<>)• 

For a layer of altered rigidity of given thickness 

y^a^Mx)^Mx) :.-.(5i> 

When the value of % is given, and in the case of (50) and (51) the magnitude of 
the alteration of material, the lengths of the maxima ordinates of these four curves are 
numerical quantities which are independent of the number of the note. Thus the mtjxima 
percentage changes of pitch of any given number — i.e. the changes answering to a certain 
definite maximum ordinate — in the different notes which answer to a given value of, t> 
vary as Q' or as Q according as the volume or thickness of the layer is given. 

Now the values of kfia for the notes of higher number are very near the roots of 
(38), and so are very close to those values of x which make {Jj+j(a;)}* a maximum. Thas 
by the same reasoning as in § 53 we conclude that in the notes of higher numlier 
Ji+^{kl3a) varies more and more nearly as (^'^a)"* the higher the number of the note. If or 
the definition of a Bessel to which (32) and the approximate form (35) relate we get 
for the higher notes Ji+j (A?^a) = ^^jirk^a approximately. / 

Again the factor A'^a" -r- {A:"^a" — (t — 1) (» + 2)} approaches more and more nearly' to 1, 
the larger A?^a, Le. the higher the number of the note. » 

We thus conclude that in the higher notes answering to a given value of i, Q[ varies 
more and more nearly as Qc^af the higher the number of the note, whereas Q continually 
approaches a finite constant value. With our definition of a Bessel we have tor these 
approximate values Q' = t(^l3*a\ Q = 1. 



Digitized by 



Google 



Mr 0. CHRBB, ON SOME COMPOUND VIBRATING SYSTEMS. 199 

We have also seen that according as t is odd or even the higher values of hfia 
approach to jir or to (2; + 1) w/2, where j* is a positive integer. 

Thus for a given alteration of material throughout a layer of given volume the maxima 
percentage changes of pitch of any given number in the case of the higher notes answering 
to a given value of i, vary approximately as jV* or (2; + l)*7r*/4 according as i is odd 
or even. In other words the maxima percentage changes of pitch of any given number 
in the case of the higher notes are such that their square roots increase approximately 
in an arithmetical progression with the number of the note. 

On the other hand for a given alteration of material throughout a layer of given thick- 
ness the maxima percentage changes of pitch of any given number in the case of the 
higher notes answering to a given value of i are all nearly equal. 

§ 57. When the layer differs from the remainder only in density we see from (44 a) 
or (446) that the law of variation of the change of pitch with the position of the layer 
is always independent of the magnitude of the alteration of material. 

The change of pitch vanishes when the layer coincides with the node surfeces, and 
for all other positions the pitch is raised or lowered according as the density is diminished 
or increased. 

When the layer of altered density is of given volume the curve showing the variation 
of dklk with kab is (48). The absci&sae supplying the maxima ordinates are easily seen 
to be the roots of (30). Thus the positions of the layer supplying the maxima changes 
of pitch coincide with the loop surfiswes. 

Since the larger values of x answering to the maxima ordinates approach more and 
more nearly the larger they are to the roots of (38), our previous reasoning shows that 
the lengths of the successive maxima ordinates of higher number vary more and more 
approximately the higher the number as the inverse squares of the corresponding abscissae. 
^ Thus the maxima changes of pitch of higher number in any given note diminish very 

rapidly as the radius of the corresponding position of the layer increases. 

3 From a consideration of (44 h) and (49) we similarly conclude that when the layer 

•h of altered density is of given thickness the positions in which it is most effective lie 

tl outside of but close to the successive higher loop surfaces. Also the successive maxima 

J changes of pitch of higher number in the case of any given note are all approximately equal. 

From the preceding results we may take as approximations to the maxima of higher 
number in the higher notes answering to any value of i — 

for a layer of given volume — jl- = q "Xf(^)> where h is the radius of the corresponding 

position of the layer, 
for a layer of given thickness — dkjk = - — — - . 
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§ 68. When the layer differs fix)m the remainder only in elasticity the change of 
pitch depends solely on the alteration of rigidity. 

In this case we see from (47 a) or (47 b) that, unless i = 1, the expression for the 
change of pitch is the sv/m of two squares which cannot simultaneously vanish except 
when 07 = 0. Thus unless in the rotatory vibrations an alteration of rigidity occurring any- 
where but at the centre necessarily affects the pitch, and the pitch is always raised or 
lowered according as the rigidity is increased or diminished. 

When the layer of altered rigidity is of given thickness the curve giving the variation of 
dk/k with kab is (51). The form of the curve, unless i = 1, is dependent on the nature of the 
material and varies with the magnitude of the alteration of rigidity. Thus in an exhaustive 
investigation it would be advisable to construct two simple curves answering to the two 
terms in (47 6). The first curve would be the same as (48), the second would be 



y = {«*(^) J'i+i(<r)-K*(|) J,^{x)Y (52). 



Adding the ordinate of (48) multiplied by (t — 1) (i + 2) to the ordinate of (52) 
multiplied by n/th we should get a compound curve as on previous occasions. 

For small values of x, and so for all positions of the layer in note (1), or for 
positions near the centre in the case of the higher notes answering to a given value 
of V, the contributions of (48) and (52) to the compdund curve will be of like order 
of magnitude. 

Outside however of the third or fourth node sur&oe in the case of the higher notes 
answering to a given value of t, the contribution of (48) to the compound curve is 
always small. 

On the other hand when x is large (52) becomes almost identical with the curve 

y^[^[fj /V»(^)}* ...(53). 

and the successive maxima ordinates of higher number of this curve continually approach 

a finite constant value, viz. 1. The corresponding values of x are close to the higher 

roots of (29), which answer to the node surfaces. For the maxima changes of pitch of 

higher number in the higher notes we may practically leave (48) out of account and 

take as an approximate formula, for all values of t, -^ = — ^ . 

tC Ob Til 

When the layer of altered rigidity is of given volume we come to precisely the sanae 
conclusion as to the relative importance of the first and second terms of (47 a); and it 
is easily seen that when the layer is outside of the third or fourth node surface in 
one of the higher notes answering to a given value of i, there are a series of maxima 
changes of pitch answering to positions of the layer near the higher node surfaces which 
depend almost entirely on the second term. 

These maxima are however usually insignificant compared to the maxima which depend 
essentially on the first as well as on the second term of (47 a). Thus in the case of 
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a layer of given volume the comparative insignificance of the first term for large values 
of a; is not of much practical importance. 

Unless the altered layer coincide with a no-stress surface — when the second terms in 
(47 a) and (47 6) vanish — a given increase of rigidity has less eiBFect on the pitch than 
€m equal diminution, and this diiFerence becomes more and more important in all but the 
rotatory vibrations as the radius of the layer increases. 

§ 59. For the rotatory vibrations we get from (20) and (32) 
/wk^ 1 f^nkBr ,^\ 

^^ ,r. = 5 {**• si. Wr - 3 (?2^^ - oo, *«,)} . 
Also the frequency equation, obtained by equating Wa to zero, is 

A:)8asinJfc)8a-3(^i|^-cosA:/9a)==0 (54). 

It will be seen that but for the multiplier 'Jirk^/i, Wr and Wr are exactly the same 
functions of kjSr and n as u^ and f DV of Sect. 11. for the radial vibrations are of kar 
and n, if we put ln = n/S, Also (54) when a is written for fi is identical with the 
frequency equation for the radial vibrations when m is put = n/3. 

Since the condition for the node surfaces is that Wi, vanishes, and the condition for 
the loop surfiujes that w^^ is a maximum, it follows that the corresponding values of kfib 
are identical with the values of kab answering to the node and loop surfaces respectively 
in the case of th6 radial vibrations. 

The relation n/m = 3 is however physically impossible, so that the values of k^a for 
the several rotatory notes cannot be identical with the values of kaa for the radial notes 
in any isotropic material, and the values of k/Sb for the several no-stress surfaces in 
the rotatory vibrations are also different from the values of kab for the no-stress surfiujes in 
the radial vibrations. 

It follows that the positions of the several node, loop and no-stress surfisices in the 
case of a rotatory note in a given sphere cannot be identical with the positions of these 
surfaces in the case of any radial note. 

The first four roots of (54) according to Professor Lamb* are given by 

AySa/TT = 1-8346, 2-8950, 3*9225, 4-9385. 

Comparing these with the results of Table I. Sect. II. it will be seen that the value of 
k/3a &T the rotatory note of number (t — 1) is very near the value of kaa for the radial 
note of number (i), though always slightly less than the least value of kaa, which answers 
to a- = 0. Thus in any isotropic sphere, when i is large, the frequencies of the i^ radial 

- • * Proceedings of the London MathematiccU Society, Vol. xni. p. 197. 
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note and of the (t - 1)*** rotatory note are very approximately in the ratio VmTn : Vn. 
In reality in the case of the rotatory vibrations there is a sort of suppressed note of zero 
frequency as the following investigation shows. 

The frequency equations for the radial vibrations, for all values of cr, and for the 
rotatory vibrations may be included under 

f(x) = ar^ sin a? — g'ar^ (a?~* sina? — cosa?) = (55); 

where }* = 4»/(m + w) for the radial, and =3 for the rotatory vibrations. So long as 5* 
is less than 3, (55) has a root between and ir. This root however diminishes rapidly 
as 9* approaches 3 and for this critical value becomes absolutely zero. 

In what follows I shall speak of the note answering to kfia/ir = 1*8346 as note (1). 

The positions of all the node, loop and no-stress sur&ces for the first four notes are 
given in the following table. They are calculated from the values given above for kfia 
and from the data already employed in Sect. II. 



Table I. 

Values of r/a over node, loop and no-stress surfaces. 

Note (1) Note (2) Note (3) Note (4) 
-^ — ^ ^ ^ ^ . .— ^ 



Node No-BtresB Loop Node No-Btress Loop Node No-BtreBS Loop Node No-stress Loop 
snrfaoes snrfaoes surface snrfoces snrfaoes surfaces snrlaoes surfaces surfaoes surfaces surfaces surfaces 

-3612 -2289 1689 -1342 

•7796 1-0 -4941 -6337 -6532 '3646 -4677 -4821 -2896 -3715 -3829 

•8494 1-0 -6269 -7380 '7470 '4979 '5862 -5934 

•8849 1-0 -7028 7943 -7995 

•9066 1-0 

The centre is at once a node and a no-stress surface, and the number whether of 
node or of no-stress surfaces is one greater than the number of loop surfaces, which 
equals the number of the note. The loop surfaces lie outside of the corresponding no- 
stress surfaces, and not inside them as in the case of the radial vibrations 

A comparison of the above table with Table 11. Sect. 11. leads to many interesting 
results as to the relative positions of the node, loop and no-stress sur&ces in the radial 
and rotatory vibrations. 

§ 60. We have already seen that an alteration of material at the centre has no eiFect 
on the pitch of a rotatory vibration, and that when a surface layer is altered the change 
of pitch depends only on the alteration of density and is given by (43). 

Supposing the layer to differ from the remainder only in density, the general formula 
for the change of pitch is identical with (48), Sect. II., writing fi for a, viz. 

dk t p^-p^/sinkiab ,^,V 9 Jf C ( 1 fsmkfib ,^,\)» ,^^^ 
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When the layer differs from the remainder only in rigidity we have 

¥=.« -^<2|«nA:^6-p-^(-^e _cosA:^6J} (57a), 

In these formulae t, M, F, etc. have the same significations as previously. The formulae 
may be applied without any restriction since dk vanishes when the alteration of material 
occurs at the centre. 

Convenient expressions for Q and Q may be obtained from (38) and (40), Sect. II., 
by writing fi for a and supposing 7n = n/S. 

This substitution gives 

Q = 1 + 3 (kfia)-^ + 9 (kfia)-^ (58), 

Q' = (Ar)8a)^ + 3 + 9(i/9a)-' (59). 

From these formulae and the values given above for k/3a the values of Q and Q' for 
the first four notes may be easily calculated. The results are given in the following 
table :— 

Table II. 
Values of Q and Qf. 

Note (1) Note (2) Note (3) Note (4) 

Q = 1098 1-038 1020 1-013 

0^ = 36-49 85-83 154-91 243-74 

A comparison of this table with Table III. Sect. II. will be found instructive. 

§ 61. When the layer differs from the remainder only in density the curves showing 
the variation of dk/k with kfib are exactly the same as those which under corresponding 
conditions show the variation of dk/k with kab in the case of the radial vibrations. They 
are thus curve A or curve B of fig. 1 according as the layer is of given volume or 
given thickness. 

When the layer is of given volume the positions in which it has most effect on the 
pitch of a given note coincide with the loop surfSswjes. The ratios of the first to the 
subsequent maxima changes of pitch in the case of a given note are the same as in 
the case of the radial vibrations, viz. 

1 : -1485 : -0620 : "0342 

The values of the first maxima are given for the first four notes in the following 
table :— 

Vol. XV. Part IL 27 
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Table III. 






First 


maximum 


.-dk 


M 


• 


Note (1) 


Note (2) 


Note (3) 




Note (4) 


2-314 


5-443 


9-824 




15-467 



The number of maxima is equal to the number of the note, and so all the maxima 
in the first four notes may be calculated from the ratios given above. 

For notes above the fourth we obtain a close approximation to the first maximum 
by means of. the following formula, in which i is the number of the note, 

^*-^=(i + l)*x-6259 (60). 

This formula is adapted from (68), Sect. II. 

When the layer of altered density is of given thickness the positions in which it 
has most eflfect on the pitch of the note of frequency k/2'7r are obtained by equating 
kfib to the values supplied for kaa for the value '3 of a in Table I. Sect. 11. 

These positions are given for the first four notes in the following table: — 

Table IV. 
-dk 



Values of b/a when — i,- -^ (- — ] is 



a maximum. 



Note (1) Note (2) Note (3) Note (4) 

•4760 -3017 -2226 1768 

•6725 -4964 '3942 

•7560 ^6005 

•8048 

The ratios of the first to the subsequent maxima changes of pitch are the same as 
in the corresponding case in the radial vibrations, viz. 

1 : 908 : ^895 : '890 

The first maxima for the first four notes are as follows: — 

Table V. 



First maximum of — i — r ( - ^^ ^ ) . 
k \a p J 

Note (1) Note (2) Note (3) Note (4) 
1242 1173 1153 1144 
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From these results and the ratios ahready given all the maxima may be found for 
these notes. 

As the number of the note increases the formula 

T-e«f^)-"«' («). 

applies with continually increasing exactness to the first maximum. 

For any maximum of high number in the case of one of the higher notes a close 
approximation is supplied by 



k 



*(s^)-i*« • w 



§ 62. When the layer differs from the remainder only in elasticity, the change of 
pitch depends only on the alteration of rigidity. In this case we see from (57 a) or (57 h) 
that the change of pitch of a note vanishes when the layer coincides with a no-stress 
sur&ce, and that for all other positions of the layer the pitch is raised or lowered ac- 
cording as the rigidity is increased or diminished. For a given numerical alteration of 
rigidity the effect on the pitch is greater when the rigidity is diminished than when it 
is increased. 

When the layer of altered rigidity is of given volume the curve showing the variation 
of dkjk with kfih, = a?, is 

y = [ar^ sin X — 3.»"* (fl?"^ sin a?- cos a?))* =s/i3 (a?) (63). 

The first segment of this curve appears as curve A in fig. 5, and the corresponding 
function of a? is tabulated in Table VII. Sect. II. 

The second and subsequent segments of this curve would lie extremely close to the 
third and subsequent segments of the curve A of fig. 2. The first segment answers 
apparently to the first two segments of the curves of fig. 2. 

The abscissae supplying the maxima ordinates of curve A, fig. 5, are the roots of 
the equation 

1 - 9ar« - ar^ (4 - 9ar^) tana? = (64), 

and the lengths of the maxima ordinates are found by substituting the roots of this 
equation for x in the expression 

y = ar^{l-2ar^» + 9a?-* + 81ar*}-^ (65). 

For the first root and the corresponding maximum ordinate I find approximately 

a? = l-06387r, y = -09412. 

From these results with the assistaiice of Table II. and the values of k^ I have cal- 
culated the corresponding positions of the layer and the values of the corresponding 
maximum change of pitch in the first four notes. They are as follows : — 



27—2 
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Table VI. 

First maximum of -7; -f-f-y- J and corresponding position of layer. 

Note (1) Note (2) Note (3) Note (4) 
dk ^ dV /n^-^\ ^ ^.j^. 2-693 4-860 7647 

k V \ Ui J 

for 6/tt= -5799 3675 '2712 -2154 

In passing it may be noticed that the positions of the layer in this table coincide 
with the first maadrmmi-stress surface, i.e. the surface of least radius where the transverse 
stress TFr is a maximum. 

From the consideration that when i is greater than 3 or 4 the value of Q' for 
note (i) is approximately (i + 1)%*, we obtain as a pretty close approximation to the first 
maximum in the case of one of the higher notes of number (i) 

f^^^^-^Ci+D'x-SlO (66). 

The first maxima given in the table are considerably the largest for the respective 
notea 

§ 63. When the layer of altered rigidity is of given thickness the equation to the 
curve showing the variation of dk/k with kfib, = a?, is 

y^^Mx)^Mx) (67). 

The first segment of this curve appears as curve £ in fig. 5 and the corresponding 
function of a? is tabulated in Table VII. Sect. II. 

The second and subsequent segments would lie very close to the third and subsequent 
segments of curves B in fig. 4, and like them continually approach, as x increases, to 
coincidence with curve By fig. 2. 

The abscissae supplying the maxima ordinates of curve B, fig. 5, are the roots of 
the equation 

l-6ar»-3ar-i(l-2a?-«)tana?=:0 (68), 

and the lengths of the maxima ordinates are found by substituting the roots of this 
equation for x in the expression 

y = (1 - 3ar» + 36ar«)-^ (69). 

For the first root and the corresponding maximum ordinate I find approximately 

«=l-23197r, y = 1-2339. 

From these results with the assistance of Table- II. and the values of kQa I have 
calculated the corresponding positions of the layer and the values of the corresponding 
maximum change of pitch in the first four notes, and give them in the following table : — 
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Table VII. 

First maximum of -jr -s- ( — ) and corresponding position of layer. 

Note (1) Note (2) Note (3) Note (4) 
^ ^ f i 'h:zJ') ^ 1-355 1-280 1-259 1-249 

for 6/a= -6715 -4255 -3141 -2494 

As the value of Q continually approaches unity as the number of the note increases, 
the first maximum in one of the higher notes is given more and more correctly the 
higher the number of the note by 

dk ft til — n' 



^(i^")='«* <'»)• 



k 

It is obvious firom (69) that the first maximum ordinate is decidedly the largest, the 
length of the others approaching more and more nearly to 1 the larger the corresponding 
value of X. In the case of the higher notes all but the first two or three maxima changes 
of pitch are given very approximately by 

dk ft Th — rC 



k 



-(.--?)-'■»» <"'■ 



and the corresponding positions of the layer are in the immediate neighbourhood of the 
node surfaces. 



SECTION IV. 
Radial Vibrations in Solid Cylinder. 
§ 64. If «7"i {kx)y Yx (kx) represent the two solutions of the Bessel's equation 

then the type of vibration in a cylindrical shell of material (/>, m, n) performing radial 
vibrations of frequency A;/27r is 

u-=^co8kt{AJ^{kar) + BY^(kar)] (2)*. 

Here, as usual, A and B represent arbitrary constcmts, and 

OL'^p/im + n) *. (3). 

The displacements in a compound solid cylinder (O.a.c.ai.i.a.a), where 6 — c is 
small, are as follows: 

• TrantaetiorUf VoL xnr. p. 356. 
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In the core u/coskt = AJi(k(tr) (4). 

In the thin layer ulco&kt-AiJi(kair) + BiYi{kair) (5). 

Outside the layer u/ooskt^iA +dA)Ji(kar) + dBYi(kar) (6). 

We shall suppose terms in (6-cy, and so in (dA/Ay and (dB/Ay, negligible. 

Let us for shortness put 

F(r.a)-(m'^n) kotrJi (kar) + (m - n) J^ {kar)^ 
J?\(r.a) = (m + n)ifcarr/(fcar) + (m-w)Fi(A:ar)J ^ 

We then find for the relations connecting the arbitrary constants and supplying the 

frequency equation: 

AJ^ (kac) = A^J, (ka^c) 4- B^Yi {ka^c) (9), 

AF{c.ix)^A,F{c.a,) + ByF,{c.a,) (10), 

(^+^il)/l(ite6) + ^5Fx(A?a6) = 4x/l(^^al6) + 5lFl(ika^6) (11), 

{A-{-dA)F{h.a)^-dBF^{h.a)^A,F{h,a,) + B,F,{h.a,) (12), 

{A ^-dA)F {a. a) -\-ZBF^{a. a)^0 (13). 

The process of obtaining the frequency equation having been already illustrated in 
the case of the sphere, no difficulty should be encountered in carrying it out when an 
eye is kept on the expression 

A (6 . ai . 6') = Ji {kaj}) F/ {kaj)) - F^ {ka^h) J/ {kaj)) (14), 

which cuts out in the final equations determining dAjA and dBjA. The results I find 
are as follows: 

-^^(m + n)ifca6A(6.a.feO-^ 

= {(m + n) h^a^Jf - (m, + n,) Jfc»a,«6« - ^^ + ^^^^ j j ^j^^^ y, (kab) 

^ (m + n) Aw6 A (6 . a . 6') -i- ^° 

- j(m + n) Jfc«a*« - (»i. + n,) A^.»ft= - ^ + -^ I {J, (kab)]* 
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It is important to notice that 

ifcaiA(6.a.6') = -(7 (17), 

where C is a constant independent of k, a or 6, determined entirely by the definition 
given of the Bessel's function. 

If the layer did not exist the frequency equation would be obtained by putting 
for dAjA and dBjA in (13), whence 

/(0.a.a) = J?'(a.a) = (18). 

In consequence of the existence of the thin layer, /(O ,a,a) is no longer zero but 
is of order 6 — c. Thus neglecting dA in (13), we find for the frequency equation in 
the compound cylinder 

^(a.a) + ^i\(tt.a) = (19). 

As terms in (6 — c)* are negligible, we may transform the coefficient of dBjA in (19) 
by any substitution which supposes (18) exactly true. We thus are enabled to replace 
(18) b, 

f(,..)^g <'"^-),^^-"-°') =o («,^ 

If the presence of the thin layer has raised the frequency by dkl^ir then k-^dk 
must satisfy (18), whence, neglecting terms in 9A", we find 

F{a.a)^dk^F{a.a)^0 (21). 

Now kaa jt— r- -P (a . a) = - (m + n) (A"a^a* - 1 ) Ji {km) + (m - w) kaaJ^ (kaa). 

As this occurs in the coefficient of dk we may substitute for Ji(koia) as if (18) 
were exactly true. Doing so, we get 

^te^^<*-«> = -<"* + ">{*^'»'-(^}-^'<*«"> <22). 

Substituting this in (21X and then noticing that (19) and (21) must be identical, we 

(23). 



find • ' 

dk _dB kaa^ (a, a, a') 

J "A {A»(«»a»-4mn(m + n)-«}{Ji(fcaa)}» 



Let 2" iTte.o) denote the frequency of free radial vibrations in an infinitely thin 
shell of material (p, m, n) and radius a, then 

^ ^'"^ "" ~(7^T^)^"(m + n)p : ^^*^ • 

* Trafuaetiorut I c p. 856, equations (48) and (48 a). Cf. also (22) above. 
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Also let 

Ur-^J^{kvr) ..(25), 

[7; = ii?'(r.a) = i{(m + n)A:arJ/(*ar) + (7n-ii)J,(iar)} (26), 

so that Ur<io^kt represents a displacement in a simple cylinder performing radial vibra- 
tions of frequency kj^ir and Vr<io%kt the corresponding radial stress, both quantities 
referring to points at distance r from the axis. 

Employing these substitutions in the value of dBjA given by (16), and then sub- 
stituting in (23) and employing (17), we find 

dk_b^ V p (k^ ^ k\m) - Pi (}^ - g^..,6») (by (u^Y 

In (27), as in (28), Sect. II., we notice the existence of three distinct terms, the 
first depending on the square of the displacement of the altered layer, the second on 
the square of the radial stress, and the third on the product of the displacement and 
radial stress. The first term alone exists if the layer differ from the remainder of the 
cylinder only in density, or if it coincide with any no-stress surface. If the layer occur 
at a node surface then the second term alone exists. The signs of these two terms are 
independent of the radius of the layer. 

The third term vanishes if mi/ni = m/n; otherwise its sign as well as its magnitude 
varies with the position of the layer. • 

§ 65. In the core there is no change of type due to the existence of the layer 
other than a displacement of any node, loop, or no-stress surface originally of radius r 
according to the law 

-dr/r=:dk/k (28). 

Outside the layer we find by substituting in (6) the values of dA/A and dB/A 
from (15) and (16), and reducing 

u/A cos kt = Ji (kar) 

^K^a^n-^) !ft-W(&-«.^)+ £^*/(i.«.^)}] (29); 

where, with our usual notation, 

/(6 . a . r) = J, (kctr) Y, (kah) - F, {kar) J, {Jcah)\ 

f(b.a.r) = J,{kar)F,{b.a)^l\{kar)F{b.a)j ^ ^' 

The loci where f(b,a,f) vanishes and changes sign are what would be the node 
surfaces of a simple shell of material (p, m, w) whose inner surface r = fe is fixed and 
whose frequency of vibration is A:/27r. Similarly the loci where f{b . a . r) vanishes answer 
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to the node sur&ces in the vibration of frequency k/2'rr in a simple shell of material 
(p, m, n) whose inner sur&ce r = 6 is free. 

We notice the existence of three terms in the coefficient of 6 — c in (29) answering 
to the three terms in (27). The first two terms in (27) and (29) vanish together. The 
third term however in (27) vanishes when the layer coincides either with a node or a 
no-stress surface, whereas unless 7nijni=^mjn the third term in (29) can vanish only for 
special values of r wherever the layer may be situated. 

Noticing that /(6.a.6) = 0, and /(6.a.6) = ~ (m + n)(7 (31), 

we find from (29) for the displacement just outside the layer 

w = ^cosAr^L-(fe-c) j(--i---^ (32). 

From (32) we may deduce the following expression for the displacement throughout 
the layer itself: 

ul A COS kt'=^Ji(kab)-ka(b''r)Ji'(kab) 



-(^-^)|(;;rL-i^)^^+2(-^ (33). 



Thus, precisely as in the radial vibrations of a sphere, no change of type manifests 
itself as we cross the layer if it differ from the remainder only in density, or if while 
differing in elasticity it coincide with a no-stress surface and the relation ni/7»i = n/m 
hold. 

§ 66. For a discussion of (27) we require to know the characteristics of radial 
vibrations in a simple cylinder. 

The type of the displacement is shown in (25). Thus there are a series of node 

surfiaces whose radii, r, for the note of frequency k/itr are found by equating kotr to the 

successive roots of 

M^) = (34), 

viz. 0, 3-832, 7016, 10173, 13323 , 

the higher roots being of course only approximate. 

The radii of the loop surfaces, where the displacement is a maximum, are found by 
equating kar to the roots of 

^i'(^) = (35), 

whose approximate values are 1*841, 5*331, 8-536, 11-706 

The radii of the no-stress surfaces are obtained by equating kar to the roots of 

(m-f-n)aJi'(ar)-h(m-n)Ji(aj) = (36); 

vrhile by equating kaa to these roots we obtain the frequencies of the several notes the 
cylinder can produce. 

Vol. XV. Paet II. 28 
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The form of (36) depends on a. Thus when o- = it is identical with (86). When 
<r = '25 it becomes 

ZxJ^(x) + J^{x) = Q (37); 

whose roots, excluding zero, are approximately 2*069, 5*396, 8*576, 11*735 

Finally when <r = *5 it becomes 

•/o(^) = (38); 

whose roots are approximately 2*404, 5*520, 8*654, 11*792 



For the roots of (34) and (38) I am indebted to Lord Rayleigh's Theory of Sound, 
Vol. I. Table B, p. 274. The roots of (35) and (37) I have calculated from the tables 
in Lommers Stvdien ilber die BesseVschen Functionen. 

Since the roots of (34) and (35) are ii^dependent of a the ratio of the radii of any 
two node or loop surfaces of given numbers in a given cylinder performing a given note 
is the same whatever be the number of the note or the value of c. 

The values of kaa, however, being the roots of (36), vary with the value of c; thus 
the ratios of the radii of the node or loop surfaces to the radius of the cylinder vary 
with the material. Still in the case of the second and higher notes the value of <r has 
only a small effect on the absolute positions of the several node and loop surfaces in a 
cylinder of given radius. 

The roots of (36) exceed the corresponding roots of (36) for all values of <r greater 
than 0. Thus the loop surfaces, while coinciding with the no- stress surfaces when o- = 0, 
lie inside them for all other kinds of isotropic material. 

In the case of all three equations (34), (35) and (36) the successive higher roots 
come to differ almost exactly by tt, and the corresponding higher roots of (35) and (36) 
are for all values of a nearly equal and are approximately half-way between successive 
roots of (34). 

Thus between successive higher notes there is a nearly constant difference of pitch, 
and between consecutive surfaces of higher number of the same kind — whether node, loop 
or no-stress surfaces — a nearly constant difference of radius. Also the node surfaces of 
higher number lie nearly half-way between consecutive loop surfeces. 

The positions of the node, loop and no-stress surfaces for the values 0, '25 and *5 of 
<T in the four lowest notes are given in the following table to three places of decimals : — 
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Table I. 



Values of r/a over node, loop, and no-stress surfaces. 



<7- = 



<r=25 



= •5 



Number 
of note 

(1) 


Node Loop and no- 
sai&ces stress surfaces 
10 


" Node 
surtaoea 



ill 


No-stress 
snrfaoes 
10 


Node 
sarfaoes 



Loop 
surfaces 

•766 


No-stress 
surfboes 

10 


(2) 


■ -719 


•345 
10 



•710 


•341 
•988 


•384 
10 



•694 


•334 
•966 


•435 
1-0 


(3) 



•449 
, •822 


•216 
•625 
10 




•447 
•818 


•215 
•622 
•995 


•241 
•629 
10 



•443 
•811 


•213 
•616 
•986 


•278 
•638 
10 


(4) 


•327 
■ ^599 
I 869 


•157 
•455 . 
•729 
1^0 




•327 
•698 
•867 


•157 
•454 
•727 
•998 


•176 
•460 
•731 
,10 



•325 
•595 
•863 


•156 
•452 
•724 
•993 


•204 
•468 
•734 
10 



A comparison ahould be made of the above results with those of Table II. Sect. II. 

In the table the axis is counted as a node .and the surfigu^e of the cylinder as a 
no-stress surface^ and under all circumstances the number of node, loop, or no-stress surfaces 
is equal to the number of the note. 

I shall refer to any such surface by its number, regarding the surface of the same 
kind of least radius as number (1). 

§ 67. In all the expressions for the change of pitch there occurs one or other of 
the two following quantities: 

^ ^ k'aW - 4mn (m + n)^ ' - (39). 

Employing the results already recorded for the roots of the frequency equation, I have 
calculated from Lommers tables the following approximate values for Q and Q' : — 

Table II. 



<T = 



Values of Q and Q\ 





Q 










Q' 






Note (1) 


(2) 


(3) 


(4) 


Note (1) 


(2) 


(3) 


(4) 


( 2-275 


1623 


1^590 


1-581 




fO 4-189 


8-652 


13-574 


18-507 


•25 1868 


1-602 


1-5S3 


1-577 


<r = • 


-25 3-867 


8-644 


13-573 


18-507 


[•5 1^542 


1565 


1-568 


1-569 




-5 3-708 


8-637 


13-572 


18-507 



In the higher notes the influence of a on the value of Q is small and continually 
diminishes as the number of the note increases. In notes (3) and (4) the variation in 
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the value of Q^ with the value of o* is practically insensible. The numbers entered in 
the table in the two last columns are scarcely to be relied on in the last decimal place. 
The third decimal place is retained in these columns mainly with the view of showing 
how remarkably small the influence of the value of <r is. 

The following considerations enable pretty close approximations to be found for the 
values of Q and Qf in the higher notes. 

From the general formula for the approximate values of Bessel's functions for large 
values of the argument^ we may when x is large put 

approximately, employing the usual definition of the Bessel. 

From the above expression we conclude that for large values of x the maxima values 
of X {Ji (x)Y are all nearly equal, while the maxima of { Ji {x)Y vary approximately as the 
reciprocals of the corresponding values of x. Also the larger values of x supplying the 
maxima whether of x {Ji (x)Y or [Ji (a?)}* increase very approximately in an arithmetical 
progression with a common difference tt. 

If now we write the frequency equation (36) in the form 

J/(^)+ --^''ar^Jx(a?) = 0, 

we see that its higher roots, whatever be the value of c, must be nearly identical with 
the higher roots of Ji (x) = 0, i.e. of (35). This is in fact the exact form of the frequency 
equation when o- = 0, and the difference between the second root even of (35) and 
those of (37) and (38) — the frequency equations for the values and "5 of a — is, it 
will be noticed, far from conspicuous. 

Thus whatever be the value of a the values of koui for the higher notes are nearly 
identical with those values of x which make {Ji (x)Y a maximum. 

Now for notes above the fourth the value of kaa is not less than 14*8, and so 
4mn(w + n)"* is very small comi>ared to A*aW. 

Thus we see from (39) that for notes above the fourth a close approximation to 
the value of Q, whatever be the value of <r, is obtained by equating Q to 1 -4- {x^Ji{x)}\ 
where x is one of the higher numbers which make [Ji(x)Y a maximum. It imme- 
diately follows from our recent investigation that for notes above the fourth the value 
of Q is approximately constant and independent of a. No serious error will arise by 
ascribing to it the value 7r/2. 

In the same way we find as an approximation for notes above the fourth 

where x is one of the higher numbers which make [Ji{x)]* a maximum. Consequently 
Q^ varies approximately as these values of x. But we saw that these values of x increase 
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approximately in an arithmetical progression with common difference ir, and so the successive 
values of Q' increase approximately in arithmetical progression with a common difference -^ . 

This conclusion is strongly supported by the numbers given in Table 11. We are 
thus entitled to assume that the value of Q' for any note of number {%) greater than 
4 is very approximately given for all values of a by 

Q' = 18-51 + (i- 4) X (4-935) (40). 

§ 68. As in previous sections I shall, before discussing the general application of 
the frequency equation, consider briefly two special cases. 

In the first of these the material (pi, m^ n^ occurs at or close to the axis. By 
supposing hja very small, but {b — c)lh still smaller, we pass to the case of a very thin 
layer close to the axis of the cylinder. This we shall call the axial layer. 

Writing {b - c) 6/a« = ^dVjV, 

we obtain the value of dkjk in this case by retaining only the lowest powers of hja 
occurring in (27). We easily find, distinguishing this case by the suffix i. 






If the material (/)i,mi, ni) form a thin core we must proceed by considering the 
form taken by the frequency equation /(O . «! . 6 . a . a) = when bja is very small. 

The application of the method of Sect. I. to this case presents no difficulty when 
the following data are kept in view. 

From the usual formula for the Bessel's functions we obtain at once when x is 
very small the approximate values 

J,(x)^x/2, J/ (a:) = 1/2. 

Now for the other solution of the Bessel's equation we have 

Ti {x) = — fl?~^ Jo (^) + log {x) Ji (x) — Ji(x) + powers of x above the first *. 

But when x is very small approximate values are 

Jo(x)^l, \og{x)J,(x) = 0, 
and we have as first approximations 

Fi(a?)=.-arS F/(a:) = ar^. 

The numerical value of the constant C of (17) is also required in this case. We 
may determine it very simply by noticing that when x is very small 

-C = x{J, (x) F; (x) - J,' (x) Y, (X)} =x^.ar-'-H- ^o} = 1- 

* See Nenmann's Theorie der BesseVschen Functionen, p. 52, eqaations (18), (14), and (15). 
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Supposing the core of radius b and volume dV per unit of length, so that 

I find, distinguishing this case by the suffix c, 

k"^'"'" V 2m,+ n ^^^^^• 

The formulae (41j) and (41c) are not in general identical. When however the 
alteration in elasticity is small they both reduce to 

dk_dVQ' m,^m 

k^ V 2 m+n ^^^ ^• 

From (41j) and (41c) it follows that to the present degree of approximation an 
alteration only in density does not affect the pitch of any radial note when it occurs 
at or close to the axis. 

In the case of the core the change of pitch depends entirely on the alteration of the 
elastic constant m, and in the case of the axial layer the sign of the change of pitch 
depends entirely on the sign of mi—,m and its magnitude for any ordinary alteration of 
material would not be greatly modified by the alteration in n. 

If the elastic constant m alone is altered, then the formula (41j) for the axial layer 
becomes identical with the general formula (41^) for the core. 

If both elastic constants are altered in the same proportion according to the law 

mi/m = ni/n=l+p (42), 

the changes of pitch are given by 

1., p dVQ" m l\ n ) 



1., dVq m L^ m \-^ 



For any alteration whatsoever of elasticity at or close to the axis the pitch is 
raised or lowered according as the elastic constant m is increased or diminished. Thus 
m takes the place that the bulk modulus occupies in the corresponding case in the 
sphere. 

§ 69. Next suppose the alteration of material to take place throughout a surface 
layer of thickness t Then, remembering that Ua is zero, we easily obtain from (27) 

dk t p (m + ny Kmr"^ + nr"^ I 

^"a = ,/.. 4mn" <^*)- 

(m + ny 

The values of 3A/i, when the density at the surface alone is altered, are shown in 
the following table for the first four notes answering to the values 0, '25 and '5 of <r: — 
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Table III. 

Value of — T- -i-l- — — ^1 for a sur&ce layer. 
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Namber of note (1) 


(2) 


(8) 


(4) 


<r= • 




-25 

•5 


1-418 
1-262 
1-0 


1-036 
1-031 
10 


1-014 
1-012 
1-0 


1007 
1-006 
1-0 



If in (44) ' we suppose 



then it at once reduces to 



OT-' + n- ' _ 1 ^ ft _ J , 



.(45), 



dk 



= -«?• 



.(46). 



Thus we derive at once from Table IIL the following results for the change of 
pitch due to a surface alteration of elasticity alone : — 

Table IV. 

Value of T- -^ T- ( ^r-. , — 1 Ir for a surface layer. 



Number of note (1) 


(2) 


(8) 


(4) 


0"= ■ 


fO 
-25 
•5 


-418 
-262 



-036 
-031 



•014 
•012 



•007 
•006 




A comparison of Tables III. and IV. leads to many interesting results as to the 
relative importance of siuface alterations of density and elasticity in changing the pitch of 
the fundamental and higher notes. 

The most important of these results is that if a thin surface layer of an isotropic 
cylinder be altered in any way consistent with its remaining isotropic, then the ratios 
of the frequencies of all the higher notes can only be slightly affected; but, unless the 
value of a- for the unaltered material be near the limiting value '5, or else both density 
and elasticity be altered in such a way as approximately to satisfy (45), the ratio of 
the frequency of the fundamental note to that of any of the higher notes may be 
sensibly disturbed. 

§ 70. It will be necessary to restrict our discussion of (27) to some special forms 
of alteration of material. We may in every case modify the function of kaa that appears 
in the expression for dk by any substitution that supposes (18) to be exactly true. 

(1) Suppose the layer to differ from the remainder only in density. We have already 
seen that the change of pitch is then always zero when the layer ia axial We may 
thus employ without restriction a formula in which the alteration of mass per unit length 
of cylinder is represented by 

aif=27r6(6-c)(px-p). 
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Denoting by t the thickness 6 — c of the layer, and by M the original mass ira^p 
of the cylinder per unit length, we find firom (27) 

1=-^ ^«*«* i"^' (*'^>J' = - ^#f {-^^ <*«*)}* (*^>- 

(2) Suppose the layer to differ from the remainder only in the value of m. Employing 
the well-known relations between successive Bessers functions, we obtain from (27) 

dkt_ rn^ ^ dV m^ ^ 

where F = 7ra«, 3 F = 27r (6 - c) 6. 

This formula it will be remembered happens to apply for an axial core as well as 
an axial layer. 

(3) Suppose the layer to differ only in the value of n. We find 

^k 
k 

This vanishes for an axial layer. 

(4) Suppose both elastic constants to be altered in the same proportion according to 
(42), then by (27) for any true layer 

^= V^ efexi rjj/(*a6)+^^ff->iv^i^ji+p){'^>r' 

k a l+p LI m + n koh ) (m + w)»^ '^' \ kao j_ 

An alternative formula applicable under the usual restriction may be obtained by the 
substitution 

§ 71. Comparing the expressions (47), (48), (49) and (50), we notice that each is 
a product of three factors of the usual kind. 

Except in the case of (50), where the third factor is a function of a- and of the 
magnitude of the alteration of material, we may very easily construct curves*, whose ab- 
scissae are the values of x, =kab, to represent the variation in the magnitude of dk/k 
with the position of the layer. 

The equations to these simple curves are 

y^x{Mx)Y^Mx) (51), 

y= {Mx)Y^Mx) (52), 

y=x{Mx)Y=Mx)...: (53), 

y= [M^)Y=A(^) (54), 

y==^x{J2{x)Y=Mx) (55), 

y= {M^)Y=^f7(ai) (56). 

These curves apply whatever be the value of a- in the material. Full information 
as to their use is recorded in the following table: — 

* On account of the difference in the values of Q for Plate V. should be increased in the ratio r : 2 for com- 
the sphere and cylinder, the ordinates of £he curves of parison with Plate lY. 
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Table V. 



Fanotion of x. 


Property of 
material altered 


Layer of given 


Figure where 
carre drawn 


Letter attaohed 
to curve 


M^) 


P 


volume 


6 


A 


fM 


9 


thickness 


6 


B 


M^) 


m 


volume 


7 


A 


M^) 


m 


thickness 


7 


B 


/rW 


n 


volume 


8 


A 


M^) 


n 


thickness 


8 


B 



After the long discussion of the corresponding curves in the case of a sphere, it 
is hardly necessary to say more than that the use of the present curves is exactly the 
same as that of the previous. Each of the curves of Table V. applies to all materials 
and notes. The ratios of its successive maxima ordinates are the ratios of the several 
maxima changes of pitch due to the given assigned alteration of material. 

Since the fiwjtor by which the ordinates of all the curves £ are to be multiplied 
to get the numerical magnitude of the change of pitch is Q, the curves supply us 
immediately, supposing them drawn on the same scale, with a comparison of the changes 
of pitch, of any given note in any given cylinder, accompanying independent alterations of 
material throughout a layer of given thickness such that 

(/)i-p)//} = (wii-m)/(mi + n) = (ni-n)/(m + ni) (57). 

Again for the higher notes the values of Q are nearly constant and independent 
of a ; thus in any one of the three cases when p alone is altered, when m alone is altered^ 
or when n alone is altered throughout a layer of given thickness, the maxima percentage 
changes of firequency of any given number are approximately the same for all the higher 
notes and for all isotropic materials. 

In the case of all the A curves the fiwtor is 0^/2, thus the curves, if drawn on the 
same scale, supply at once a comparison of the changes of pitch of any given note in any 
given cylinder accompanying independent alterations of material, satisfying (57), throughout 
a layer of given volume. 

Also since the higher values of Q[ increase approximately in arithmetical progression 
and are practically independent of o-, it follows that when p alone is altered, when m alone 
is altered, or when n alone is altered throughout a layer of given volume, the maximum 
percentage change of pitch of any number (j) in a note of number (i), which is greater 
than 2, exceeds the maximum percentage change of pitch of number {j) in the note 
of number (i — 1) in the same cylinder by a quantity which is practically independent of 
i or of a and may be regarded as depending only on j. 

Vol. XV. Part IL 29 
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The factors, viz. the reciprocals of kouz, by which an abscissa x must be multiplied 
to supply the corresponding value of b/a are given in the following table : — 









Table VI. 










Values of Ifkaa. 






Ntunberofnoto 


(1) 


(2) 


(8) 


(4) 


<r= ■ 


f 
•25 

•5 


•5431 
•4832 
•4160 


•1876 
•1853 
•1812 


•1171 
•1166 
•1156 


•0854 
•0852 
•0848 



Approximate values of these multipliers in any of the higher notes may be easily 
derived fix)m the consideration that their reciprocals kaa are nearly independent of a* and 
increase approximately in an arithmetical progression with a common difference tt. 

§ 72. The functions of Table V., and several others whose occurrence will subse- 
quently be explained, are tabulated in Table YII. For the data necessary in making the 
calculations I am indebted to the tables of Jo(x) and Ji(x) in Lommel's work. I have 
in no case gone beyond the value 15 ot a. The necessity of canying the calculations 
further may in general be avoided, as the following considerations show. 

We have already seen in § 67 that the maxima of {Ji(ai)Y when x becomes large 
vary approximately as the reciprocals of the corresponding values of x, and so tend to 
become small ; while the maxima of x [Ji {x)Y tend to approach a finite constant value. 
Now the same results may be proved in a similar way for any BesseFs function Ji(x), 

Thus a glance at equations (51) — (56) suffices to show that the successive maxima 
ordinates of any one of the curves A of Table V. diminish rapidly as the radii of the 
corresponding positions of the layer increase, while the successive maxima of any one of 
the curves B continually approach to equality. Consequently unless very great accuracy 
is required it is unnecessary to draw either set of curves for large values of x. 

The other functions occurring in Table VII. present themselves in the treatment of 
(50). The form of /.(a?) is given by (77), of f,(x) by (78), of f,(x) by (79) with <r = 0, 
of /,o(«) by (80) with (7 = 0, o{fn(x) by (81), and of f,,(x) by (82). 

This last group of functions are also represented by curves, but these must be 
combined in pairs so as to form compound curves, or else apply only for special values 
of <7. The ordinates of these curves have to be multiplied by Q or 0^/2, and their 
abscissae by the factors given in Table VI. according to circumstance& 
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§ 73. We may now examine the four special cases in detail. 

When the layer diiFers from the remainder only in density the change of pitch is 
given by (47). The law of variation of dk/k with the position of the layer is thus inde- 
pendent of the magnitude of the alteration of density. 

The positions of the layer when the pitch of a given note is unaflFected coincide 
with the node surfaces for that note. When the layer is in any other position the 
pitch is raised or lowered according as the density is diminished or increased. 

When the layer of altered density is of given volume the curve showing the de- 
pendence of the change of pitch on the value of kab is A fig. 6, whose equation is (52). 
The maxima ordinates answer to positions of the layer coincident with the loop surfaces. 

The first maximum ordinate is much the largest. For the ratios it bears to the 

succeeding maxima ordinates, and so for the ratios of the first to the succeeding maxima 

changes of pitch I find 

1 : -3539 : -2206 : '1608 

Employing these ratios, all the maxima in the case of the first four notes can be 
calculated from the numerical magnitudes of the first maxima which are given in the 
following table: — 





Table Vm. 
First maximum of — -jr - 


dM 
-M- 




Valoe of t 


Number of 

note (1) 


(2) 


(?) 


(4) 



•25 

•5 


•709 
-655 
•628 


1-465 
1-463 
1-462 


2-298 
2-298 
2-297 


3133 
3133 
3133 



For any of the higher notes approximations to the numerical magnitude of the 
first maximum change of pitch can easily be obtained by the consideration that these 
numbers increase approximately in an arithmetical progression with the number of the 
note. Thus for any note of number (t), greater than 4, a close approximation to the 
first maximum is given for any value of a by 

-^H-^j^=3-133 4-(i-4)x-835 (58). 

In these higher notes the next three maxima changes of pitch can be obtained 
from the ratios already given in this paragraph. The maxima of higher number can be 
obtained to a less close degree of approximation from the consideration that the reciprocals 
of the successive maxima changes of pitch in a given note are approximately in arith- 
metical progression. Thus fix)m the values for the ratios of successive maxima already 
given in this paragraph we find as a fairly close approximation to the maximum change 
of pitch of number (j) in the note of number (i), supposing i and j both greater than 4, 

dk ,dM _ 3133 + (t - 4) x 8 35 

k ' M 6-22 + (i- 4) X 1-67 ^•^^^• 
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§ 74. When the layer of altered density is of given thickness the mode of varia- 
tion of dkjk with ktxb is shown by curve B fig. 6, whose equation is (51). 

The abscissae supplying the maxima ordinates are the roots greater than zero of 

ac/;(a:) + J,(a?) = (60). 



Their approximate values are 2-166, 5-427, 8-595, 11-749... 



When crs'd the equations (60) and (36) are identical, and so the positions of the 
layer supplying the maxima changes of pitch are coincident with the no-stress surfiices. 
For other materials these positions lie outside or inside the no-stress sur&ces according 
as <r is less or greater than *3. For all values of a they lie outside the loop sur&ces. 

When <rs'$ one of the positions supplying a maximum of dkjk coincides with the 
cylindrical surface, and for this and all larger values of <r the number of maxima is 
equal to the number of the note. For values of <r less than *d the number of maxima 
is less by 1 than the number of the note. Thus in note (1) there is no true maximum, 
the value of dkjk increasing continually as the layer moves out from the axis to the 
surface. 

The following table gives the positions of the layer corresponding to all the maxima 
in the case of the first four notes for the values. 0, '25 and -5 of c\ — 



Table IX. 



Values of hja supplying maxima of — i, -5- (- ^ — ^) ■ 



Note (1) 



Note (2) 



Note (4) 



«r- 


•25 


•5 





•25 


•6 





•25 


•6 





•25 


•5 


-i-. 


_ 


•901 


•406 


•401 


•892 


•254 


•253 


•250 


•185 


•185 


•184 








^_ 





•983 


•636 


•633 


•627 


•464 


•462 


•460 




















•993 


•734 


■732 


•729 
•996 



The blanks are intended to draw attention to the absence of true maxima. A com- 
parison with Table I. will be found instructive. 

For the ratios of the first to the successive maxima ordinates of curve B, and so 
of the first to the subsequent maxima changes of pitch, I find 

1 : -947 : 940 : '938... 
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The absolute values of the first and largest maxima are given in the following 
table for the first four notes: — 

Table X. 

dk ^ ft pi — /)^ 



First maximum of — -r "^ I - • 

k \a p J 



Note (1) Note (2) Note (3) Note (4) 

A. _ ^ -■- ^ ^ ^ — >^ „,,.—. -^ — 



<r= -25 -5 -25 5 -25 o '25 



1-418* 1-262* 1050 | 1*104 1-090 1-065 | 1-082 1077 1-067 | 1076 1073 1-068 

Asterisks are attached to the entries for the values and -25 of <r under note (1) 
to show that they are not true maxima. They do not answer to the first maximum ordi- 
nate of curve B fig. 6, but to positions of the layer at the surface of the cylinder. 

From the results already obtained as to the values of Q in the higher notes and 
as to the maxima of x {Ji (x)Y answering to large values of x, we are enabled to conclude 
that, for any note whose number exceeds 4 and for any value of a, a close approxi- 
mation to the first maximum of "jT'^i" — ) ^ 1'07, and to any maximum whose 
number exceeds 3 a pretty close approximation is I'OO. 

§ 75. In the case when the layer differs ^Irom the remainder only in the value of 
m the change of pitch is given by (48). From this it appears that the law of varia- 
tion of dk/k with the position of the layer is independent of the magnitude of the 
alteration of elasticity. 

The positions of the layer when the change of pitch vanishes are found by equating 
kab to .the roots of (38). They thus coincide with the no-stress surfaces when a = -5, 
and for all other values of a they lie outside of the no-stress surfaces though very close 
to all except the first. 

When the layer is of given volume the curve showing the variation of the change 
of pitch with kab is A fig. 7, the equation to which is (54). 

The ordinate at the origin is . much the largest in . the curve. Thus the change of 
pitch which arises when the altered material forms an axial layer is far the largest 
maximum. 

The magnitude of the change of pitch due to any assigned alteration of elasticity 
throughout an axial layer has been already determined in § 68, the necessary formula 
in the present case coinciding with (41e). The numerical magnitude is obtained at once by 
dividing by 2 the values supplied for Q' in Table II. and altering the heading from Q' to 

T^k-T-l-^ — li"")- ^^r * ^^*® ^f number (i) above the fourth we obtain fix)m (40) 
as an approximate formula 

dk fdVmi — inK , r-.r^^.. /. ^v ^ ^.^^^ ,^,v 

&*(f^:t^J=^{i»'^i+(»-*>^*"9351 <6i>- 
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The abscissae supplying the subsequent maxima ordinates are the roots of (34). 
Thus the corresponding positions of the layer coincide with the node surfacea For the 
ratios of the first to the subsequent maxima ordinates, and so for the ratios of the first to 
the subsequent maxima changes of pitch, I find 

1 : 162 : '090 : -062... 

From considerations as to the values of those maxima of {Jo(jx^)Y which answer to 
large values of x, of ao exactly analogous nature to those discussed in § 67, it may 
be proved that a fiurly close approximation to the maximum change of pitch of number (j) 
in the note of number (i), i and j being both greater than 4, is supplied by 

dk ^ (dV whj-wN _ 18'51 +(t-4)x 4r935 ^ 

k • \V mi + n/" 32-08 + (j- 4) X 9-87 ^^ ^' 

In this formula j may equal but cannot exceed t, as the number of maxima, being 
equal to the number of node surfaces, including the axis, is equal to the number of 
the note. 

§ 76. When the layer whose m diflfers fix>m that of the remainder is of given 
thickness the curve showing the variation of the change of pitch with kab is B fig. 7, 
the equation to which is (53). 

The abscissae supplying the maxima ordinates are the roots greater than zero of 

(2a«-l)j;(«)-arJ/(a?) = (63). 

For the first two roots I find approximately *9408 and 39594. 

It is easily proved that the positions of the layer answering to the maxima changes 
of pitch whose numbers exceed 2 lie outside of but very close to the corresponding 
node surfistces. The positions of the layer answering to the first two maxima are given 
in the following table for the first four notes and the usual values of a-: — 



Table XL 

Values of bla where -y- -5- ( - -^. — ) is a maximimi. 
' k \a nii + n/ 

Note(l) Note (2) Note (3) Note (4) 



<r=0 -25 -6 -25 5 25 5 25 



•511 -455 -391 



•176 -174 170 
•743 -734 -717 



•110 110 -109 
•464 -462 -458 



•0804 -0802 -0798 
•838 387 -336 



As the second maximum ordinate is very nearly equal to all the subsequent maxima, 
and is decidedly greater than the first, I have included in the following table the first 
two maxima changes of pitch. For note (1) of course there is only one maximum. 

Vol. XV. Part IL 30 
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Table XII. 
dk 



Maxima values of t -5- ( : — ) . 

k ya wii + » / 



Note (1) 



Note (2) 



Note (8) 



Note (4) 



_>-_ 



<r= 


•26 


•5 





•26 


•5 





•25 


•5 





•25 


•5 


1-338 


1099 


•907 


•954 
1-026 


•942 
1-012 


•920 
•989 


•935 
1-005 


-931 
1-000 


•922 
•991 


•930 
•999 


•928 
•997 


•923 
•992 



The number of maxima is always equal to the number of the note so that the 
table gives all the maxima only for the first two notes. 

In the higher notes for all values of a pretty close approximations are 

a* ^ n m,-m\ ^ .gg^ 

for the first maximum change of pitch, and 

dk^ftrn^^^^ (65) 

for the second and all subsequent maxima. 

§ 77. In the third special case, when the layer differs firom the remainder only in 
rigidity, the change of pitch is given by (49). This shows that the law of variation of 
dk/k with the position of the layer is independent of the magnitude of the alteration of 
rigidity. 

The positions of the layer when the change of pitch vanishes are found by equating 

kab to the roots of 

Mx)=^0 (66), 

viz.* 0, 5 135, 8-417, 11620.... 

The higher roots are of course only approximate. The root x = applies whether 
the layer be of given volume or of given thickness, so that the axis is always one of 
the positions where an alteration in rigidity does not affect the pitch. 

Whatever be the value of <r, the second and higher roots of the frequency equation 
(86) are slightly larger than the second and higher roots of (66). Thus counting the 
axis, the number of positions of the layer for which dk vanishes is alwajrs equal to the 
number of the note. Also these positions commencing with the second are close to but 
inside of the successive no^tress sur&ces commencing with the second. It seems un- 
necessary to determine these positions more precisely. All the data necessary in the case 
of the first four notes and the usual values of a are given above. 

* See Lord Baylelgh's Theory of Sound, Vol. i. p. 274. 
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When the layer of altered rigidity is of given volume the curve showing the varia- 
tion of the change of pitch with the position of the layer is A fig. 8, the equation to 
which is (56). 

There is, it will be noticed, a very close resemblance both in magnitude and position 
between the segments of this curve which are most remote from the origin and the 
segments of curve A fig. 7. The first segment however of the present curve would 
seem to answer to the whole of curve A fig. 7 between the origin and the second 
zero ordinate. 

The abscissae supplying the maxima ordinates of the present curve are the roots 
greater than zero of 

(aj»-2)Ji(a?)-faB//(a?)=:0 (67). 

For their approximate values I find 3054, 6706, 99695, 13170.... 

When i is greater than 2 the (i - 1)**" root of (67), omitting zero, is near but always 
less than the i*** root of (34), the equation which determines the position of the node 
surfaces. The first root of (67) is however noticeably less than the second root of (84). 
The number of true maxima being one less than the number of node surfaces is one less 
than the number of the note. In particular there is no true maximum for note (1). 
The following table gives the positions of the layer supplying the true maxima in the 
first four notes for the values and '25 of <r : — 



Table XIII. 
Values of bla where -7- -5- (^fjr -^- — ) 
Note (2) Note (3) Note (4) 



IS a maximum. 



'{I 



•573 -358 -786 -261 573 852 

25 -566 -356 782 260 572 850 



For the ratios of the first to the subsequent maxima ordinates, and so for the 
ratios of the first to the subsequent true maxima changes of pitch, I find approximately 



1 : -415 : 274 : 206. 



The numerical values of the first maxima in notes (2), (3) and (4), and of the 
greatest possible change of pitch in the case of note (1) are given by the following 
table for the values and '25 of ai — 

30—2 
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Table XIV. 

First maximum of -7- -r- -i^. — — 1 . 
k \V m + Wi/ 

Note (2) 




0-= -25 -25 





•209* -262* 1024 1-023 1606 1-606 2190 2190 

The asterisks are intended to draw attention to the fact that the entries imder 
note (1) are not true maxima. The influence of a in the case of the higher notes is 
practically nil. 

As fidrly approximate values for the first and for the j^ maximum respectively in 
note (i), supposing % and j both greater than 4, we may take 



dk fdV n.-n ^ __ 2-190 + (t - 4) x -584 

k ' \V m-^-nJ" 4-85 +(j-.4)x 1-20 ^^^^' 



These equations hold for all values of a. For values of j less than 4 the ratios 
given above should be used. 

§ 78. When the layer of altered rigidity is of given thickness the curve showing 
the variation of dk/k with the value of kab is B fig. 8, the equation to which is (55). 

In general we see that when i is greater than 2 the (% - 1)^ segment of curve B 
fig. 8 corresponds pretty closely in position and magnitude of ordinates to the 'P' segment of 
curve B fig. 7. 

The abscissae supplying the maxima ordinates of curve B fig. 8 are the roots greater 
than zero of 

(2a^'S)J,{x) + SxJ,'(ai) = (70). 

For their approximate values I find 3-311, 6*787, 100215, 13-209.... These roots are inter- 
mediate between those of (34) and (67). 

For note (1) there is no true maximum, as the number of maxima is one less than 
the number of the note. The positions of the layer supplying all the maxima in notes 
(2), (3) and (4) for the values and -25 of <r are shown in the following table : — 

Table XV. 

Values of bla where -r -^ ( ) is a maximum. 

' k \a m + rii/ 

Note (2) Note (3) Note (4) 



-{I 



•621 -388 -795 -283 580 856 

25 -614 -386 -791 282 578 -854 
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For the ratios of the first to the two next maxima ordinates, and so of the first to 
the two next maxima changes of pitch, I find 

1 : -880 : -860. 

The fourth and subsequent maxima are only very slightly less than the third. 

In the following table are given the numerical magnitudes of the first maxima for 
notes (2), (3) and (4), and of the greatest possible change of pitch in the case of note (1). 

Table XVI. 

dk 



Piret maximum of f^f'^^LZ^). 
k \a m + n,/ 



Note(l) Note (2) Note (3) Note (4) 



..J^ 



<r= ^■25 -25 25 ;26 

•418* •524* I 1-224 1-208 | 1199 1*194 | 1-192 1-189 

The asterisks under note (1) indicate as usual that the entries are not true maxima. 

From the table, with the assistance of the ratios given above, all the maxima in 
the notes (2), (3) and (4) may be calculated 

In notes above the fourth a pretty close approximation to the first maximum will be 
given for all values of <r by 

f^f«?LZ^) = 1.186 (71). 



From this and the ratios given above, the values of the two next maxima may be 
found. For maxima of number greater than (3) in these higher notes we may take ap- 
proximately 

^^^(i!b-^]^l-00 (72). 

§ 79. In the fourth special case the change of pitch is given by (50). For the 
limiting value '5 of a this assumes the simple form 

r-si-^«'!'^-«l-Ti^fl-'.wi'- ('»)• 

writing x for kab. 

This becomes identical with (48) when the fector (mj — m)/(mi + n) of that equation 
is replaced by p/(l+|>). Thus, the conclusions already come to in the case when m alone 
is altered apply also to the present case for <r = -5 with merely a change in phraseology. 

Except in this extreme case the expression (50) for the change of pitch is the sum 
of two squares, which cannot simultaneously vanish unless b/a^O. Further we see fix>m 
§ 68 that when an alteration of material of this kind takes place throughout an axial layer 
of given volume the signs of dk and p are the same. Thus an alteration of both elastic 
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constants in the same proportion throughout a layer of given volume necessarily aflfects 
the pitch wherever it occurs, and the pitch is raised or lowered according as the 
elasticity of the layer is increased or diminished.. 

In considering (50) it will be convenient to consider separately the two squares by 

writing 

dk^dh-^dk, (74); 

where, a denoting as usual Poisson's ratio, 

T-i''«S^raf'''<">l- <">■ 

T-srfjC'^K*")^!^-^}' w 

The numerical magnitude of dki is independent of the sign of p, whereas dk^ is numeri- 
cally greater for a given negative value of p than for an equal positive value. 

Again dki depends on the square of the displacement and so vanishes when the 
altered layer is at a node surface. The more remote positions of th^ layer supplying 
the maxima of dki in the case of the higher notes are inside of but c^ose to the loop 
surfaces of higher number whether the layer be of given volume or of given ''thickness. On 
the other hand dk^ depends on the square of the radial stress. It thus vJinishes when 
the altered layer is at a no-stress surface, and when the layer is of given vo\pme it has 
its maxima when the layer coincides with those surfaces over which the radial stress is 
a maximum. 

Further the law of variation of dki with kab is independent of the value o7 <r, but 
the maxima of dki diminish rapidly and become insignificant as <r approaches neaJ* to its 
limiting value *5. On the other hand so long as kab is small the law of variation of 
dk^ with kab depends largely on the value of a*. 

In the case of notes (1) and (2), or for positions of the layer inside the third node suC&ce 
in the case of the higher notes, the contribution of dki to the change of pitch caimot 
in general be neglected. For more remote positions of the layer, however, in the case of 
the higher notes dki/dk^ is always insignificant, except in the immediate neighbourhood 
of the no-stress surfaces where dk^ vanishes. Thus so far as the maxima changes of pit)h 
are concerned the error introduced by neglecting dki is very trifling when the layer lios 
outside of the third node surface in the case of the higher notes. 

It may also be proved fix)m (76) that the value of a has very little influence on 
the maxima of dk^ of number higher than 2. 

We thus conclude that for practical purposes the change of pitch due to the alteration 
of elasticity of the kind under discussion is given to a very fair degree of approximation, 
by (78) for all values of a, provided the layer lie outside of the third node sur&ce o* 
the note considered. 
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§ 80. When the change of pitch is wanted for pocdtions of the layer answering to 
small values of kdb, it will in general be best to construct separately curves showing the 
variation of dki/k and dkjky and then derive fix>m them compound curves. 

For the variation of dki/k we have the curves 

y^^ar-iM^Y^Mx) (77), 

or y = ar^{Ji(a^)Y^Ma^) (78), 

according as the layer is of given volume or given thickness. These curves are those 
styled C and D respectively in fig. 6. 

Between the origin and the next zero ordinate of curve D, — which answer to positions 
of the layer at the first and second node surfiwses respectively — the ordinates of both 
curves are far from insignificant compared to the ordinates of the other curves. 

Beyond the third zero ordinate — which answers to a position of the layer at the third 
node surface — ^I have not drawn the curve D. Its successive segments become rapidly 
flatter, as may be seen at once from the consideration that in fig. 6 the ordinate of 
curve A ia the geometric mean of the ordinates of curves B and D. 

The curve C is drawn only as far as its first zero ordinate, answering to the second 
node surface. An idea of the extreme flatness of the other segments is easily derived 
from the consideration that the ordinate of curve D is the geometric mean of the ordi- 
nates of curves A and C. 

For the variation of dk^/k we have the curves 



y=|j/(^)+_^-^)p=/,(^) ; (79), 



y = ^/.(^)=/io(a?) (80), 

according a^ the layer is of given volume or given thicknesa 

These curves are drawn for the special value of a* in fig. 9 and are styled re- 
spectively A and B, Both have zero ordinates answering to positions of the layer at 
all the loop sur&cea At the origin the ordinate of curve A is precisely equal to that 
of curve (7, fig. 6, and for all other values of x less than 2 the ordinates of the latter 
curve are the larger. In &ct the ordinates of curve A do not markedly predominate 
over those of curve C, fig. 6, until the layer has passed well outside of the first loop 
sur&ce. 

Curve B fig. 9 has a zero ordinate at the origin, and the first segment lies completely 
inside the first segment of curve D fig. 6. The great predominance, however, of the second 

OD and subsequent maxima ordinates of curve B over the second and subsequent' maxima 

ordinates of curve D fig. 6 is a complete justification of what has been said of the general 
insignificance of dki/dk^ for positions of the layer outside the third or even the second node 

oil surface. 

In the case just considered when <r = 0, the compound curve is constructed, accord- 
ing as the layer is of given volume or of given thickness, by adding the ordinate of 
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curve (7 fig. 6 multiplied by 1+p to the ordinate of curve A fig. 9, or by adding the 
(wdinate of curve D fig. 6 multiplied by 1 + ;> to the ordinate of curve B fig. 9. The 
quantities represented by these compound curves are respectively 

dk (dV p qf\ , dk ft p ^\ 

§ 81. As a complete graphical representation of the law of variation of dk/k with 
smaU values of kab for some one case when the elastic constants are altered in the same 
proportion seems desirable, I have considered the most important special case, viz. when 
j) is so small that p^ is negligible and a has the value *26. 

In this case for layers of constant volume and of constant thickness respectively, 
the curves are 

y = {Jo(^))'-|^*/i(^)//(^)=/u(^) (81). 

y^xfn(x)=Mx) (82). 

These are styled A and B respectively in fig. 10, and the quantities they represent are 



dk (dV Qf\ , dk (t ^\ 



The marked di£ferences between the earlier portions of these curves and the corre- 
sponding portions of the curves A and B of fig. 9 are well worthy of notice. 

§ 82. There is still one point worthy of explicit reference. As we have already 
pointed out, ar^Ji(ai) when w is large is in general negligible compared to Ji (w). Now 
if we neglect ar^Ji(x) compared to Ji (x) and suppose the layer to diflfer fix)m the 
remainder only in elasticity, we may throw (27) into the simple form 

?-K' -^) «" w(«i-- (»'). 

a formula which is exact for positions of the layer coincident with any node surface. 

Thus when the layer is outside the third or even the second node surfiEtce in the 
case of one of the higher notes, the change of pitch due to an alteration in elasticity alone 
may be regarded, when of practical importance, as due very approximately to the altera- 
tion in a single elastic quantity, viz. m + ^. This result should be compared with that 
found for the radial vibrations of a sphere in § 48 Sect. II. 



Note to Section IV. 

The ultimate practical coincidence of the corresponding curves of figs. 7 and 8, and 
the £Bbct that their maxima and zero ordinates ultimately almost coincide in position 
with the zero and maxima ordinates respectively of the curves of fig. 6 are of course 
entirely due to the relations between 

Jo{^)> Ji(^) and t/s(a?). 
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We have already pointed out that the successive values of x, when large, which 
make any given Bessel zero increase very approximately by ir, and each is very nearly 
equidistant from two consecutive values of x which make the square of the Bessel in 
question a maximum. 

Now from the relations between consecutive Bessel's we have 

^J^{x)^J,{x)^l[J,{x)-\-J,{x% 2J,'(x)=J,(x)^Mx). 

Thus when Ji(x) vanishes {Jq(x)Y is a maximum, and when {Ji(x)Y has either its 
maxima or its zero values we have {Jo (x)Y = [Jt (x)]\ 

Thus the higher values of x which make {«/o(^)}' ai^d {«^s(^)}' maxima, and the 
higher values which make them zero, respectively coincide with or are very close to 
those higher values of x which make {Ji{x)Y vanish, and those which make it a 
maximum. Also corresponding maxima of {/o (^)Y <^^ {*^s (^)}^ except the first one or 
two, are nearly equal. 

[November 14, 1891. If while n is altered the bulk modulus m — n/S remains unaltered, the 
change of pitch is given, writing x for kaby by 

^^6^n,^^ 4 r 1 ,, 3«^ 

k a»h + w,3L2 *^^' 4m + n^ i\/fj 

It has obviously always the same sign as n^^n.] 

SECTION V. 

Transverse Vibrations in Solid Ctunder. 

§ 83. In this form of vibration the displacement is at any point at right angles 
to the plane which contains the point and the axis of the cylinder. Employing, J^ (x) 
and Yi(x) for the two solutions of 



S^il^K'-i)-". 



we obtain for the displacement in the typical vibration in a shell 

vlcoakt^AJ,(kfir)'^BT,(kfir) (!)♦; 

where fi'^-p/n (2), 

and A and B are constants. 

In a compound solid cylinder (0 .fi.c.fij.b.fi .a) where 5-c is small, the typical 
displacements are as follows: — 

In the core v/cos kt = A JJkfir) (3). 

In the layer vjooAkt^ AJ^{kfiTr)'\'BxT^{kP^r) (4). 

Outside the layer t;/coBi^ = (^ +3^1) Ji(A;/9r)-fa5Fi(A?/8r) (5). 

Terms in (6- c)*, and so those of order (dA/Ay or (dB/Ay, are as usual neglected. 



♦ Tranaaeti<m$, VoL xiv. Equation (44), p. 866. 

Vol. XV. Part II. 31 
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If for shortness we put 



F{r.fi) = n {k^rJ^ (kfir) - J, (kfir)}, 
F,(r.0) = n{kl3r7, 



:ikfir)-Jdkfir)}>) 

\'(k0r)-7,ik/3r)}) ^ ^' 



.(7). 



' b I p W W/ U Vifc»pa'U/J ^'' 



then the relations connecting the arbitrary constants and leading to the frequency 
«quation are — 

A J, (k^e) = Arfi (AAc) + B, F, (k^^e), \ 
AF(c.fi) = A,F (c . A) + ^1^1 (c . A). 
{A + dA) J, (Jfc/36) + dB 7, (k^b) = A,J^ (k/3J>) + B^ F, (fc/3,6), 
(^ + 3^1) F(b./3) + dBF, (6 . ^)= A,F (b . A) + B,F^ (b . A). 
(^ + 34) ^(a. /8) + 95^, (a. i8) = 

Referring now to the radial vibrations of a solid cylinder in Sect. IV., we see that 
the transverse type of displacement differs from the radial only in being a function of 
k0r instead of kar. Also all the surface conditions in the transverse vibrations can be 
deduced from those holding for the radial vibrations by simply writing ff for a and 
supposing m to vanish. We may thus at once deduce all the results we require for the 
transverse vibrations by making m zero and writing for a in the results already obtained 
for the radial vibrations. 

The frequency of transverse vibrations in an infinitely thin shell vanishes, and thus 
{27) Sect. IV. transforms into 

dk b — c\ 
k 
where 

Obviously vj cos kt represents a displacement during a vibration of frequency k/2ir in a solid . 
cylinder and F^cosA;^ the corresponding transverse stress. 

§ 84. In the core the only change in the type due to the existence of the layer 

eonsists as usual of a displacement of all the node, loop and no-stress surfaces according 

to the law 

"dr/r^dk/k (10). 

From (29) Sect. IV. we find for the displacement outside the layer 
t>Mcos&« = J.(*i8r) + ^^|-0),-p)A?6»a/(6./3.?) + (i-i)F»/(6./8.f)| (11); 

where C has the same meaning as in (17) Sect. IV., and with our usual notation 

f(b.0.r) = J, ik0r) F, (k0b) - 7, (k^r) J, (A/36), ) 
f{b.0.r)=J,(k0r)F,{b.0)- 7,(k0r)Fib.0) ] ^^^^■ 

In the layer itself the displacement is given by 

v/Acoakt = J,(k0b)-k0(b-r)Jt'ik0b)^(r-c) (^--) Vb (13). 
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The change of type outside the layer, la the coefficient of 6 — c in (11), consists 
like the expression (8) for the change of pitch of two terms only. There is an exact 
correspondence between the terms in the two equations. The first terms in each depend 
only on the alteration of density, and simultaneously vanish when the layer is at a node 
surfitce. The second terms depend only on the alteration of rigidity, and simultaneously 
vanish when the layer is at a no-stress surface. 

The change of type in the layer itself is the last term of (13). Thus if there be 
an alteration only in density, or an alteration in rigidity occurring at a no-stress surfieice, 
then no progressive change of type manifests itself as we cross the layer, i.e. the layer 
vibrates as if it were of the same structure as the core. 

§ 85. For a discussion of (8) we require to know the characteristics of the transverse 
vibrations in a simple cylinder. 

Taking (3) as the type of vibration, we see that the node surfiEU^es are obtained 
by equating kfih to the roots of 

*/i(^) = (14). 

This is the same as (34) Sect. IV., and its roots are thus abready recorded. 

The radii of the loop surfaces are found by equating kfib to the roots of 

J^{x)^0 (15). 

This is the same as (35) Sect. IV., whose roots have been already given. 

The radii of the no-stress surfaces are found by equating k^b to the roots of 

ar-»Ji(ar)-Ji'(a:) = J,(a?) = (16). 

This is the same as (66) Sect. IV., whose roots have been already given. Writing kfia 
for X in (16) we get the frequency equation. 

Since the equations (14), (15) and (16) do not contain a explicitly, it follows that, 
for any note of given number, the ratios borne by the radii of the several node, loop 
and no-stress surfaces to the radius of the cylinder are the same for all isotropic 
materiala Also* the ratio of the radii of any two surfaces of given numbers, whether 
node, loop or no-stress sur&ces, in a given cylinder performing a given note is the 
same whatever be the value of a or the number of the note. 

Since (14) and (15) are the same as (34) and (35) Sect. IV., it follows that the 
ratios subsisting between the radii of the several node and loop surfaces in a cylinder 
performing one of its transverse vibrations are precisely the same as those subsisting 
between the radii of the several node and loop surfaces in a cylinder performing one 
of its radial vibrations. 

Since, however, the frequency equation (16) would agree with the frequency equation 
(36) Sect. IV. only when the physically impossible relation m/n = was supposed to 
exist, it follows that the ratios borne by the radii of the node and loop surfaces to the 
radius of the cylinder cannot in any isotropic material be the same for a radial and 

31—2 
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for a transverse vibration. The ratios also between the frequencies of the several notes 
which are produced by a cylinder vibrating radially cannot possibly be identical with 
the ratios subsisting between the frequencies of the several notes produced by a cylinder 
vibrating transversely. These latter ratios, it will be observed, are independent of the 
value of a, and so the same for all isotropic materials. 

Comparing (16) with (36) Sect. TV. we see that when x is large they both approach 
the form 

Thus the higher roots of the frequency equations, both transversal and radial, ap- 
proach more and more nearly the larger they are to the roots of (15). Thus the higher 
notes of the two modes of vibration in a given cylinder correspond to one another in 
pairs, such that the two sets of node and loop surfaces become nearly coincident, and 
the frequency of the transverse vibration is to that of the radial approximately in the 
constant ratio 

iju • Jm -h w. 

A similar result, it will be remembered, was found in the case of the sphere. 

The positions of the several node, loop and no-stress surSaxses for the first four 
notes are given in the following table. It applies to all values of <r. 



Table I. 

Values of rja over node, loop and no-stress surfeu^es. 
Note(l) Note (2) Note (3) Note (4) 



-> /— 



Node No-stieas Loop Node No-atresa Loop Node No-stress Loop Node No-stieas Loop 

sarfaoes snrfMee snrfaoes snrfaoea snrfaees surfooes snrfMes sur&oes saiboes snilaoes Bnifaoes surlkoes 

"0 ~0 ^369" 

746 10 





•455 
•834 1-0 



•219 








. -loB 








•124 


510 -fiSS 


•830 


•442 


•459 


•259 


•347 


360 


) 


•604 


•724 


•735 


•474 


•569 


•577 




•875 


1^0 




•688 
•900 


•786 
10 


•791 



It will be observed that the number of loop surfeces always equals the number of 
the note, and is one less than the number of node or of no-stress surfeces. Also the 
loop surfaces, precisely as in the rotatory vibrations of a sphere, lie outside of the 
corresponding no-stress surfaces, and not inside them as in the case of radial vibrations 
both in spheres and cylinders. 

The axis has the curious property of being at once a node and a no-stress surface. 

In comparing the transverse and radial vibrations it will be found that note (t — 1) 
of the former class corresponds to note (t) of the latter. 
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§ 86. I shall consider first two special positions of the layer. 

Supposing in (8) b/a very small, while (b-'C)lb is also very small, we obtain the 
change of frequency due to the presence of a thin axial layer differing from the rest of 
the material. It will be found that dk vanishes under all conditions. The same result 
may independently be proved for a coi*e of small radius. Thus, to the present degree 
of approximation, no change in pitch follows any alteration of material throughout a thin 
axial layer or core. 

§ 87. Putting 6 = a and ^^ = in (8) we pass to the case of an alteration of material 
throughout a sur&ce layer of smal] thickness f = &-*c. For the change in frequency we 
get the simple result 

_dk^tp^ (17). 

k a p ^ ^ 

A surface alteration in elasticity has thus no effect on the pitch of any note, and 
a sur&ce alteration in density alters the pitch of all the notes in the proportion of their 
original fi^uencies, and so leaves their ratios unaffected. 

§ 88. Let us now consider the general case when the density alone is altered. As 
the change of pitch vanishes for an altered core we may without restriction put 

6(6-c)/a« = ja7/r, 
6 (6 - c) (px - pWp = idMlM, 

From (8) we find for the change of pitch 

dk_tp,''pki3b( j,(kfib) Y_dMi( j,(kfib)Y .,«. 

k'a p kfia\j^(kfia)] "" Jf 2\j,(kfia)] ^ ^• 

The change of pitch vanishes when the layer of altered density coincides with a 
node surface. 

When the layer is of given volume, the curve showing the law of variation of dk/k 
with k/3b is 

y-^{J^(^)Y (19). 

This is the same curve that applies in the corresponding case of the radial vibra- 
tions. It appears as curve A in fig. 6. The function of x appears as/a(aj) in Table VII., 
Sect IV. 

This curve has been already discussed in § 73 and the ratios of its successive maxima 
ordinates recorded. 

The positions of the layer supplying the maxima, are coincident with the loop siu-- 
iiBM;e& The first and largest maxima, answering to positions of the layer at the first loop 
sur&ces, are given in the following table for the first four notes: 
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Table II. 

TP. , ^ dk dM 

First maximum of — -7- -r -tt • 
k M 

Note(l) Note (2) Note (3) Note (4) 

1-468 2-299 3133 3968 

The number of maxima is equal to the number of the note. 

The first maximum for the (i - 1)^^ transverse note is practically identical with that 
for the i^^ radial note. Also the ratios of the first to the subsequent maxima are 
the same in the two cases. Thus firom (58) and (59) Sect. IV. we find as pretty close 
approximations to the first maximum in note (t) and to the j^ maximum in the same 
note respectively, t and j being both greater than 4, 

-^H-^=3-968 + (i«4)x-835 (20), 

_aA_a^_3;968^+(i-j4)j<-835 

k • if- 6-22 + 0-4) X 1-67 ^ ^' 

Maxima of number less than (5) can be obtained by means of the ratios given in 
§ 73 for any note in which the first maximum is known. 

§ 89. When the layer of altered density is of given thickness the curve showing 
the law of variation of dk/k with koib is 

y^x{J,(x)Y (22). 

This is the same curve that applies in the corresponding case in the radial vibra- 
tions. It appears as curve B in fig. 6, and the corresponding function of x appears as 
f^{x) in Table VIL, Sect IV. 

This curve has been akeady discussed in § 74, Sect. IV. 

The number of maxima is always equal to the number of the note, and the positions 
corresponding to the maxima in the first four notes are all shown in the following 
table: 



Table III. 




les of b/a supplying maxima of - ^r- 


\a p . 


Note (1) Note (2) 


Note (3) 


Note (4) 


•422 -257 


•186 


•146 


-645 


•467 


■367 




•740 


•581 
•794 



The magnitudes of the first and largest maxima, answering to the positions nearest 
the axis in the above table, are as follows: 
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Table IV. 



r: 


UBt maximum 


OI - T "=" I ~ 


P )• 


Note (1) 


Note (2) 


Note (3) 


Note (4) 


1149 


1098 


1-084 


1-078 



As in the case of the radial vibrations we find that in the higher notes a close 
approximation to the first maximum of "t '^[~ ) ^ ^'^*^> ^^^ ^ ^^V oaaximum 

whose number exceeds (4) a close approximation is 1*00. Maxima of number less than (5) 
can be obtained by means of the ratios given in § 74 for any note in which the first 
maximum is known. 

§ 90. When the elasticity alone is altered, we find fix)m (8) for the change of pitch 

dk_t n^^nkfib ( J,{kfib) Y_dVn,-nl( Mkfib) Y 

k'a n, k0a\J^{kfia)\ " F «, 2\j,{kfia)] ^'^'*^- 

The change of pitch thus depends solely on the alteration of rigidity. It vanishes 
when the layer is at any no-stress surface, and has for all other positions of the layer 
the same sign as Ui — n. Its law of variation with the position of the layer is inde- 
pendent of the magnitude of the alteration in rigidity. 

When the layer is of given volume the curve showing the law of variation of dk/k 
with kab is 

y = {M^)Y (24). 

This is the same curve that applies in the case of the radial vibrations when an 
alteration in rigidity alone takes place throughout a layer of given volume. It appears as 
curve A in fig. 8, and the corresponding function of x appears as frix) in Table VIL, 
Sect IV. 

This curve has been already discussed in § 77, Sect. IV. 

All the positions of the layer supplying maxima in the first four notes are given 
by the following table. They coincide with those sur&ces over which the transverse stress 
is a maximum. 

Table V. 



Values of b/a where v -s- [-^ j 



Note (1) Note (2) 
•595 -363 

•797 



The first and largest maxima in the case of these notes are as follows: 



-«. ;- 


a maxunum, 


Note (3) 


Note (4) 


•263 


•206 


•577 


-453 


•858 


•674 




•890 
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Table VI. 

First maximum of -r- 4- ( ^ 1 . 

Note(l) Note (2) Note (3) Note (4) 

1-026 1-607 2190 2774 

The first maximum of dk/k in the (* — 1)*^ transverse note in the present case 
is practically identical with the first maximum of dk/k in the t^ radial note in the case 
when the rigidity alone is altered throughout a given volume, and the ratios of the first 
to the subsequent maxima are the same in the two cases. We thus find, as fairly close 
approximations for the first and j*^ maxima respectively in note (i), supposing i and j 
both greater than 4, 

dk /dVui — nX 



f^f-f^) = 2-774 + (t.4)x-584 (25), 

^^f^nj-n'K^ 2-774 + ( i-4) x-584 
k ' \V n, j" 4-85 + 0'-4)xl'20 ^^^^• 



Maxima of number less than (5) can be obtained by means of the ratios given in 
§ 77 for any note in which the first maximum is known. 

§ 91. When the layer of altered rigidity is of given thickness the curve showing 
the law of variation of dk/k with kab is 

y = x[J,(x)Y (27). 

This is the same curve that applies in the case of the radial vibrations when an alteration 
in rigidity alone takes place throughout a layer of given thickness. It appears as curve B 
in fig. 8, and the corresponding function of x appears as /g (^) in Table VII., Sect. IV. 

This curve has been already discussed in § 78, Sect. IV. 

All the positions of the layer supplying maxima in the first four notes are recorded 
in the following table: 

Table VTL 

Values of b/a where -r-5-( ) is a maximum. 

Note(l) Note (2) Note (3) Note (4) 

•645 -393 -285 224 

•806 -584 -459 

•862 -677 

•893 

The first and largest maxima in the case of these notes are as follows: 
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Table VIII. 

First maximum of ^.-f^'?Lll2»). 
k \a Til / 

Note (1) Note (2) Note (3) Note (4) 

1-273 1-217 1-201 1195 

For all notes of higher number a fairly close approximation to the first maximum change of 
pitch is given by 

T<l"Tr)-''' <^> 

For all maxima of number greater than (4) we may take as a close approximation 

i-ev)-'^ <^»^ 

Majcima of number less than (4) can be obtained by means of the ratios given in § 78 
for any note in which the first maximum is known. 



SECTION VI. 

Radial Vibrations in Spherical Shell. 

§ 92. I now proceed to apply the method of Sect. I. to determine the frequency of 
vibration in compound shells. * 

*. 

I shall first consider the radial vibrations of spherical shells. 

The type of vibration and of the radial stress in a simple shell are shown in (1) and 
(3) of Sect. II. From these expressions we may select the following as the values to be 
assigned to the F, F,, 0, Gi of (1) and (2), Sect. L: 

F{a.a) = (m + n)kaa8mkaa-'4>n(—T coskaa) (1), 

J^i(a.a) = (m + w)A;aacosAaa — 4nf— J, hsin A;aaj (2), 

G (a.a)=^ — jT cos Araa (3), 

^ . V coskaa . . , ... 

(ri(a.a)= —j- - +smA:aa (4). 

Vol. XV. Part II. 32 
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The form of the frequency equations in a simple shell (b.a.a) of the types free-free, 
fixed-free, free-fixed and fixed-fixed are given in equations (3), (4), (5) and (6), Sect. I. 
For the present case these lead to: 

/(6 . a . a) = sin kz (a - b) Urn + n)«A»a»a6 - 4n (m + n) ^^ + 16n« {1 + (A»a«a6)-^M 

-ka{a- b) coska(a - b) . *n [m + n+ in (A^a'at)-*} = (5), 

f(b . a . a) = (m + n) [kaa cos ka (a — 6) + a6"' sin ka (a — 6)} 

- imik'i^ab)-^ {(I + k^G^ab) sinka (a-b)-ka{a-b) cos ka{a - b)] ^0 (6), 

/(b . a . a) = (m -h w) [ba"^ sin ka (a - 6) - kab cos ka (a — 6)} 

- 4n(A*a*a6)-^ {(1 + A»a»a6) sin fex (a - 6) - &« (a- 6) cos Jfca (a - b)} =0 (7)', 

/(6.a.a) = sinAa(a-6){l-^(^^a«a6)-^}-^'a(a-6)(^^a»a6)-^cosA:a(a-6) = (8). 

The above expressions are the exact forms of f(b.a,a) etc. and are not reduced by 
division or multiplication by any factor. 

If the shell be so thin that terms in (a — by may be neglected the expressions 
become : 

/(6.a.a) = Aa(a-6)(77H-n){(r?i+n)A;*aW-47i(3?n-n)(m-l-n)-^} (9^), 

= A'a(a-6)(mH-n)pa«(A;»-^%.a)) {%), 

/(6.a.a) = (m + n)^•aa-l-A;a(a-6)(m-3n) (10), 

f(b, a. d) — '-(m + n)kaa'{-2koL{a—b)(m — n) (11), 

/(5.a.a)=&a(a-6) (12). 

The meaning of K^^.ah ^*^' ^ ^^^ same as in Sect. II. In the coefficient of a — &■ 
we may of course replace a by 6. 

Equating the coefficient of a — 6 in (9^) to zero we get the frequency equation for a 
free-free vibration. None of the three other types has in a thin shell a vibration of 
finite period. 

By supposing in (6) and (7) 6 absolutely equal to a, we find 

/{a . a . a) = F (a . a) Oi(a . a) - Fi{a . a) Q {a .a)^(vi -hn) kaa (13), 

f{a. a . a) = 0{a . a) F,{a, a)- Gi(a . a) F(a.a)=: - {m-\' n) kaa (14). 

These quantities cannot vanish unless k, a, or a vanishes, and thus the occurrence of 
either as a factor in a frequency equation does not supply a note of possible frequency. 
This proves for the present case the truth of a statement made in § 9, Sect. I. 

Employing the relation (13) in equation (30) Sect. I., we find 

f(e. a.c,a.b.a.a) = (m + nyk^a^bcf(e,a.a) (15). 
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We also require the value of fc-jTf(€,a.a) under the condition that A/27r is the 
frequency of a £pee-free vibration in a simple shell (e,a. a). 

Looking on *kae and kaa as independent variables, we may put 

A form o{ f{e,a.a) may be got by writing e for 6 in (5). It is simpler however 
in obtaining the above diflFerentials to deal with the unreduced form obtained by the 
immediate substitution in (3) Sect. I. of the expressions (1) and (2) for F and F^. 

It will suffice to give the work in one case. Thus 

r /cos kxB \1 

f(e . a . a) = F(a , a) Um + n) kae cos kae — 4m f -^ h sin kae])- 

— J*! (a . a) ^(m + n) kae sin kae — 4w f —r cos kae) j- ; 

- , h sin kfiej [ — {m + n) tfor^ + 4yi} + 2 (in - n) kae cos kae 

-Fj(a.a)\ [^ ^ — cos kae) {- (m + n) i*aV + 4n} + 2 (m - w) few sin Awe , 

= [-(m + w)ft*aV + 4n; |-P(a.a)f^^— ^ + sinA?aej - -P, (a . a) f -^|^ cosAraejl 

+ 2 (m -n) kae {F (a, a) cos kae -Fiia. a) sin kze] (17). 

Remembering that /(e.a.a) is supposed equal zero, and employing the expressions 
supplied by (1) and (2) for F{e.a) and F^{e,a\ we find 

F(a.a) cos kae -Fiia. a) sin kae 

4n 1 (i;f / V /cos A;ae . . , \ « / v /sin Arae , \] 

Substituting thence in the coefficient of m — n in (17) and putting the terms together, 
we find 



d .., V / n(i-.«« 4?i(3m-w)] 
. ^|^(„.„)^c_^H.rinA;«.)-J'.(a.«)(«^°-^-co3^ (18). 



Finally noticing the forms of and Oi in (3) and (4), the expression tor /(e.a.a) 
g^^pplied by (4) Sect. L, and the expression (25) Sect. II. for the frequency of radial 
vibrations in an infinitely thin shell, we obtain 

kae^-^f(e.a.a)^-p^(kf''-K%,e))f(e.a.a) (19). 

32—2 
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In an exactly similar manner it may be proved that 

*««57^/(^.«.ci) = -paMA^--if%.a))/(e.a.a) (20). 

Thus 

where after differentiation k is treated as a root of the frequency equation f(e . a . a) = 0. 

The results (19) and (20) are particular cases of the general theorem treated in 
§ 10, Sect. I. 

§ 93. We now possess all the data necessary for determining the change of pitch 
in the radial vibrations of a spherical shell due to the existence of a thin layer differing 
from the rest of the material. Supposing the shell to be (e.a.c. oc^.b.a.a), we have 
from the general result (23) in Sect. I. 

/{e . a . c . tti . 6 . a . a) =/(5 . a . a) {/{e . a . c)f(<5 . tti . 6) — /(« . a . c)f{c . ai . b)} 

-f(b.a.a){f(e.a.c)f(c.a,.l)^f{e.a.c)f(c.a,.b)\ (22). 

Now supposing the layer (c,ai.6) so thin that terms in (6 — c)* are negligible, let 
us employ the relations (9a) — (12) for a thin shell. Then, replacing c by 6 in the coefficient 
of 6 — c, we find for the frequency equation 

+ ~~f/ (^J^) (("H - 3nx)/(« . a . 6)/(5 . « . a) + 2 (m, - n,)f{e . a . l)f(b .a. a)] 

-^%.f(A--ir',.,.»))/(e.a.5)/(5.a.a)-^'^^/(e.«.6)/(6.a.a) = 0....(23). 

Writing a, m, n for «!, Wi, Wi respectively in (23), we get a similar expression for 

f(e .a.c.a.6.a.a)-r {(m + n) kab]. 

Employing this last expression in (23), we easily find for the frequency equation 

^ _f{e . a . c . tti . 6 . a . a) _ /(e.a.c. a.b.a.a) 
"" {mi + n^)kaib "" {m + n)kab 

'^[l^[p(l^'K\...))'P.{k^-K\.,..,)}f^ 

Remembering (15) we may in (24) put 

/(e.a.c.a.ft.a.a) / . v t /./ v /^rx 

-^-7 — . \u A — ^ = (m + w)A?ac/(e.a.a) (26). 
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Suppose now that dkl2tr is the increase in the frequency of a note due to the 
presence of the layer. Then k being supposed a root of (24), k — dk must be a root of 
/(e.a.a) = 0. Thus assuming dk of the order 6-c, the above equation (24) must be 
identical with 



Le. with 



f(e.a.a)''jk-^/{e.a.a)^0, 



/(«.«.o) + ^/,{e«(A?-ZV..)/(2.«.a) + o'(^-iirv«)/(«.a.a)}=0 (26). 



Making the substitution (25) in (24) — ^replacing c by b since /(e.a.a) is of order 
b — c — and then comparing the identical equations (24) and (26), we find 

j{m + n) kabp (^ (i» - ir«,..„)/(« .a.a) + a*ih'- K\.^)f{e . « . a)) * -^ '^ 
= 6* {/) (A;* - K\.^) -p^(k^- K*^,.^)}f{e . a . b)f{b .a. a) 

+2(^;:-^>-^)/(^«-> C2^>- 

§ 94. Now, as explained previously, the expression for dkjk as containing h-c may 
be modified by any substitution consistent with /(e.a.a) = being exactly true. This 
enables us to put (27) into a form which brings out more clearly its phjrsical signi- 
ficance. 

From (1) to (4) combined with (1) and (3) of Sect. II., we may suppose the dis- 
placement u and radial stress IT at a distance r from the centre of a simple shell {e.a, a\ 
performing a free-free vibration of frequency A'/27r, .to be given by 

wr/cosAe = rM^ ^ AO{r.fi)-\-BO^(r.a) (28), 

Ur^l<ioskt^r^Ur^AF{r.a)-\-BF^{r.a) (29), 

where A and B are constants independent of r or t 

In virtue of the surface conditions we have 

AF{e.fi)'{-BF^(e.a)^Q^AF{a.a)'^BF^{a.oL) (30). 

Thence we get 

A : B V. F,(e.a) : -F(e.a) :: -F.ia.a) : F(a.a) (31). 

Employing these ratios in (28) and (29), it is easy to prove 

/{e . a . 6) -^/(e , a ,a) — bui, -rauat\ 

f(b. a.a)-H/(«. a. a) = frwft -5- ^e, I (32), 

f(e . a . 6) -^/{e . a. a) = 6"J7ft4-ai*a,| 
f(b .a. a) -5-/(e . a . a) = l^Ut-^ eu^ 
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We also easily prove 

/(e.«.a)»{i'(«.«)^.(..a).^.(e.«)(?(e.a)}[[^};±i|{^]* 

r ^ M. r (("^ + «) kaa - *n (km)-'}* + 16n' '\ * ,...,, 

°("* + ">^'^L Km + nWe-4n(fa.e)4H-16n' J ^^^' 

and similarly 

/(e.«.a) = -(m + n)A«a [{^^-^^--4^-^ ^-? + i6„, J (34)- 

Thus /(c.a.o)x/(c.o.a) = -(m + n>'A»flC6a (35). 

Employing the results (32) and (35) in (27), we easily deduce 

dk b — c —(m + n)kaa 

J'^~ar~ pueua [e» (A» -K\. . ,))/(e . o . o) + a" (A« -K% . «,)/(« . a . d)] 

§ 95. The deduction from (36) of the formula for the special case of a solid sphere 
requii^s careful treatment. Thus the term in the denominator containing 

is easily seen to vanish with e, but Uef{e.a.a) assumes the form Oxoo. 

To avoid this difficulty we may by means of (35) replace the second of equations 
(32) by 

w^/(6.a.a) = -.(m + n)»A^a«a6tt6-r/(6.a.a) (37). 

Thence proceeding to the limit when e vanishes we easily find 

Uef(e,a.a) = ''(m+n)kaaua (38). 

This leads to the same result as was obtained in Sect. IL 

§ 96. The right-hand side of (36) is the product of two factors of which the second 
alone is a function of b. It contains Ut and Ui in the same way as does the right- 
hand side of (28) Sect. II., and the physical significations of Ub and Ut are precisely 
the same as in the case of the solid sphere. The mathematical expressions for ui, and 
Ub are however, it must be remembered, different in the two cases, those for the shell 
being much the more complicated. 

As the first factor on the right-hand side of (36) does not contain 6, it is for a 
given note the same in sign and in magnitude wherever the layer may be, or whatever 
be the nature of its difference from the rest of the material. The law of variation of 
dk/k with the position of the layer in no way depends on it, but only the absolute 
magnitude and the sign of the change of pitch. 

* See the note on p. 266. 
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For a solid sphere we found the first factor essentially positive. A purely mathematical 
demonstration that it is always positive in the case of a shell presents considerable 
difficulties, but is I believe rendered unnecessary by the following physical consideration. 

Suppose the layer to diflFer from the remainder only in density, then we have 
^ -5- — = [first factor] x 6« (utY (p - p,) k\ 

fC Ob 

Thus, unless an increase of density occurring anywhere except at the nodes is to raise 
the pitch, the first factor must be positive. This consideration affords I think convincing 
proof that the first fiwtor is essentially positive, and that such is the case will now be 
taken for granted. 

§ 97. As (36) is in form so exactly analogous to (28) Sect. II. for the solid sphere, 
a brief discussion will suffice. 

When an alteration of density occurs at a node surface of a particular note it does 
not affect its pitch, but in any other position it lowers the pitch when an increase and 
raises it when a decrease. 

The percentage lowering of frequency due to a given increase of density throughout 
a given layer is always equal to the percentage rise of frequency due to an equal 
diminution of density throughout the same layer. The law of variation of the change 
of pitch, due to a given alteration of density, with the position of the layer is independent 
of the magnitude of the alteration of density. When the layer of altered density is of 
given volume the positions in which it has most effect on the pitch of a given note 
coincide with the loop surfaces for that particular note; when the layer is of given 
thickness its most effective positions lie slightly outside the loop surfaces. 

If the layer differ from the remainder only in elasticity the change of pitch consists of 
three terms. Of these the first has the same sign as, and is proportional in magnitude to 

Ui (37?^ — Wi) (wi + Wi)"^ — n (3m '-n){m-\r n)"^. 

It vanishes when the layer coincides with a node surfece of the note in question. 

The second term has the same sign as, and is proportional in magnitude to 

(m + n)-i - (wi + tii)-\ 

It vanishes when the layer coincides with a no-stress surface. 

The third term varies as 

w (m + n)"^ — Wi (7/I1 + «i)""S 

but its sign depends also on the value of 6. It vanishes when the layer coincides either 
with a node or a no-stress surface. It likewise vanishes for all positions of the layer 
provided 

7ni/m = ni/?i = l-Hp (39). 
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Thus if the uniconstant theory be true, or more generally if the relation (39) subsist, the 
sign of the change of pitch accompanying a given alteration in elasticity is independent 
of the position of the altered layer, and is the same as that of p. If however the 
relation (39) do not hold, the sign of the change of pitch may for certain alterations of 
elasticity vary with the position of the layer. 

The positions of the layer whether of given thickness or given volume, when a given 
alteration of elasticity has most effect on the pitch of a given note would require to be 
separately determined for each possible alteration of elasticity. The first term — that depend- 
ing on the alteration of n (3m — n) (m + n)"^ — is largest when the layer, supposed of given 
thickness, coincides with a loop surface. The second term — that depending on the alteration of 
(m+n)"^ — ^is largest when the layer, supposed of given volume, coincides with a sur&ce where 
the radial stress is a maximum. As a ftmction of b the first term varies as {UbY, the second 
as (bUi,y and the third as ut.bUb when the layer is of given thickness. Now from equations 
(1) — (4) we see that when kab is large F(b.a) and Fi(b.a) are of the orders kab^kab 
and kab cos kab, while 0{b.a) and Gi (6 . a) are only of the orders cos kab and sin kab. Thus 
it follows from (28) and (29) that when kab ia large Ui,l(bUb) is of the order l/kab of 
small quantities and so is small. Consequently when kab is large the second term — that 
depending on the alteration of (vi + n)~' — is much the most important, and the third term 
is next in importance. 

Thus when the effect on the pitch of one of the higher notes due. to an alteration 
of elasticity is being considered, we obtain in general — unless the alteration occur close to 
the inner surfiswje and the radius of this surface be small — a close approximation to the 
value of dk by neglecting altogether the first and third terms; and when the change of 
pitch of one of these higher notes is of practical importance it may be regarded as due 
approximately to the alteration of the single elastic quantity (wi + n)"\ The change of 
pitch is in such a case greatest when the alteration of elasticity occurs at or in the 
immediate neighbourhood of the surfaces of greatest radial stress. 

In the case of the two or three lowest notes serious error might however arise 
from neglecting the first and third terms, especially when the alteration of elasticity occurs 
near a no-stress surface, more particularly the inner surface of the shell. 

§ 98. I do not purpose an exhaustive investigation of (36), but one or two of the 
more interesting special cases may be considered without much analysis. 

Thus let us suppose the layer to be at the outer surface, so that 6 = a. Then by (10) 

/(6 . a . a) = (7/1 + n) kaa, 
and so the second of equations (32) becomes 

/(e.a. a)^{m-\-n)kaaeuej{aua) (40). 

Hence by (35) 

f{e, a.a) = -(m + w)A:aeai/a/(eUe) (41). 
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Again, owing to the surfece conditions, Ut=Ua^ 0. Thus from (36), if the thick- 
ness of the layer be ^ and the change in pitch dki, 

T==a^'(^>'{'^^*""^'<->>-^(**-^'<-«->>J^^^ (*2), 

where ^ = «*«»» (A* - i^V. «)) -e'WaH^'-^V.i)) (43). 

Similarly if the layer, supposed of thickness ^ and material (/>„ a^, occur at the inner 
sur&oe of the shell the change in pitch, dk^, is given by 

^ = ^e'(u,)«{p(i«-^V..,)-p.(A«-iP(^..,)j + pD (44). 

If the layer differ from the remainder only in density, and the mass of the shell be 
increased by dMi when the layer is at the outer sur&ce, and by dM^ when the layer 
is at the inner surfieuse, then putting 

Ml « 4nrc^plS, dM^ = ^aHi (jh - p), 
we get ?^«-aJlf, (««)«*• -^2y? 



k 



.(46), 



^«-aJf,(ti,)«i«-2yj 

where J^^ 3 {Jlf,(t*«)»(A«-irVa))- if. (t*a)* (*•-!?(...))} (46). 

The mass of the shell when of uniform density p is of course Mi^-M^. From (45) we 
have the elegant relation 

dh : dk, :: aifi(t*.)» : dM,iu,y (47). 

Thus the changes in the pitch of a given note in a given shell when alterations of 
density occur at its surfaces are in the ratio of the consequent alterations of the mean 
values of the kinetic energies resident in the corresponding layers. 

Supposing the altered sur&ce layers to differ fit>m the remainder only in elasticity, 
we find 

3*1 



^ = ^(^«)'{4n,(3wh-n,)(mx + »h)-»-4n(3m-n)(m + w)-^}-rpD,^ 
^^ = ^(«,)«{4n,(3w,-n,)(w, + n,)-»-4n(3m-w)(m + n)-»}H-p2)J 



where D is given by (43). 

Thus the change in pitch is proportional to the alteration in the elastic quantity 
n(3m — n)/(m + n). We also notice that for equal alterations in the material at the two 
surfiMses 

dki : dk, :: t^iua^ : U{u.f (49). 

Vol. XV. Part II. 33 
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Comparing (47) and (49) we see that the effect on the pitch of a given alteration in 
elasticity relative to that of a given alteration of density is always more important when 
the alterations occur at the inner sur£BM)e of a shell than when they occur at the outer. 

§ 99. Supposing the squares of dki/k, dk^lk and (dki + dki)/k all negligible, we may 
take (dki + dkt)/k for the change in pitch due to alterations in the material existing 
simultaneously at both sur&ces of the shell. 

We can also obtain the effect on the pitch of a note of completely removing thin 
layers of the material from either or both of its surfaces by simply substituting for 
pi and p^ in (42) and (44) respectively. .When layers of thicknesses ^ and t^ are 
simultaneously removed we have 

^-|^.a»K)'(*»-^Va)) + ^.«'(«.>'(A^-iirV..))}-2) (50). 

By supposing ^ or t, negative we can obtain the change of pitch due to adding an 
additional layer of thickness ^ or ^ to the outer or inner surSeuse respectively. This 
may be regarded as obvious, supposing it be admitted that the effects of adding and 
removing equal very thin layers at a surface must be equal and opposite. 

As the immediately preceding deductions travel somewhat outside of strict elastic 
solid principles, the following substantiating evidence may give increased confidence in 
their validity. 

In (50) let us suppose 

Ule^-Ula (51), 

and we get dk/k= ti/a (52). 

Thus our latest conclusions tell us that the effect of paring off a thickness ^ at 
the outer surface and adding a thickness tie /a at the inner sur£ace raises the pitch in 
the ratio ti : a; whereas an addition of thickness ^ at the outer surface and a paring off 
of thickness tie/ a at the inner surSstce lowers the pitch in the same ratio. Now this is 
obviously a correct conclusion, because in the frequency equation of the simple shell (e.a.a), 
k presents itself solely in the combinations kaa and kae. Thus the frequency equation 
remains unchanged if 

a(&aa) = = a(ifc<w); 
or, a being constant, if 

dk/k=^'-dala^-de/e (63). 

Now a negative value of da means a paring off of material at the outer surface, while 
a negative value of de means an addition of material at the inner surfiice. Thus equations 
(52) and (53) are identical 

§ 100. The case when the compound shell itself is very thin may be most easily 
treated independently. For instance let us consider the compound shell 

(ai .ai. Oi . a^ . a^. a^ . a^), 

where «« — Oi is so small that its square is negligible. 
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By (23) of Sect. I. the frequency equation is 

/(oi . «i . a,) /(a, . a. . a,) /(a, . a, . 04) +/(a, • «i • ^i) /(cti • «. • «•) / (a. • «. • a*) 
-/(ai-ai.a,)/(a,.(^.a,)/(c^.a,.a4)-/(a,.ai.(^)/(a,.a,.a,)/(a,.a,.a4)=0 (54). 

As Os — Oi, cb — Os, a4 — a, are all small^ we may apply results answering to equations 
(9) — (12) for all these functions. Thus neglecting products such as (os— ai)(a,— a,), w^ get 

*«i(a«-ai)(Wi + «i) {(w,-fn,)ifc^W-4ni(3mi-n,)(mi4-ni)~i} x (m, + n,) fca^a x (m, H- n,) Aratya 

+ three other termsaO (55). 

Here a may be regarded as the mean radius of the shell. The last term in (55), viz. that 
answering to the term in (54) which contains /(o^.o^.o,), is of order 

(a. - Oi) (a. - fli) (04 - a,), 

and so completely negligible. The remaining terms are of the same type as the firsts 
which alone is shown in (55). 

Thus dividing out by the essentially positive quantity 

(fiH + til) (m, + n,) (m, + w,) i^a^a^yi\ 
we obtain from (55) for the frequency equation 

(a,--a,)/h(A'-.iirv..a)) + (a,-a,)p,(A«-irVa)) + (a4-a,)p,(A?-irVa)^ (56«), 

where K^^^a)!^*^ represents as usual the frequency of the radial vibrations in a thin 
shell of radius a and material (p, m, n). 

Supposing the layers of thicknesses ^, U, ^ and of masses Mi, Jf„ M^ respectively, 
we may write (56a) ^ either of the alternative forms 

A« = {e,piirV.«,+VjrVa)+<^,JfV«} + (^i + ^p, + W (56ft), 

i^^[M,K-^,^^-MJ^^^.^^-M^^^.^]^{M,^M,^-M,) (56,). 

This result may be extended to a thin compound shell of any number of very thin 
layers, and' thus in the limit to a thin shell whose material varies continuously or dis- 
continuously with the distance from the centre. If M denote the entire mass of the 
shelly Ox and a, the radii of its bounding surfaces, terms of order (1 — aja^y being sup- 
posed negligible, and the elastic constants m, n be known functions of the distance r from 
the centre, we have for the frequency equation 



' = |r4Tr.4ri(3m-n)(m + ti)-*drl-5-Jf (57). 



This result for a thin compound shell could doubtless be easily — and probably in the 
opinion of most authorities satisfactorily — obtained without reference to the surfetce conditions 
by applying dynamical principles to some assumed type of vibration. Whether this has been 
ahready done or not I do not know. 
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(1). 



SECTION VIL 
Transvebsk YiBBATioira IV Sphbbical Shell. 

§ 101. I pass next to a consideration of the tiaasverse vibrations in a spherical 
shell 

Employing the notation of Sect. I. and the forms given in Sect. HL for the types 
of displacement and stress in this case, we have 

F(r.l5)'=n {kfirJ'^^ (kfir) - f /<+* (kfir)}. 
F, (r . y8) =n{i/9rJ'_B+j,(*y8r)- t/-,*+j,(fcj8r)], 
ff(r.y8) = J<+j(A/8r), 
(?,(r.i8) = J_«+j,(*y8*-) 
Putting for shortness 

A (a . /9 . 6) = Ji+j (A/8a) J_«+t, (A/36) - J_»h> (*)8<») Ji^ (*/36); 

A (a' . ^ . 6) = J'<+|(*y8a) ^-(i+*) (*/36)- /'-«+» (kfia) J^^ {k^h). 

A (a . /8 . 6') = Jurk (*i8a) J.^ (kfib) - J_«+j,(Jfc/So) J't^ (kfib). 

A (a', i8. 6') = J'^i(fc/3a) J'_„+„ (A?y86)- J'_„+i) (k0a)J'i^iik0b) 

we find for the frequency equations of the four fundamental types in the simple 

shell (b.fi.a): 

f(b.fi,a) = n*{]<^fi^A(a'.fi.b') + i^{a.fi.b)-^fiaA(a'.fi.b)-^fibA(a.fi.b')}^0...(S), 

/(5./8.o)=:n{Jfc/9aA(a'./8.6)-|A(o./8.6)}=0 (4), 

/(6./8.«) = n{J5v86A(o.i8.6')-|A(a.i8.6)}=0 (6), 

/(S.i8.a) = A(o./3.6) = (6). 

These forms of the frequency equations are easily obtained from the general formulae in 
Sect I 

For a shell in which {(a—b)Ja}* is negligible the functions reduce to the following 
forms: — 



.(2). 



f(b.fi.a) = -^—^n'kl3aAia.fi.a'){k'0'a*-(%- 1)(» + 2)}. 

Sa-b'S 



/(b.fi. a)=-nkfia^(a.fi.ar)(l " |^) 



/(6 . iS . a) = n*j8aA (a . /8 . a') (l + I^SLri) 



.(7). 
.(8). 
.(9). 



/(6./9.a) = - 



a-b 



kfia^ia.B.a') (10). 



It has been ahready pointed out that 

kfia£i(a.fi.a') = -C.... 
where C is a constant quantity independent of k, fi at a. 



.(11). 
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Equating the several functions to zero we get the frequency equations for the four 
fundamental types in a thin shell. The free-free vibration is, it will be observed, the 
only case in which the frequency equation has a finite root. 

Supposing b absolutely equal to a we get 

.(12). 



(a./8.a)=/(a.)8.a) =0 ) 



fifi 

Thus fia.fi, a) ejid /(a.fi.a) are quantities which cannot vanish, each being the product 
of n into an absolute constant. 

Employing the result (12) in the general equation (30) of Sect. I., we find 

f(e.fi.c.l3.b.l3.a)^n^0^f(e.l3.a) (13). 

Another result we require is the value when /(e.yS. a) = of 

where k/3a and kfie are to be regarded as independent variables. -By work exactly similar 
in its general outlines to that already indicated in the case of the radial vibrations it is 
not very diflScult to prove 

d 



•(14), 



^ dj^-/(^ . i8 . a) = - p6» {A* - K\^M(fi . /9 • a), 

where x— Kifi.r) is the frequency of free-free transverse vibrations in an infinitely thin shell 
of radius r and material fi. 

Thus fc^/(6.)8.a) = -p{6»(A»-ifV«))/(«.i8.a) + aH*^-^(^.a))/(«-/3.a)}...^^^^ 

§ 102. We have now all the necessary data for determining the frequency equation for 
the compound shell (e.fi .c . fii.b, .a), in which 6 — c is small. 

From the general equation (23) in Sect. I. we have 

f(e.fi.c.l3,.b.fi.a)^f(l.fi.a){f(e.0.c)f(c.l3,.b)'f(e.l3.c)/(c.fi,.b)} 

-/(6./3.a){/(e.)8.c)/(c.A.6)-/(^-/3.c)/(c.A.6)}=0 (16). 

Now supposing terms in {(& — c)/6}* negligible and emplojdng the results corresponding 
to (7) — (10), we easily put (16) into the form 

• ^^'•^'^^^•^•^ •°^=/(g-/3.c)/(g./3.a)-/(e./3.c)/(6./8.a) 

-*-f^[^/(e.i8.6)/(6./3.a) + |/(6.i8.6)/(6./3.c) + f/(6./3.5)/(6./8.a)] = 0...(17X 

In the coefficient of 6 — c in accordance with the hypothesis that (6 — c)' is negligible, o has 
always been replaced by 6. 
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Writing y9, n for /3i, n, respectively in (17) we obtain an expression for 

/(e.fi.c.fi.b.fi.a), 
employing which we find for the frequency equation 
/(e.fi.c.^.b.ff.a) 

^ ; 

+ *-j-(^-^3/(e./8.6)/(6./9.a) = (18). 

But it dk he the increase in k due to the exii^itence of the layer, this must be 
identical with 

/ie.fi.a)-^j.kg/(e.fi.a)^0 (19). 

Thus remembering (13) and (15), we find on comparing (18) and (19), 
^ . nCp {<(»(i«-if»^.^)/(5./8. a) + a'(*'-irV.,)/(«-/3.»)K ^ 
= 6«(^(*?-irV».)-Px(*'-^V.».)}/(«-/3.6)/(6.)8.<») 



+ (i-^)/(e./8.ft)/(6.)8.») (20). 



(21). 



This formula can he transformed into another .of , greater physical significance. By 
methods precisely similar to those employed in the case of the radial vibrations I find 
when /(e. /9. o) = : 

/•(« . /3 . 6) -^/(« . /3 . a) = (6 /a)* x (t«»K); 

/(6 . i8 . o) -i-/(e . /9 . a) = (6 /«)* x (wj/w.), 

/(«./8.6)^/(«./3.a) = (6»/a)*x(F»K),| 

fib.fi. a) ^/(? . /8 . o) = (y/e)* X (F»/w.) I 

/{e.fi. a) x/(e .fi.a) = - n*C*.,... (22), 

where C is the quantity defined in (11), and w and W are the displacement and stress 
in a simple shell The form of bhu^ may be got by writing 6 for r and /9 for /3, 
on the right-hand side of (8), Sect. IIL, and F» is the corresponding stress. 

Employing these relations we transform (20) into 
aA_6-c -nO 

X [6'(«»)Mp(A*-if*«i.w)-p.(*'-iirV«)}+^(^t)'(J -y] •••(23)»- 

§ 103. Passing to the limit when e vanishes it may be shown without much diflSculty 
that 

e^We/(e.l3.a)=^''nCa^Way] (24). 

e^w,f(e. 13. a)^0 j 

* See the note on p. 266. 
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When these values are substituted (23) becomes identical with the result obtained 
for the solid sphere, viz. (22) of Sect. III. 

§ 104. From the same consideration as was employed in the case of the radial 
vibrations we conclude that the first fELctor on the right-hand side of (23) is essentially 
a positive quantity. 

The second fiEU^tor on the right of (23), which alone varies with b, is identical in 
form ¥dth the corresponding factor in (22) Sect III., giving the change of frequency 
in a solid sphere, so a brief discussion of its general features will suffice. 

When an alteration of density occurs at a node surfece of a particular note it does 
not affect its pitch, but when it occurs elsewhere the pitch is invariably raised or 
lowered according as the density is diminished or increased. The numerical magnitude 
of the percentage change of pitch depends solely on the magnitude of the alteration of 
density and not at all on its sign. 

The law of variation with the position of the layer of the change of pitch due to 
a given alteration of density is independent of the magnitude of the alteration of density. 
When the layer of altered density is of given volume the positions in which it has 
most effect on the pitch of a given note coincide with the loop surfiEtces for that note; 
when the layer is of given thickness its most effective positions lie slightly outside the 
loop surfi9kces. 

When the layer differs from the remainder only in elasticity the second factor on 
the right of (23) reduces to 



^w,^(ih^n)(i-l){i-^2)-^I^Wt' (^~y] 



The change of pitch thus depends solely on the alteration of rigidity. Unless in the 
case of the rotatory vibrations, for which i = 1, the above fiwtor is the sum of two 
squares which cannot simultaneously vanish except for 6 = 0. Thus excluding the case 
of a solid sphere, an alteration of rigidity throughout a thin layer situated anywhere neces- 
sarily affects the pitch of any transverse vibration other than one of the rotatoiy type, 
and the pitch ia raised or lowered according as the rigidity is increased or diminished. 
In the case of a rotatory vibration the change of pitch when existent has always the 
same sign as the alteration of rigidity, but it vanishes when the altered layer coincides 
with a no-stress sur&ce. 

In the case of a rotatoiy vibration the positions in which the layer, when of given 
volume, has most effect on the pitch coincide with those sur£gu;es over which the trans- 
verse stress is a maximum, but this is not exactly true of any other vibration of the 
transverse type. 

§ 105. Some of the more interesting special cases call for a more detailed examina- 
tion. 
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ThuB suppose the altered layer to be found at the outer surface so that 

Remembering (12) we find from the second of equations (21) 

f(e.0.a) = nC(efa)^(w,/w;), 
whence by (22) 

f(e .fi.a)^-nG (a/«)* (Wa/We). 

Thus from (23) if the thickness of the layer be ^ and the change of pitch dki, 

^=|.a^(«».)«{p(*'-irVa.)-p.(A*-iPo...))}*/>D (25). 

where 2>=a»(w„)'(Jfc»-Z»,^.„,)- «•(«»«)•(*•- iPo.rt) (26X 

Similarly if dA;, be the change of pitch due to the existence of a layer of thickness ^ 
and material (pt, «•) at the inner surface of the shell, we find 

^ = ^.(^(t(;,)«{p(*»--^«i.,))-.p.(A«-.irVe))}-pl> (27). 

If the layer differ from the remainder only in density, and the mass of the shell 
be increased by dMi when the layer is at the inner surfieu^e and by dM^ when it is at 
the outeri then putting 

Mt = 49r6»/[)/3, a Jf, = 4nr^ (p, - p), 



.(28), 



we find 

^ 8J/,(w,)»Jfc» + Z)', 

~? = -8Jf,(M;,)»ifc«-rD' 

where i^^ 3 {Jf, («;«)»(*• -irVa))--Sf,(t^e)*(A»-iPo..))} (29). 

From (28) we get 

dk, : dK :: ^M^^Waf : dM^iWeY (30). 

If on the other hand the surface layers differ fr^m the remainder only in elasticity, 
we find for the corresponding changes of pitch 

^ = (n, - n) (i - 1) (i + 2) «. {w,y -5- pd] 

aifc. \ (31)' 

^ = (n. - n) (» - 1) (»• + 2) 4 («;,)» ^ ^i>) 

where D is given by (26). 

Thus for equal alterations of rigidity at the two surfaces 

3*1 : dk, :: t(wa)» : Uiw^Y (32). 

The results (30) and (32) are identical in import with the corresponding results for 
the radial vibrations, viz. (47) and (49) Sect. VL, and similar conclusions may be drawn. 
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An exception must however be made of the. rotatory vibrations as their pitch is 
unaffected by an alteration of rigidity occurring at either surface. 

On account of this peculiarity in the rotatory vibrations it seems worth while re- 
x^ording the special forms taken in their case by the expressions for the changes of pitch 
due to surfiice alterations of material, viz. 

al (83). 

§ 106. In the general case we may, provided (dki ± dk^jk be small, suppose the 
alterations in the material at the surfisM^s to exist simultaneously. Also by supposing /h 
and p^ to vanish we can obtain the effect on the pitch of removing thin layers from 
the snr&ces. Thus when layers of thicknesses ^ and t% are simultaneously removed the 
change of pitch is given by 

^ = |^.a» («;.)• (A«-Z»o..,) + ^.e'K)«(*'-ir»,.rt)| -hi) (34). 

where D is given by (26). 

Further by writing - ti for ti and —^ for f, ^e fii^d the effect of adding layers of 
thicknesses ^ and U and of the same material as the remainder to the outer and inner 
sur&cea A verification of these conclusions is supplied by putting in (34) 

when it reduces to dk/k^ti/cu 

§ 107. For a compound shell of three thin layers we have a frequency equation 
deducible from (54) Sect. YL by writing fi for a. This leads to a result deducible from 
(56^) or (56e) of that section by writing fi for ou It may also be put in the specially 
neat form 

i*«(i-l)(i + 2)(rht + n,<, + nA)-^{a«(pA + p.«.H-pA)} (35). 

Here ti etc. denote the thicknesses of the thin layers, (pi, %) etc. their materials, 
and a the mean radius of the shell 

We may extend (35) to a thin compound shell of any number of layers, or to one 
in which the density and rigidity vary in any manner with the distance from the centre. 
The general formula applicable to all such cases is 



ifc» = (i-l)(iH-2)p4w7idr-rif (36). 

Here M is the mass of the shell, Oi, a, the radii of its boimding surfaces, {a% — a^lai 
being so small its square is negligible, and n is supposed a known function of r, con- 
tinuous or discontinuous. 

Vol. XV. Pabt II. 34 
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SECTION VIII. 

Radial Vibrations in Cylindrical Shell. 

§ 108. Employing the notation of Sects. I. and IV. we may take in the case of 
the radial vibrations of a cylindrical shell : 

jP (r . a) = (m + w) htxtJ^ (Jear) + {m - n) J^ (kar), 

Fi (r . a) = (m -f n) A?arF/ (kar) + (m - w) Fi (kar), 

G(r.a) = Ji(A:ar), 

G,(r.a)=Y,(kar) 

Putting for shortness 

A (a.a.6) = Ji (kaa) Y, (kab)- Y, (kaa)J, (kab), ^ 
A (a' . a . 6) = •// (kaa) Y, (kab) - F/ (kaa) J, (kab\ 
^ (a.a.V)^J^ (kaa) F/ (kab) - Y, (kaa) // (kah\ 
.:^(a'.a.V)^J^(kaa)Y;(kab)-'Y,'(kaa)J^(kab) 

we find for the frequency equations of the four fundamental types in the simple 

shell (6. a. a): 

f(h,a,a)^(m^nyi^a\ihL(a\a.V)^-(rn-nfL(a,a.h) 

'\-(m^-n*)[kaaL(a' .a.h)'\-kab^(a.a.V)]=^Q (3), 

/(6.a.a)=:(m + n)fcaaA(a'.a.6) + (m-n)A(a.a.6) = (4), 

/(6.a.a) = (m + w)&a6A(a.a.6')+(^*-^)^(a-a-6) = (5), 

/(5.a.a) = A(a.a.6) = (6). 

For a thin shell in which {(a — 6)/a)* is negligible the above functions assume the 
forms : 



.(2), 



fQ>.a.a): 



a-b, 



C {ifc'o'a' (to + n)» - 4mn} (7), 

f(b.«.a) = cim + n + ^(m-n)\ (8), 

f(b.a.a) = -c{m + n-'^^(m-n)\ (9), 

(10), 

(11) 



/(5.«.a) = ?^^a 



where C= — kaaA(a.a.a') 

is an absolute constant, depending only on the definition of the Bessel. 

The result 

F(a.a)G,(a.a)-Fi(a,a)0(a.a) = (m + n)C (12), 

will be found useful in verifying the conclusions arrived at. 
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The method of obtaining the change of pitch due to the existence of the thin 
layer (ca^.b) in the shell (e.a.a) is precisely the same aa that already illustrated in 
the case of the sphere. The relation 

k^f(e.a.a) = -p[d'(k'-K\.a)f(e.a.a) + a*(li?-K'^.a,)/ie.a.a)] (13) 

also applies as in the case of the sphere, though of course the actual forms of the 
functions are different, and the values of £'i..ai and £'(..<» are to be derived from (24) 
Sect. IV. 

Thus it will suffice to record the result of the operations indicated, viz., 

j(m + n) Cp {«? (jfc» - K\,^)/(e . « . a) + o» (*» - iP(..«.)/(e . a . a)} ^ ^ 

+ 2 (m^-^^if^) (/(«.«-6)/(ft-«-«)+/(«-«-S)/(6-«-«)l (14)- 

Denoting by tircoskt the displacement, and by Ur cos kt the corresponding radial 
stress at an axial distance r, the following relations may be established in precisely the 
same way as the results (32) and (35) of Sect. VL, the relation /(e.a.a) = being 
supposed to hold, 

f(e.a.b)'^f(e.a.a) = ui,/ua , 

/(6 . a . a) -^/(e. a . a) = u^/ue, 

f(e,a. b) -r/(e . a . a) = bUt/ua, 

f{b.a.a)-i'f{e.a.a) — bUi^lue ^ 

/{e.a.a)x/(e.a.a)^'-{m + nyO (16). 

Employing these results, remembering that in the coefficient of 6 — c we may suppose 
f(e,a.a) to vanish, we transform (14) into 

dk b-c -(m-^-n) aC 

x[6(i..)«{p(*'-^V.))-/h(A^-^V.))l + 6(?^.)'(^ 

§ 109. In the limiting case when e vanishes it may be shown that 

e»w.(A;»-irVrt)/(e.a.a) = J 

and we thence obtain for the value of dk/k in a solid cylinder a result identical with 
(27) of Sect. IV. 

* See ihe note on p. 266. 

34—2 
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§ 110. From the same consideration as before we conclude that the first fisu^tor on 
the right-hand side of (17), which is independent of b, is essentially a positive quantity. 

The form of the second fisM^tor on the right of (17) leads to the following general 
conclusions : — 

When an alteration of density alone occurs at a node sur&ce of a particular note it 
does not affect the pitch of that note, but when it occurs elsewhere the pitch is raised 
or lowered according as the density is diminished or increased. The numerical magnitude 
of the percentage change of pitch is independent of the sign of a given numerical 
alteration in density. The law of variation with the position of the layer of the change 
of pitch due to a given alteration of density is independent of the magnitude of the 
alteration. When the layer of altered density is of given volume, i«e. when (6 — c)& is con- 
stant, the positions in which it has most effect on the pitch of a given note coincide 
with the loop surfiu^es; when the layer is of given thickness the most effective positions 
lie slightly outside the loop surfaces. 

When the layer differs from the remainder only in elasticity the expression for the 
change of pitch consists of three terms. Of these the first has the same sign as, and 
is proportional in magnitude to miUi (tih -f- fh)"^ — mn (m + n)"\ It vanishes when the layer 
coincides with a node surfiEU^ of the note in question. 

The second term has the same sign as, and is proportional in magnitude to 
(m -I- n)""* — (mi + Wi)""*. It vanishes when the layer coincides with a no-stress surface. 

The third term varies as n(m+ n)"*— ni(m,-f-ni)""S but its sign depends also on the 
value of b. It vanishes when the layer coincides either with a node or a no-stress 
surfiftce. It vanishes for all positions of the layer provided 

mijm-nijn-l+p (19). 

Thus on the unicoustant theory, or more generally when (19) is true, the sign of 
the change of pitch following a given alteration of elasticity is the same as that of p 
and does not vary with the position of the layer. If however (19) do not hold, the sign 
of the change of pitch may vary for certain alterations of elasticity with the position 
of the layer. 

From the form of the expressions for u^, and U^, it is easily proved that when kab 
is large the second term in the expression for the change of pitch due to an alteration in 
elasticity alone is much the most important, and that the third term is more important 
than the first. Thus in the case of the higher notes the effect of an alteration of elasticity, 
when of importance, especially when the alteration occurs near the maximum-stress surfaces 
of greatest radius, depends almost entirely on the term containing U^\ and the consequent 
change of pitch is a maximum when the alteration of elasticity occurs very dose to the 
maximum-stress surfaces. 

§ 111. Confining our further remarks to special cases, let us suppose the layer to 
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be at one or other of the bounding sur&ces. Remembering that U vanishes at a free 
surface, we easily find for the two positions of the layer with our usual notation 

where i)=:a»(tt.)*(ifc'-iirV«.)-«'(«.)'(*'-irV*) (21). 

When the layer diffeis from the remainder only in density, let us denote the masses per 
unit length of cylinders of radii a and e and of density p by Mi and Jfi respectiTely, and 
let 8Jf, and dM, denote the increases in the mass of the shell per unit length due to the 
existence of altered layers at its sur&ces, so that 

Ml «■ ira'p, dMi = iirati (fii — p), 

M, = v^p, dM, = iirett (p» — p). 

In this case (20) reduces to 

^^^-dMiiu,y]<^^jy,^ 

al ^ - <^2>' 

^--8Jf.(«.)«A»-s-2y 

where D' = 2{lf,(u„)«(A«-iPu.«.)-Jf,(V(**-ifV^)} (23). 

From (22) we get 

a*, : dk, :: aJf,(%)' : ajf,(«,)« (24). 

If on the other hand the sur&oe layers differ fiY)m the remainder only in elasticity 
we find 






•<25X 



where D is given by (21). 

Thus for equal alterations in elasticity at the two surfaces we have 

3*1 : aAr, :: a^^iu^y : C^iu^Y (26). 

Comparing (24) and (26) we find 

(dki/dk^), p altered, : (dki/dk^), elasticity altered, ::«*:«■ (27), 

supposing the alterations in density and in elasticity to be the same at the two surlEaces and 
to occur there throughout given layers. Thus relatively considered, an alteration of elasticity 
at the inner sur&ce is more important than a like alteration at the outer surface. 

§ 112. Supposing (dki±dkt)/k small we may suppose the alterations at the sur&ces to 
occur simultaneously. Also by supposing p^ and pt to vanish we may find the eflfect of 
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removing thin layers from the surfaces. Thus when layers of thicknesses ^ and U are 
simultaneously removed the change of pitch is given by 

^ = 1^ a» («.)• {k> - K\.^) + ^C («.)' (A» - Jrv.^)| ^ D (28). 

where D is given by (21). 

By changing the signs of ti and U in (28) we get the effect of adding layers of 
thicknesses ^ and U to the bounding surfaces, the added layers being of the same 
material as the rest of the shell. As usual a verification is supplied by putting in (28) 

when it reduces to dk/k^ti/a. 

§ 113. For a compound shell of three thin layers the equation (54) Sect. VI. applies 
without any change in form. From it we easily obtain results identical in form with 
(o6t) and (56c) of that section. We may also write the expression for the frequency in 
the form 

j^_/ J^^^^^ Jr^Jj^ ^ (29). 

This result may be extended to a thin compound shell of any number of layers, or 
to one in which the density and elasticity vary in any manner with the distance from 
the axis. The general formula applicable to all such cases is 

'^'Ulll^n^ (»»^ 

Here M is the mass of the shell per unit length, Oi, a, the radii of its bounding 
surfaces, {(Oi -* ai)/ai}' being negligible, a the mean radius of the shell, and m, n are 
supposed known functions of the axial distance r. 



SECTION IX. 

Transverse Vibrations in Cylindrical Shell. 

§ 114. Employing the notation of Sections L and V., we may take in the case of the 
transverse vibrations of a cylindrical shell : 

F{r.fi)^n [kfirj; (kfir) - J, {kl3r)},\ 

F,(r.fi)^n [kfivYakfir) - F,(Ar/3r)l, 

G(r./9) = J,(A)8r), 

G,(r.i8)=F,(i/3r) 

Now these expressions and likewise the expressions for the displacements and stresses 
can be at once derived from the corresponding expressions in the case of the radial 
vibrations by simply supposing m to vanish and writing fi for a. Thus it is unnecessary 
to go through the mathematical work by which the expression for dk/k is arrived at, 
because with substituted for m and fi for a each step of the analysis in the case 
of the radial vibrations applies to the present case. 



(1). 
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The very same constant quantity C that occurred in the case of the radial vibrations 
occurs here also, though it presents itself under the form 

C=-*/3a{j;(i?i8a)F/(ifc/3a)-//(Jfc/3a)Fa(ik/3a)} (2). 

In transforming the expression (17) Sect. VIII. for the change of pitch it must be 
remembered that, as shown in Sect. V., iT^.o) is zero. 

We thus find for the change of pitch in the transverse note of frequency kjiir in 
the shell (e.ff .a) due to the presence of the thin altered layer (c.fii. b) the equation — 

dk 6 — c —naO 

A; * a "^ pvjoJ^{i^f{fi.fi.a)'\-a\f{e.fi.a)] 

x{-6(t;,)«*»(p,-p) + 6(n)«g-I)| (3)*. 

The forms of v and V are given by 

rVr^AF(r.fi) + BF,{r.fi)i 
the value of B/A being determined by one of the surface conditions. 

§ 115. For the limiting case when e vanishes we have 

e>V(e./8.a) = ) ^^^' 

and we thence obtain for dk/k a result identical with (8) of Sect. V. 

§ 116. The first Seu^tor on the right-hand side of (3) is independent of 6 and may 
by the same consideration as in the previous types of vibration be seen to be essentially 
positive. The second factor, which shows the variation of the change of pitch with the 
position of the layer, consists of only two terms, of which the first depends only on the 
alteration of density, the second only on the alteration of rigidity. 

When an alteration of density alone occurs, the pitch of a given note is unafiected 
when the layer coincides with one of its node surfaces, but for all other positions of the 
layer the pitch is raised or lowered according as the density is diminished or increased. 
The numerical magnitude of the percentage change of pitch is independent of the sign 
of the alteration of density, and the law of variation with the position of the layer of 
the change of pitch due to a given alteration of density is independent of the magnitude 
of the alteration. When the layer of altered density is of given volume per unit length 
of cylinder, the positions in which it has most effect on the pitch of a given note 
coincide with its loop surfaces. 

When an alteration of elasticity alone occurs, the change of pitch depends solely on the 
alteration of rigidity. The pitch of a given note is unaffected when the layer coincides 
with one of its no-stress surfaces, but for all other positions of the layer it is raised 
or lowered according as the rigidity is increased or diminished. The law of variation 
with the position of the layer of the change of pitch due to a given alteration of rigidity 

* See the note on p. 266. 
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is independent of the magnitude of the alteration; but a diminution of rigidity is more 
effective in lowering the pitch than an equal increase is in raising it. For a given 
alteration of rigidity throughout a given volume the change of pitch has its maxima when 
the layer is at the maximum-stress sur£Eu;es. 

§ 117. For the cases when the layer coincides with the surfaces of the shell we 
have with the usual notation 



^A^^h Pi^P tt*(^a )' 



k - 


a p 


D 


k " 


Up.- 

e p 


D 


D = 


o» (».)•- 


-«•(«*)• 



.(5), 



where D = a»(»ay-«*K)* (6). 

A 8ur£Bice alteration of elasticity has thus no effect on the pitch, and if dMi and dM^ 
be the alterations in the mass of the shell per unit length due to alterations in the density 
at the outer and inner surfaces respectively, the corresponding changes of pitch have 
their ratio given by 

dk, : dk, :: dM.ivaf : dM.iveY (7). 

When alterations exist simultaneously at both surfisu^es we have with the usual 
limitation 



When layers of thicknesses ^ and f, ^^ simultaneously removed the change of pitch 
is given by 

dk 

k '' 



= {^.a»(t;a)» + ^.6>(v.)»|^i) (8), 

where D is given by (6). 

By changing the signs of ^ and U we get the effect of adding surface layers of 
thicknesses ^ and U of the same material as the remainder. 

The frequency of the transverse vibrations of a composite shell when very thin is 
always zero. In other words no such vibration has a physical existence. 

[December 1, 1891. The factors independent of h in the general expressions for dklk in 
sheUs can be put into simpler forms. Replace (36) p. 248 by Zkjk = (b-e) p"* D~^ x [last factor] 
...(a), (23) p. 256 by dkjk ^ {h - c) p'^ D^^ x [last factor]... (6), (17) p. 261 by dkjk ^^^ {h - c) p'^ D"^ x 
[last factor]... (c), (3) p. 265 by a*/* = (6 - c) *- V"* i>"* x [last factor]... (rf), where D is given: 
in (a) by (43) p. 251, in (6) by (26) p. 258, in (c) by (21) p. 263, in (rf) by (6) p. 266. 

The modes of reduction are all similar to the following for case (a). Using the notation 
of pp. 247—8, we have 

/{e.g. a) F(a.a)Gi(e.a)-F^{a. a)G (e.a ) BG^{e .a) -^ AG (e.a) ^ eu^ 
{m -¥n)kaa'^ F{a.a) G^ (a. a) - F^{a ,a)G{a.a)~ BG^ (a .a)-^AG (a.o) "" au^' 
and therefore by (35) p. 248, / (a . a . a) -5- (m + «) Aoa = - au^/eu^. 

In case (6) use nC = F{a. P)G^{a. P)-Fi{a. fi) G (a . fi), and similarly for (c) and (d).] 
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VII. On PascdCa Hexagram. By H. W. Richmond, M.A., Fellow of Kings 

College. 

In the volume of the AtH della Reale Accademia dei Lincei, published in 1877, 
there are two important memoirs on the subject of the Pascal Hexagram: the first, by 
Professor Veronese, contains geometrical proo& of all previously known properties of the 
figure together with a large number of new properties discovered by him. The second 
memoir, by Cremona, obtains proofs of many of the theorems given by Veronese from 
a new standpoint, viz. by deriving the hexagram from the projection of the lines which 
lie on a cubic surface with a nodal point, the nodal point being the origin of pro- 
jection. 

It is my purpose in these pages to attack the subject by the methods of Analysis, 
adopting Cremona's point of view. I have recently been led to notice a new form of 
the equation of a nodal cubic surfeu^e which has the advantage of giving the equations 
of the lines on the surface in perfectly S3rmmetrical forms, — that is to say in forms 
where each line is represented by exactly similar equations: using this form of equation 
to the surface, I propose to develop briefly a few properties of these lines, and others 
connected with them, and then by projecting these lines upon an arbitrary plane to 
obtain analytical proofs of theorems relating to the Pascal Hexagram. 

There are three other references which I wish to make to papers on this subject. 
The second volume of the American Journal of Mathematica contains an interesting 
paper by Miss Christine Ladd, in which the chief properties of Veronese are explained 
in a concise form and his notation improved and simplified; some new results are given 
connecting the Pascal Hexagram formed by six points on a conic with the Brianchon 
Hexagram formed by drawing tangents at those points: in the second place, Professor 
Cayley has published two papers in the Qy^rterly Journal of MathemaMcs, Vol. IX., 
pp. 268 and 348, of which the latter contains some results whose form is strikingly 
suggestive of the forms obtained here, though the connexion is not apparent: lastly, in 
the volume of the same periodical for 1888 will be found a short paper written before 
I had obtained the simpler form to which the equation to the cubic surface can be 
reduced, which forms the foundation of the present discussion. 

Vol. XV. Pabt II. 35 
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The nodal cubic surface. 

Let the nodal or conical point be taken as one vertex of the tetrahedron of 
reference for a system of four plane coordinates, so that the equation to the surfiEtce is 
of the form 

It is clear that there are six straight lines on the surface which pass through the 
nodal point and that these lie on a quadric cone; they are in fact the lines of inter- 
section of the two cones 

(*$^, y, ^)^ = 0, 
and (*$'^, y» ^y = 0. 

Denote these lines hy A, B, C, D, E, F; then any plane which contains two of them, 
as for example C and E, must cut the surface also in a third line which does not pass 
through the nodal point; this line may be called CE. 

We have thus found on the surface six lines which pass through the nodal point, 
and fifteen other lines which do not pass through 0, and these form the complete system 
of lines on the surface. For the plane through any line on the surface and the nodal 
point must cut the surface also in a curve of the second order having a double point 
at 0, i.e. in two straight lines which pass through 0: hence, since only six lines on the 
surface pass through 0, there can only be fifteen other lines bn the surface. Two lines 
such as CD and GE cannot intersect since they both meet the line (7; but it may be 
shewn that any two of the fifteen lines which are not met by the same line through 
must intersect. For if we take a series of planes through one of the lines, AB, these 
cut the surface also in conies which are found to break up into two straight lines for 
three planes of the system besides the plane OAB\ further it is seen that the pairs of 
points of intersection of these conies with AB are in involution. It is therefore necessaiy 
that these three planes which pass through the line AB should contain respectively the 
pairs of lines CD, EF\ CE, DF; CF, DE. 

There are therefore fifteen planes, known as tritangent (or triple tangent) planes, 
which cut the surface in three straight lines and which do not pass through 0; three 
such planes pass through each of the fifteen lines, and moreover the eight points on any 
line AB where it is met by the lines CD, EF\ CE, DF; GF, DE\ and by the lines A 
and B are in involution. 

Equation to the surface. 

Taking nine lines such as AB, AG, AF, DB, DC, DF, EB, EG, EF, we see that they 
lie by threes in six tritangent planes; 

AF, BD, GE, lie in a tritangent plane a? = 0, 

AG,BE,DF, y = 0, 

AB, CD, EF, z = 0, 

AB, GE, DF, u = 0, 

AC, BD, EF, v = 0, 

AF, BE, CD, w = 0. 
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Hence the equation to the surface must be 

osyz ss k . uvw. 

Farther, since none of these six planes pass through the nodal point, we are at 
liberty to assume that at 

Therefore A = 1 and the equation to the surface is 

xyz = uvw. 

The equation to the tangent plane at {afy'ifu'vw') is 

a/'^y^'^z'^u'^v'^w'^ 

if now (a?y/ttVt(/) be the coordinates of 0, this will give an identical relation in xyzuvtc, 
viz. a + y+z^u + v-k-w. 

But a second identical linear relation must connect these quantities, such as 

lix + nhy + fiiZ + PiM + qiV + TiW = 0, 
where /i +mi + n, +Pi + Ji + n = 0, 

since at x^y^z^u^v^w. 

Hence (Zj + X) a: + (wij + X) y + (tii + \) ^ + (pi - \) t* + ( ji - \) » + (r^ - \) w = 
for all values of X. 

We can now find one finite value of X such that 

(Zi + X)(mi+X)(% + X) + (pi-X)(?i-X)(n-X)-0. 

Qive X this value and replace 

/i + X, mj + X, 7h+X, pi-X, 5i-X, ri-X, 
by Z, m, n, p, q, r, 

and the second linear relation takes the form 

Ix-k-my + nz-^-pu-^qv-hrw^O, 
where Z4"W + n + p + jH-r=0, 

and Imn+pqr^O. 

Equations of the fifteen lines. 

It has now been shewn that the equation to the surface can be brought to the form 

xyz == uvw (1),^ 

where a? + y + -? = tt + t; + w (2), 

tx + my + nz+pu-^qv + rw^O (3),y A; 

l+m + n+p + q + r^O (4), 

Zmn+j}jr = (5) 

35—2 
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and at the nodal point 0, 

a? = y = ^ = M = t; = «;. 

It is now possible to obtain the equations of all the fifteen lines AB, AG, etc. Nine 
of them have already been found, viz. 



AB, ^ = 0, w=sO 

AC, y = 0, i;=0 
AF, a? = 0, w = 



DB, x = 0, v^O; EB, y = 0, w = 0\ 

DC, ^=0, u; = 0; EC, a? = 0, w = 0; 
DF, y^O,u=0\ EF, z^O, V =0. 



FC, Ix^qv ^0, 
GB, lx-\-rw=0, 
AD, Ix-^-pti^ 0, 
DE, Za? + m=0, 
EA, lx-{-qv = 0, 



The equations of the remaining six lines are derived from (3): the three planes 
Ix+pu^O, my-hqv ^i), nz-k-rw^O, 
intersect in a straight line which lies on the surface, and which meets the lines 
a? = 0, u^O, or EC; y = 0, v = 0, or AC] z = 0, w = 0, or DC, 

Hence it is the line BF, and the remaining six lines are identified as follows: — 

BF, lx-\-pu^ 0, wy + 5^ = 0, n« + rw = ; 

my + rw—0, 7i^+pu=0 

my-^-pu = 0, nz-^- qv = 

my + rw; = 0, n^ + jw = 

my + qv=0, nz-^pu^^O 

my -^pu = 0, rwr + rw = 0. 

Also the fifteen tritangent planes are made up of: — 

Six such as x=0, 

nine such as lw-\-pu = 0. 

These equations are obvious modifications of Schlafli's equations for the lines on an 
ordinary non-singular cubic sur£skce; by means however of a simple transformation it is 
possible to bring the equations to all the fifteen lines and all the fifteen tritangent planes 
to absolutely symmetrical forms. 

First let 2i = 6 + c, 2m = c + a, 2?i = a + 6, 

2p = e+/, 2g=/+d, 2r = d + «, 

Then a + 6 + c + d + e+/=0 (i), 

and (a + 6)(6 + c)(c + a)+(d + c)(c +/)(/+ (i) = (ii). 

But by (1) (a + 6 + c)» + (d + 6+/)» = 0; 

that is a»+6'+c* + 3(a + 6)(6 + c)(c + a) + cP + 6»+/* + 3(d + 6)(c+/)(/+d) = 0. 

Therefore «» + 6»H-c» + d» + e»+/* = (iii). 
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Again let 



That is 



Thus 



2^ = 


= /3 + 7, 


2my = 


= 7 + 0, 


inz - 


= a+)8. 


2pu- 


= « + ?. 


2qv = 


= ?+s. 


2rM; = 


= 8 + 6. 




X" 


./3 + 7 
"6 + c' 


7 + « 


, etc. 





a + i8 + 7 + S + € + C=0 (iv), 

and, as in (ii), the equation to the surface 

(i8 + 7)(7 + a)(a + i8)+(S + €)(6+(0(C+S) = O 
is equivalent to a' + y3»+7' + S' + €* + ?*= (v). 

Also ^ + 7, 7 + «, « + ^,8 + € 6+r. g+g. 

^^^ 6 + c ■^c + a"*'a + 6~ci + 6"*'6+/"^/+d' 

. (a + )9 + 7)(g-f& + c)^-a'«-&')8-c*7 ^ (8 + € + g)(d+g+/)'-<P8-e'6-/'S ' 
(6 + c)(c + a)(a + 6) (rf + «)(«+/)(/+ rf) 

The two denominators are equal and opposite, and 

(a+6 + c)» = (d + 6+/)«; 

hence by (iv) this is equivalent to 

a^ + 6»i8 + cV + *S + e»6+/»f=0. 

Lastly at the nodal point, 

i8 + 7^ 7 + tt ^ g + i8 ^€ + C^g+8^8 + 6 
6+c c+a a+6 e+/ /+d d+e' 



that is, 



or 



a 

a' 



6 c d e f* 



The six planes a = 0, 13 = 0, etc. appear to have hitherto escaped notice : I shall 
speak of them as coordinate planes or fundamental planes. 

The complete system of equations is now as follows : — 
Equation to the surface 

a» + i8» + y + S» + 6»+?» =0 (1); 

where a + )8 + 7+S+€ + C =0 (2), 

a^ + 6»i8 + cV + *S + e^6+/»f=0 (3), I B, 

a + 6+c + d + e+/ =0 (4),| 

a» + 6' + c»+d» + 6»+/" =0 (5)^ 

and at the nodal point 

a : 13 : y : S : € : ^ :: a : b : c : d : e : f. 

Each of the fifteen tritangent planes is now represented by an equation of the form 
a + i3 = 0, a + S = 0, and each line of the surface by three equations such as 

a + )8 = 7 + S = €+C=0. 
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The equations of the fifteen lines and fifteen tritangent planes are given below: — 



AC, « + 7 = /9 + e = S + f = 0, 

AD, a + S = /3 + f =7+6=0, 

AE, o + e =)3 + 8 = 7+ ?= 0, 

AF, a + 2: = /3 + 7=8+e=0, 
BG, o+f=/3 + S = 7+fi=0. 

BD, o+e = /8 + 7=S+{:=0, 

BE, a + 7 = /3 + {: = S+c = 0, 

BF, o + g = ^ + e=7+2:=0, 

CD, a+/9=7 + f=8+€=0, 

CE, o + 8 = /3 + 7=€ + ?=0, 

CF, o + e=/3 + r = 7+«=0, 
i)^, o + f = /8 + e = 7+ 8= 0, 
2)^, a + 7 = /8 + 8 = e + ?:= 0, 
-ff^, o + ^8= 7 + 6 = 8 + f = 0. 



a +/8= contains ilB, CA EF 

a + 7 = ilC, B^, DF 

a + 8 = AD.BF, CE 

+ 6=0 AE,BD, CF 

a + f=0 AF, BC, DE 

/3+7=0 AF, BD, CE 

/3+8 = AE, BC, DF 

/8 + 6 = AG, BF. DE 

/8 + ?=0 AD, BE, CF 

7 + 8=0 AB, CF, DE 

7 + 6=0 AD, BC. EF 

7 + 2:=0 AE, BF, CD 

8 + 6=0 AF, BE, CD 

S + ?=0 AC. BD, EF 

e + f=0 AB, CE, DF. 



These equations have been arranged in such a way as to shew a certain correspondence 
between the English and Greek letters; but this correspondence is soon lost sight of in 
the subsequent work. 

This system of equations having been obtained, the properties of the fifteen lines and 
fifteen planes may be discussed. It should be explained that the names of the various 
points and lines which present themselves will be borrowed from the projections of those 
points and lines in the Pascal hexagram. 

(1) In each tritangent plane, as a + /3 = 0, lie three lines AB, CD, EF, which form a 
triangle denoted by ^^, or sometimes merely by A; the vertices of this triangle are called 
P points ; thus CD. EF intersect in the P point 

« + /8 = 7+e=8+f=7 + ?=8 + e = 0, 

or a + /3 = 0, 7»8 = -6=-{:. 

There are forty-five of these P points, each lying in five tritangent planes, and on 
each line lie six of these points, which were seen to fall into three pairs of points in 
involution. 

The fifteen tritangent planes pass by threes through the fifteen lines of the sur&oe, 
and any plane is met by six others in lines which lie on the sur&ce. 

(2) Although the six fundamental planes a = 0, )8=0, etc. appear to have hitherto 
escaped notice, yet the fifteen planes . given by equations such as a = y9, were known to 
Plucker, and are usually spoken of as Pliicker planes; two Pliicker planes pass through 
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each P point ; for example through the P point a + )8 = 0, 7=sS = — €=-f pass the two 
Pliicker planes 7 = 8, and € = (;! 

Each of the fifteen Pliicker planes corresponds to one of the fifteen tritangent 
planes, thus the PltLcker plane )9 = 7 corresponds to the tritangent plane /3 + 7 = 0; 
two such planes pass through the line of intersection of two of the fundamental planes 
/8=sO, 7 = 0, and are harmonically conjugate with respect to those planea 

(8) Two triple tangent planes a + /8 = 0, a+7 = 0, which do not pass through a 
common line on the surface, intersect in a line — a = )8 = 7, which must meet the surfece 
in three points. But the complete intersection of a + /8 = with the surfiaw^e is the three 
lines AB, CD, EF, and the complete intersection of a -1-7 = with the surfSace is the three 
lines AC, BE, DF\ hence this line — a = )8 = 7 must meet AB, CD, EF, the sides of 
Aa^, in the same three points it meets AC, BE, DF, the sides of Lay'* hence the line 
~.a = ^ =7 must pass through the three P points which are the intersections of AB and 
DF, CD and BE, EF and AC. 

Such a line is called a Pascal line or an A line and there are sixty such lines in 
all, each given by an equation similar to — a = )8 = 7, and each the common line of 
intersection of two tritangent planes and one Pliicker plane. Eight h lines lie in each 
tritangent plane, and four in each Plticker plane. 

It has been seen that each h or Pascal line passes through three P points; thus 
the A line - 8 = e = f passes through the three P points 

-S = € = (;=-a, y8 + 7 = 0, i.e. AF, BD, 
-S = € = f=:-)8, 7 + a = 0, Le. BE, AC, 
-S = e=:f=-7, a-|-)8 = 0, ie. CD, EF, 

Conversely, through each P point pass four h lines; thus through the intersection of 
AB, CD, i.e. the P point a + i8 = 0, 7 = — S = 6 = — f pass the foiu* h lines 

-ry=S = f; -S=fy=€; - € = S = f ; - f = 7 = €. 

(4) It is clear that besides intersecting by fours in the P points, the h lines inter- 
sect by threes in various other points: thus the three ^a^fi = y\ — a = 7 = S; — a = )8 = S 
are seen to meet in the point 

-a = /9«7 = & 

Such points are known as Kirkman or H points, and are sixty in number: each lies 
on three tritangent and three Pliicker planes, and through each H point pass three h 
lines and on each h line lie three H points. 

The notation employed being absolutely symmetrical shews that a correspondence exists 
between the h line — a = /8=s7 and the H point — a = 8 = € = (^; it is easily verified 
that if three h lines meet in an ^ point, the corresponding H points lie on the cor- 
responding h line; but a more convenient method of defining the correspondence is the 
following : — 
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The five tritangent planes 

a + /8 = 0, a + 7 = 0, a + S = 0, a + 6 = 0, a + C=0, 

contain all fifteen lines of the surface and form a pentahedron which may be called 
the 'a' pentahedron: there are then six such pentahedra the £ax^es of each being tri- 
tangent planes, and any two pentahedra have one face common: any two &ces of a 
pentahedron intersect in an A line, and the three remaining faces are found to intersect 
in the corresponding H point; thus each of the six pentahedra has ten edges which 
are h lines, and ten vertices which are the corresponding H points; in other words the 
sixty h lines and sixty H points may be subdivided into six groups of ten points and 
ten lines, the lines and points of each group being the edges and vertices of a penta- 
hedron. 

(5) There are twenty other points in which three h lines intersect, which complete 
the system of the intersections of the tritangent planes, viz. points such as 

a = )8=:7=r0. 

These are known as Sterner or points, and are twenty in number; two such as 
a = )8 = 7 = 0, and S = € = (;'=0 are said to be conjugate to each other, so that the twenty 
O points &11 into ten pairs of conjugate points. The points are therefore the twenty 
vertices of the hexahedron formed by the fundamental or coordinate planes a = 0, )8 = 0, 
etc. and must therefore lie by tens in these planes, and must also lie by fours in the 
edges of the hexahedron. 

The Steiner or G points therefore lie by fours in fifteen lines such as a = )8 = 0, 
called Steiner-PUlcker lines or i lines, each % line being the intersection of a tritangent 
plane with the corresponding Plticker plane. 

If six lines such as AB, BG, CA, DE, EF, FD, be omitted fix)m the fifteen, the 
remaining nine lines may be grouped into three plane triangles A in two distinct ways : 
for if the lines be arranged in a square thus, 

/9 + r C+7 13 + y 

a + 8 AD BF CE 

a + € GF AE BD 

S + 6 BE GD AF 

they may be grouped into triangles either by the rows or columns of the square, and the 
plane of each triangle is shewn at the end of the row or column. The three planes 
of either group of three triangles intersect in a (? point, and those of the other group 
intersect in the conjugate point. 

(6) It was noticed in (4) that if three h lines meet in an fi" point, the three 
corresponding H points lie in an A line; it is also true that if three h lines meet in 
a point, the corresponding H points lie in a line. For if we take the Q point 
a = )8 = 7 = 0, the three H points are 

-.a = S = 6=f; -)9 = S = € = f; -7 = S = €=f, 
and clearly lie on the line S = e = ^. 
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There are twenty of these GayUy-SaJmon or g lines, each corresponding to one Q 
point; thus the line £ = € = (!' corresponds to the point a^ fi^^^Qy and moreover the 
g line which corresponds to a (7 point passes through the conjugate point. 

When foilr Q points lie in an % line, the corresponding g lines are found to meet 
in a point: thus corresponding to the four points which lie on a»=)9 = 0, are the 
four g lines S = €=f; 7 = 6 = f; 7 = 8 = f; fy=S = 6; which meet in the Salmon point 
or / point 

There are then fifteen of these / points, through each of them pass six Plucker planes. 

The rest of the lines and points of intersection of the.se systems of planes do not 
appear to be of sufficient interest to be worthy of separate mention here; their projec- 
tions are of interest in the theory of the Pascal hexagram, and will be treated of in 
fuller detail in connexion with that theory; moreover, since it will be found that the 
development of the theory of the Pascal hexagram is so closely related to that of the 
lines on a nodal cubic surface, that from each proposition relating to the former theory 
an analogous proposition relating to the latter is at once deduced, it seems better to 
obtain the properties of the Pascal hexagram first, and to state where necessary the 
corresponding properties of the cubic surfeice as corollaries. 

Before passing to the projections of these lines, I wish to mention certain quadrics 
which pass through sets of six of these lines of the surfiu^. 

(7) Any set of six lines such as AD, DE, EA^ BC, CF, FB, must be generators 
of a quadric surface, since each of the first three intersects each of the last three ; 
and the nine planes in which pairs of intersecting lines lie may be concisely shewn by 
means of the table 

BF, FC, CB, 

ADa + S, i8 + f, 7 + e, 
-4^7+5; a + €, fi + S, 
DEfi-V€, 7 + S, a + C. 

The equation to the quadric is found by equating to zero any minor of the deter* 
minant 

a + S, 5+C, 7 + e 
7 + 'r, a + €, iS + S 
fi^-e, 7 + S, a + C 

Another more symmetrical form of the equation may be deduced ; for if 

(a + «)(« + 6) = (/S + 0(7 + 0. 
that is a» + «S + oe + S€ = i:»+Ci8 + C7 + /37, 

then (o + 8 + 6)» + o'-S»-e» = (C+/3 + 7)» + i7-y3»-7'. 

Vol. XV. Part II. 36 
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But («+S + e)« = (C+/8 + 7)'. 

Hence the equation to the quadric may be written 

a» + /8' + 7» = S* + e»+r- 

There are ten quadrics such as this, whose complete intersection with the cubic 
mirfetce consists of six of the fifteen lines on the surface; any two such quadrics have 
two common generators, thus the quadric 

S^ + zS' + y^a' + ^-^-C'* 

which passes through the six lines AC, CD, DA, BE, EF, FB, has the two generators 
AD, BF in common with the former quadric. The complete intersection of the two 
quadrics is contained in the two planes a ± S = 0, of which the former contains the two 
common generators AD, BF; hence the remainder of the curve of intersection of the 
two quadrics consists of the plane conic 

a = S, i8« + 7* = €^ + ?*- 



THE PASCAL HEXAGRAM. 

As has been stated above, Cremona has shewn that by projecting . the lines and 
points derived from the consideration of the lines on a nodal cubic sur&ce, we obtain 
the figure of the Pascal Hexagram. 

Adaptation of equations. The equations we have made use of in discussing the cubic 
surface are readily transformed into others which are . applicable to the plane figure ; for 
since at 0, the nodal point 

a : fi : y : B : € : ^ :: a : b : c : d : e : f, 

we can always find the equation to the plane which passes through and any line 
whose equations are known, or to the line that joins to any point that has been 
determined. 

It is now only necessary to imagine that this system of lines and planes, all of 
which pass through 0, is cut by an arbitrary plane ^, and the projection of the three- 
dimensional figure upon this plane ^ will have been obtained. It is not desirable that 
any particular plane should be selected as the plane of projection, but, for the sake of 
the nomenclature, I shall consider that the section by a plane ^ has always been made; 

thus, although - = ^-r;"^ really represents a plane which passes through 0, the conical 

point, I shall be justified in speaking of the line -=t — -^ if it is always understood 

a o-i- c 

that the system of lines and planes is cut by the plane ^ in a system of points and 
lines. In the same way, when I speak of a conic, the equation used will really re- 
present a quadric cone whose vertex is at 0, the conical point. 
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The six lines A, B, C, D, E, F, which pass through the conical point 0, were found 
to be the lines of intersection of a cubic cone and a quadric cone: projected firom 
the conical point upon a plane "9, they appear as six points A, B, 0, D, E, F, which 
lie on a conic. 

The fifteen lines AB, AC, ... each of which meets two of the six lines, are pro- 
jected into the lines which join by pairs the six points Ay B, C, D, E, F, and thus 
furnish the foundation of the figure of the Hexagram. 



Equations of the fifteen lines AB, AC... 
The equation to the plane which passes through the nodal point and the line AB i» 

OM-^ ^ 7 + 8 ^ g + g 

hence this is also the equation of the line AB in the projected figui*e. Expressions such 

as — ^ and ^ will occur so fi^uently in subsequent work that it is convenient 

at once to replace them by simpler symbols. 



Let 



-~ be represented by the symbol (a/8), 



and 



a-S 
a — b 



be represented by the symbol x(4/3X 



Thus in three dimensions, each ttitangent plane is given by an equation such as 
(e^)»0, and each Plticker plane by an equation such as xi'fi)^^' '^^ ^^ ^ ^^® nodal 
point 

'^ -(a/8)-(ot7)...-x(<^) = X(«y)-- 






a 

a e 

' The equations of the fifteen lines AB, AC, can be at once derived from those on 
p. 272; they are 

AB («</3)- (78) = («{;) 

AC (a7)=(/8e) = (8{) 

AD (a8)=(/9r) = (7e) 

AE («e)=088) = (7r) 

AF («O.0S7) = (8€) 

BC (a{:) = (/98)=(7«) 

BD («e)-(/87) = (8r) 

BE («7)-(/3r) = (««) 

BF (a8) = 03«)-(7r) 

CD (a/8)-(7r)=(8e) 

■ CE (a8) = 087) = K) 

CF (ae) = (/8?) = (78) 

DE (a?) = Oe) = (78) 

DF («7) = (/38) = (er) 

EF («/3) = (7e)=(8r). 

36—2 
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The equation to the conic on which A, B, C, D, E, F lie is 

oa» + 6i8* + 07* + d8* + «e»+/?:» = (1), 

and the complete system of equations is 

« + /3 + 7+8 + e+{:=0... (2), 

a^ + i»/8 + <SV + rf'S + e'e+/*j:=0 (8), 

a + 6 + c + d + e+/=0 (4), 

a»+6« + c» + d» + e'+/* = (5). 

Further, (o^) is defined as "''"-^ (6), 

X<«^) ~l <^)- 

It follows that 

a B 
if ~ ~ r ®*^^ ^ necessarily also ■= (a/8) = x {^\ 

if («/3)-(7S) =(«». 

if iafi)^{<^) =X087). 

if X(«j8) = x(*>r). =x097). 

and at the nodal point 

I ' f = c •••" ("^^ = <*y) ••• = "• X ^'»^> =x ("y) - • 

Before I pass to the Pascal hexagram, it is convenient to discuss in two lemmas 
some properties of the figures formed by projecting on any plane the lines of intersection 
first of five planes and secondly of six planes in three-dimensional space. 

I. Take five planes in three-dimensional space, 

t£ = 0, » = 0, w = 0, a? = 0, y = 0, 

forming a pentahedron, with ten edges and ten angles; take also a point not situated 
on any of these planes as origin of projection. 

We may introduce factors into the functions u, v, w, x, y, so that at 0, 

u — v = w=^w^ y. 

Further, the five quantities u, v, w, x, y, must be connected by an identical linear 
relation 

ptt + 5t; + ru; + «c4-^y = (1), 

where p + g + r+« + i = Ol 

Then u^v represents a plane passing through and the line of intersection of 

a == 0, = etc. 
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If now we consider the sections of all the planes which pass through and through 
one of the ten edges of the pentahedron, by an arbitrary plane % we obtain the 
required projection. The figure is shewn below. 




It consists of ten lines which meet by threes in ten points, and three of these 
points lie on each of the ten lines. Selecting any point u^ v^w, the three lines 
n=sv, v^w, w^u pass through it; six of the remaining lines form two perspective 
triangles, viz. u^w, v^x, w^^a; and u^j/y v^y, w^y, and the tenth line x=y is 
the line of perspective on which corresponding sides intersect. 

There is a certain conic such that each of the ten points is the pole of the corre- 
sponding line, viz. 

pu* + qf^+f^ + sa^ + ti/^^0 (2). 

For the polar of the point {u^v^w^^^ \& 

/nifio + 5W« + rttWo + «wPo + ^yyo = 0. 

If now u^^v^^w^y the polar is 

Uo (|m + 5^ + rw) + sxx^ + tyya = 0, 
or by equation (1) 



or 



or 



But 



t<«(- 8X - ty)-\'8xx^-{' tyy^ =« 0, 
«r(«,-t«o)+ ty(yo-t«o) = 0. 

in«o+ 9^0 + rt(;o + «Po + ty^ = 0, 
(p + ? + r)(iio) + «ro + tyf, « 0, 
{-$-t)u^^-8x^ + ty^ = 0; 
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Henoe the polar of the point u — v^w is the line a? = y. 
The figure may be called a Projected Pentahedron. 

II. Taking next six planes 

t4 = 0, » = 0, ti; = 0, a?=0, y = 0, -? = 0, 

we project their intersections from the point at which 

The six quantities u, », w, x, y, z, are connected by two linear relations 

pu + qv-{'rw-{'8x-\'ty'\-kz^0, 
p'u-hqv+r^w-^s'x -^-ify + k'z = 0, 
where |)+g4-r+«+<+A?=0, 

/ + g'+r'4-*' + f + *' = 0. 

The projection consists of fifteen lines x==y, ... which meet by threes in twenty 
points x^y^z, and four of these points lie on each line. 



The figure, which may be called the figure of a projected Hexahedron, is shewn 



below. 
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If we 8ele9t any point, e,g. x^y^z, through which pass the three lines ar = y, 
y ^ z, z ^ X, nine of the other lines group themselves into* three perspective triangles, 
viz. x = u, y^u, z = u; x^v, y = v, z^v; x = w, y^w, z^w; and the three lines of 
perspective in which corresponding sides of any two triangles intersect are the remaining 
three lines u = Vy v = w, w = u, which meet in the point u^v^w. 

If we start with the point u = v=^Wy the nine sides of the three perspective triangles 
are the same nine lines as before, but differently grouped. 

(a) Two points such as x^y = Zf u^v = w are conjugate with respect to any of 
the conies 

(;> + V)^' + (3 + M0t^ + (^ + ^O^ + (« + ^0^ + (* + >^)2^ + (* + XJfe')^ 

Denote the coefficients by P, Q, R, S, T, K, then two points (uo, Vo, Wo, «©, y©, *«) 
and (tei, Vi, w,, Xi, y^, zi) are conjugate if 

-Pt^o^i + Q%Vi -f RwoW^ + SfavPi + Ty^i + Kz^i = 0. 

If now t«5 = t;^ = Wo and Xi^y^^z^ the condition of conjugacy is 

Wo (-Pwi + Qvi + iJw,) + a?i (&?o + % + Kz^) = 0. 

But we know that at any point 

Pw + Qr + JBw + iSa; + Ty + ir^ = 0, 

/. (P + Q + iJ)Mo + (i8fa?o+JVo + ^^o) = 0, 

and (Pwi + Qvi + i2wi) -♦■ (^ + T + JSO arj = 0. 

Also (P+Q + iJ) + (flf+r+iiO-0. 

Hence the condition is satisfied and the points are conjugate with respect to any 
conic of the system. 

(fi) The system of conies above consists of all conies which pass through four fixed 
points which for the moment may be called P, Q, -B, S, If the diagonals of the quad- 
rangle PQR8 meet in Z, 2/, N, it follows that the lines from any one of these points 
such as Z to any two conjugate points, as x = y = z and u = v = w, form an involution, 
the double rays being the lines which pass through the four points P, Q, R, 8. 

K the conic 

Pu^ '\- Qd" + Rv^ + Saf' •¥ Tf -}- K:^ = 

break up into two straight lines, which intersect in the point (uoVoWi^tg/oZoX 

then Puuo + Qwq H- RiuWo + Sxxo + Tyy^ + KzZq = ; 

.-. P2io = ap4/9P, Si;o«cw + )9i8f, 
Qvo^aq + l3Q, Tyo^at-^fiZ 
jRwo = ar + /8-B, Kzo=^ok^^K\ 
hence substituting in p'u^ + 5V0 + =0, 

we have i^ +^ + _ +„ + _ +_^ =0, 
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an equation which gives three finite values of X. 

Giving X these three values in succession, we may find the coordinates of the three 
points i, M, N. 

The six points where any line of the figure u^v i% met by the six lines w^x, y^z\ 
w^y, x^z\ w = z, a? = y; are conjugate in pairs with respect to one conic of the system, 
viz. that for which 

P + Q or p + Xp' + g + Xg' = 0. 

For the condition of conjugacy being as before 

Pmo^i + QvoVi + RwoWi + Sxc^ + Ty^i + KzgZi = 0, 
if we have 

the condition becomes 

(P + Q) WoWi + Wo(-Bwi + Sx^) + yi (Tyo +if>o) = 0. 
Also {P'\'Q)Uo + (R-¥8)wo'\-(Ty, + Kz,)^0, 

If then P + Q = 0, the condition is satisfied, since 

I now proceed to deduce firom the properties proved for the cubic surface the 
analogous pi*operties of the plane figure. 

III. The fifteen lines AB, AG, ... which join by twos the six points A, B, C, D, E, F, 
group themselves into fifteen triangles A, on whose sides lie all the six points A, B, G, 
Dy E, F: such a triangle is AB, GD, EF, to which as in section (1) I give the name 
A^: any line AB belongs to the three triangles AB, GD, EF\ AB, GE, DF \ AB, CF, DE; 
and further since the other sides join the four points G, D, E, F, it follows that the 
six vertices of triangles A which lie on AB are in involution. 

The vertices of these triangles are called P points and are 45 in number. 

IV. From (3) we infer that 
AB meets DF 



GD meets BE 
EF meets AG 



in three points which lie on the h or Pascal line (a^) = (ay) = x (fiy)- 



And sixty such lines exist. 

Consider now the six lines just mentioned: if we arrange them in the order 
AB, BE, EF, FD, DG, GA, it is clear that they are sides of a hexagon ABEFDG 
inscribed in the conic, and we have shewn, 
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'The opposite sides of any hexagon inscribed in a conic intersect in three coUinear 
points.' 

There are sixty different hexagons which we can form by joining the six points 
A, B, C, Dy E, F, in different ways^ and from each hexagon is derived one of the sixty 
h line& 

On each h line lie three P points, and through each P point pass four h lines; 
thus through the intersection of AB, CD pass the four h lines derived from the hexagons 
ABECDF, ABFCDE, ABEDCF, ABFDCE. 

V. The sixty h lines intersect by threes in sixty H or Eirkman points 

(a/3) = (a7) = (aS) = x(i87) = x(7S)=xW; 
and on each h line lie three H points. 

The three concurrent h lines are derived from the hexagons ABEFDC, ACEBFD, 
ADCEFB, respectively : it was pointed out that to each h line corresponds one H point : 
now the sides of these three hexagons are composed of nine only of the fifteen lines 
AB, AG..,] and the six lines omitted are the sides of the hexagon AEDBGF from 
which is derived the corresponding h line (a€) = (a5). 

YL The edges and angles of each pentahedron are projected into ten h lines and 
ten H points, forming a figure of a projected pentahedron discussed in I.: it follows that 
a conic exists such that each of the h lines which form the figure is the polar of the 
corresponding H point. 

The sixty h lines and sixty H points fall into six groups of ten lines and ten 
points; and with each group is associated a conic such that each h line of the group 
is the polar of the corresponding H point (which always belongs to the same group) 
with respect to it. 

There is no difficulty in finding the equation of this conic, 

(a + i8) + (a + 7) + (a + S) + (a + e) + (a + ?) = 4a 

and 6*(a + i8) + c»(a + 7)+... = (6» + c« + cP + 6«+/»-a»)a, 

.-. (6« + c» + (? + c»+/"-a')K« + ^) + (« + 7)+(a+S) + (a + €)+(a + r)} 

= 4[6»(a + /8) + c»(a + 7) + d»(a + S) ]. 

That is (a»+36»-c»-d»-e»-/«)(a+6)(a/8) + =0. 

Hence the equation to the conic is 

(a« + 36»-c«-*-6»-/")(a + &)(ai8)'+ = 0. 

Vn. The sixty h lines also intersect by threes in twenty Steiner or points, 

?=| = 2 = («^) = («y) = 037) = x(«/9) = X(«7) = x(/»y)- 
Vol. XV. Pabt IL 37 
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The three concurrent h lines are derived from the following hexagons: 

(a^) = (a7) = X (fiy) from ABEFDC, 
(a/8) = O87) = X (a7) from AFEGDB, 
(a7) = 087) = x(ai8) from ACEBDF, 

in which the first, third and fifth letters are the same, and the second, fourth and sixth 
are cyclically interchanged. 

The twenty G points fall into ten pairs: with the point above is associated the 
point 

in which intersect the three h lines derived from the hexagons A BE CDF, ACEFDB, 
AFEBDC, where the first, third, and fifth letters are again the same as before, while 
the second, fourth, and sixth are derived from those of the former hexagons by non-cyclical 
interchanges. 

VIII. We may apply the results of II. to the figure formed by the projection of 
the intersections of the six tritangent planes 

(«^) = 0, (^7) = 0, (7a) = 0, (Se) = 0, (eO = 0, (^S) = 0. 

The figure is simpler than that in II. inasmuch as one of the linear relations con- 
necting 

(afi), (J3y), (ya), (Se), (eD. (&) 
is (0^8) + (^87) + (7a) = (Se) + (eO + m. see page (271), 

80 that the three lines such as 

. (a^) = (8e); (^y) = (eO; iycL) = i^) 
are concurrent. 

The second linear relation is 

(6 + c)(y87) + (c + a)(7a) + (a + 6)(ay8) + (d + 6)(S€) + («+/)(6r) + (/+d)(?5) = 

The system of conies in 11. comprises all conies which pass through the four points 

common to 

(a/8)« + (fiyy + (yay = (Se)" + (e^Y + {^Sy 

and (a + b) (a/3)» + (6 + c) (^7^ + (c + a) (ayy + (d-^e) (Sey + (e +/) (e^y + (/+ d) {^y = 0. 

The former of these two is the fundamental conic on which the six points 
A, B, C, D, E, F, lie, and can therefore be reduced to 

aa= + 6/8* + C7= + dB^ + ee> +/^ = 0. 
Two G points such as 

- = ? = -, and T = - = >, 
a c d e f 

which have been called conjugate G points, are therefore conjugate with respect to the 
fundamental conic. 
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By simplification of the second equation, it may be shewn that these two Q points 
are conjugate with respect to all conies which pass through the four points common to 

and (6c + co + ai)(a + ^ + 7)»-6cfl? — ca/8* — afry' 

= (de + ef+fd) (8 + e + ^)» - e/S» -fde-de^ ; 

and, further, nine pairs of P points such as 

(a/3) = (a7) = (e5); (Se) = (SO = (a^) ; 
the intersections of AB, DF, and of AF, DB are conjugate with respect to all conies 
of the system. 

Again by 11. (yS), we see that any side such as (a^) = (ef ) or AB, is met by the 
h lines (fiy) = (<ya) and (Se) = (Sf), which are derived from the hexagons ACEBDF, 
AGDBEF, in two points which are conjugate with respect to the fundamental conic, 
and therefore form with A and B a harmonic range. 

On the side AB there must lie six such pairs of conjugate points, each pair formiug 
a harmonic range with the points A and B, 

IX. The fifteen lines in the figure of this projected hexahedron are composed of 
six h lines and nine sides of the triangles A, which join two of the six points -4, B, 
C, D, E, F; consider the grouping of the eighteen points where the nine sides of 
the triangles are met by the h lines. 

On each h line, as (a/3) = (ay), lie three of the points, viz. the points where this 
line is met by AF, CE, BD, the sides of A^y. The points fall into two groups of 
nine, according as the h line they lie on passes through one or other of the points. 
Arrange the points thus: 

0S7) = (y9a), (7a) = (?8) 
087) = (/3a). (7a) = (S6) 

(eD = (*«). (t8) = (/37) 
(eO=(e8), (?S) = (7a) 
(er)=(eS), ({:«)= (a/8) 

Taking either group, the nine points form three triangles, if we take them in rows, 
and lie by threes on the h lines, if we take them in columna The conjugates to 
three points of either group which form a triangle are three points of the other group 
which lie on an h line. 

The sides of the triangles of the first group are 
(0)8) + (07) = (eC) + (/37) ; (/9a) + (fii) = (e?) + (07) ; (7a) + (7^) = (eO + («^) ; 
(a/3) + (a7) = (2:8) + (^7); 0«) + (/S7) = ($») + (»/) J (t") + (7/3) = ((?) + («/S) ; 
(a/3) + (a7) = (Se) + {^) ; (/Sa) + (^7) = («e) + (*y) ; (7«) + (7/3) = (&) + (a/3). 
Thus the corresponding sides of any two triangles intersect on an h line which 
passes through the second point. 

37—2 



(a^) = (a7), (/S7) = (eD 

(a^) = (a7), (^7)=(?S) 

(a/S) = (a7). C87)=(Se) 

(Se) = (S?), (e?)=(/37) 

(&) = (Sr). («f)=(7«) 

(86) = (80, (e?)=(a^) 



(7a) = (7/3), (a^) = (eD 

(7a) = (7/3), (a/3) = (?S) 

(7a) = (7/8). («/3) = (8e) 

(?8) = (S'e), (8e)=07) 

(?8) = (?e), (8e)=(7a) 

m = m. (S6)=(a/3) 



(A); 



.(B). 
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Again, since 

(a/3) + 097) + (7«) = (Se) + K) + m, 

the equation to each of these lines may be written in a new form : for example 

(«/8) + (a7) = (eO + ()87) 
is equivalent to 

2(^7) = (&) + (Sr). 

Hence this line passes through the P point 

(0y) = (Se) = (SO = («?) =(«€)> i-e- the intersection of AF, BD, 

and further it forms with the h line (Be) = (S^) and the two sides AF, BD a harmonic 
pencil. 

X. Corresponding to the three h lines which meet in the G point 

aft c ' 
are the three fl" points 

(aS) = (ae) = (a?) = x(&) = X«) = X(5«); 

(/SS) = (/3e) = (m = x(S«) = x(«D = x(S8); 
(7S) = (70 = (7O = x(SO = x(«f) = x(5«); 

which are seen to lie on the Cayley-Salmon or g line 

x(Se) = x(«) = x(58)- 

This g line corresponds to the point above, and passes through the conjugate 
point. There are twenty such lines in the hexagram, on each of which lie three H 
points and one point. 

XI. Four points such as 



=T = r = (<^) = ('*y) = ('»y)=x(«-s) = x(»y) = x(^7); 



a 

a~ h c 



?=^=| = (a;8) = (aS) = C8S) = X(=')8)=X(«8) = x038); 

|=|-=^-(«/9) = («O = (/3€) = x(«/8) = x(«) = x08«); 
^=f=| = («/3) = («?) = 0S?)=x(<^)=x(«r)-x09O; 

lie in one of fifteen Steiner-Plucker or % lines such as 

?=f = («^) = X(«/8). 
which pass by threes through the twenty points. 
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The twenty points and fifteen i lines fonn the figure of a projected hexahedron, 
discussed in II., viz. the projection of the hexahedron formed by the six fundamental planes 

a = 0...etc. 

Any two conjugate 6 points are therefore conjugate with respect to all conies which 
pass through the four points common to the fundamental conic 

e^ y8« ~« S> €» f« ^ 

-d a+y+T + d+^+y"*'- 

The conic 

will break into two straight lines if (as may be deduced from II.) 

a b c a e '^ f 



a b c 






whence 
where 



it« + X 6"+X c» + X d« + X^^+X V 



5X» - 3«j^* + «4X + «5 = 0, 



«, = a6 + ac + ad+ ... , 
84 = abcd+abce+ ... , 
89 == ahcdef. 

But if - + r + -+j + - + :?=0, any value of X satisfies the equation. In this case 
a b c a e J 

however, the constants a, 6, c, d, 6, / are equal and opposite in pairs, and the funda- 
mental conic degenerates into two straight lines. 

XII. CJorresponding to four points which lie on the i line 

? = f = (a^) = x(«/9) 

are four g Unes which meet in one of fifteen Salmon or / points 

and this I point corresponds to the i line above. 

Xin. The projection of the figure formed by the five planes 

gives the figure of a projected pentahedron discussed in I. 
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The ten lines are here g lines and the ten points are / points: but each g line 
is common to three of the six figures and each / point is common to four figures, and 
in different figures different g lines correspond to the same / points, and different / 
points to the same g line. 

With each figure of ten g lines and ten / points is associated a conic such that 
each g line is the polar of the / point which corresponds to it in that figure; the 
equation to the conic is found to be 



2(a» + 6* + c» + i« + 6«+/»-66»)(a-6)x(a/3)|» = 0. 

XIY. In the three-dimensional figure consider the K lines which pass through the 
Tertices of the triangle A.^ formed by AB, CD, EF, 

Through the intersection of CD, EF pass the four h lines 

-<y = e=f; -S = € = f; -€ = 7 = 8; -2:=7 = S. 

Through the intersection of EF, AB, pass 

-.ry = S=:e; - 8 = 7 = f ; -e = 7 = f; -{f=S = e. 

Through the intersection of AB, CD, pass 

-7=S=f; -S = 7 = €; -.€ = S = f; -^=7 = 6. 

These twelve h lines intersect by threes in four H points 

-7 = 8 = 6 = 5'; -8 = € = f=7; -6=f=7 = 8; -(f=7 = 8 = e; 

and in four points 

8 = e = t=0; e = 2: = 7 = 0; ^=7 = 8 = 0; 7 = 8 = 6 = 0, 

such that the four conjugate G points are coUinear. 

The H point -.7 = 8 = 6 = 5' is joined to the point 8 = 6 = 5'=0 by the g line 
S=:€ = ^, and is joined to each of the other three points by an A line which passes 
through a vertex of Ao/b : also the four g lines intersect in the / point 7 = 8 = e = Jl 

Hence the tetrahedron formed by the H points and that formed by the G points 
are perspective with respect to four distinct centres, viz. the vertices of A«p and the / 
point 7 = 8 = € = f. 

The corresponding property of the hexagram is, The quadrangles formed by the H 
points 

(7«)=(70=(7?:); (&y)=(&)=(SO; (e7) = («S)=«); ((?/) = ({:8) = (r«); 

and the Q points 

iSe) = {€0 = m; (76)-K) = (7r); (7S) = (8r) = (7?); (78) = (7e) = (H 
respectively, are perspective with regard to four distinct centres of perspective, viz. the 
vertices of A.^ and the / point 
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I proceed to consider the complete figure formed by the projection of the lines and 
points of intersection of the tritangent planes, the Fliicker planes, and the six coordinate 
planes: from this figore are deduced nearly all the properties of the hexagram given by 
Veronese, and one or two new properties. It will be convenient to treat first of the 
intersections of the tritangent and Pllicker planes, and to introduce the six new coordinate 
planes later. 

XY. Consider the projections of the eight h lines which lie in a tritangent plane 
a + /8 = 0; they form two quadrilaterals 

(a/3)-(«»y); (a/S) = (aS); (a^) = (ae); (oy3) = (aO, 

The six vertices of each quadrilateral are H points, and corresponding sides intersect 

a S 
in points which lie on the % line - = ^ = (o^) = j^ (ajS) ; while sides which do not 

(to , 

correspond meet in the twelve P points which lie on the sides of A^^ but are not 

vertices of that triangle. 

The lines which join corresponding vertices of the two quadrilaterals are called 
V lines; for example the two vertices 

(«^) = (ay) = (aS) = x (iS?) = X (^S) = x (7^), 

(/9a) =(/37) = 08S) = x(«7) = %(«») =x(7S), 
are joined by the v line 

(a/8) = x(78). 

The hexagram contains ninety of these v lines, each the projection of the inter- 
section of a tritangent plane a + 13 = with a Plucker plane 7 — S = 0: on each v line 
lie two H points; through each P point pass two v lines, and through each H point 
pass three such lines. 

The six v lines derived from the two quadrilaterals given above pass by twos 
through the vertices of the triangle A.^; their equations are 

(a/8) = x(7S); («^) = x(7€); («^) = x(7?); 
(«^) = x(^r); (ay8) = x(?«); («^) = x(S€); 

and therefore they intersect by threes in four points which for the present I call H.2 
points, such as 

each of which lies on one of the g lines which pass through the / point corresponding 
to Aa^. It follows that the diagonals of the quadrangle of H^ points are the sides of 
Aafi, and hence 

The two V lines which pass through any P point form a harmonic pencil with the 
sides of the triangle A which intersect in that P point. 
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There are sixty H^ points in the hexagram, lying by threes on the twenty g lines: 
there is clearly a correspondence between the sixty H^ points and the sixty h lines 
and the sixty H points; thus the H^ point 

(a^) = X (7^) = X (7^) = X (Se) 

corresponds to the H point 

(?7) = m = m = X (7S) = X (70 = X (H 

and to the h line 

(?«)=(r/3)=x(«^)- 

Each H^ point is joined to the corresponding H point by the g line which passes 
through it. 

XVL It will be seen that the h lines which correspond to two H points of a t; 
line meet in a P point, and are the projections of two A lines which lie in a Plucker 
plane. The four H points therefore which correspond to four h lines through a P point 
such as (a^) = (rye) = (7^ ) = (Se) = (Sf) lie on two v lines, (7S) = x(a^), {^K) — xi^)'^ *^^ 
these intersect in a F point 

^ = f = («^) = (7S)=K) = X(«^). 

the intersection of the i line which corresponds to the triangle A«^ with the side of 
the triangle opposite to the P point. 

The Y points number forty-five and lie by threes on each side of a triangle A and 
on each i line. 

The six v lines which pass through the intersections of the diagonals of the quad- 
rangle 0, 2), E, F, are 

(ay8)=x(78); (7S) = x(«i8); (€?) = x(«/8); 
(«/3) = xK); (7S)=x(er); (6?) = x(78), 

and intersect by twos in the three Y points of the line AB. Since the v lines through 
the intersection of CD, EF form a harmonic pencil with CD, EF, it follows that the 
six P points of any side AB form harmonic ranges with two of the three Y points of 
that side. 

XVII. To the forty-five Y points, where a side of a triangle A«^ is met by the 
corresponding i line, correspond forty-five y lines which join the opposite vertex of the 
triangle to the corresponding / point. 

The y lines are seen to be given by equations such as 

X(7S) = XKX 

this being the line which corresponds to 

(a/3) = (78) = (€?) = x(«/9)- 
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To three Y points which lie in an i line correspond three y lines which meet in 
an / point; and to three Y points which lie on the side of a triangle A, as 

correspond three y lines which meet in one of fifteen R points 

X(«/3)=x(78) = x(«r), 

to which I shall have occasion to return later. The three y lines which meet in the 
E point which corresponds to the side AB, pass through the intersections of the diagonals 
of the quadrangle CDEF. 

Each y line is the projection of the line of intersection of two Flucker planes: 
through each P point pass two Flucker planes, which intersect in the y line, and each of 
which contains two h lines, and one v line passing through the P point : the four lines 
in each plane form a harmonic pencil 

For through the P point a + ^ = 0, 7 = 8 = — € = — f passes the Pliicker plane 6 = ?, 
and this meets the four planes 

7 + e = 0, 8+f = 0, (7 + €)±(S + S) = 0, 

in four lines which form a harmonic pencil, whose rays are the four lines spoken of. 

The projections of these lines also form a harmonic pencil. 

XVIII. It was shewn in XV. that the four points H^ 

(«/3)=x(70 = x(^(:) = x(70, 

(«/3) = X(7«)«X(S£) = x(7?), 

(«^) = X(7S) = xW«X(70. 
form a quadrangle whose diagonals intersect in the vertices of the triangle A^^: hence 
the lines joining these four points to any other point and any two of the lines which 
join the point to the vertices of Aa^, form three pairs of lines in involution. 

In particular, if the point chosen be the / point, which corresponds to A.^, we have 
the property that 

The four g lines through an / point and any two of the three y lines through 
the point, form three pairs of lines in invohition. 

XIX. The y lines intersect by threes in sixty S points, such as 

x(«^) = x(7S) = x(y^) = x(^) 

which lie by threes on the g lines, and correspond to the sixty h lines and H points. 
Consider the quadrangle formed by this S point and the three / points 

X («/3) = X (««) = X («0 « X (^8) = X (^O = X (H 

X(«^) =* X(««) == X(«7) = X(^0 = X(^7) = X(€7)» 

X(«^) = X(«7) = X(««) = X(/37) = X(^«) = X(7S). 

Vol. XV. Part II- 38 



Digitized by 



Google 



292 Mb H. W. RICHMOND, ON PASCAL'S HEXAGRAM. 

The / points ore joined by the g lines 

x(«^)=x("Tr) = x07X 
x(o(^) = X(aS)=.x(/9«). 
X(a/9)=X(«) = X(^0. 

and the S point is joined to the three / points by the y lines 

x(«^)=x(Se); x(«/3)=x(«7); x(«t^)-x(7S). 

These lines must cut any transversal in involution; take as the transversal the 
g line 

X(«)8) = x(«» = x(/3D. 
Hence the three 7 points and the three S pomts of any g lines are in involution. 

XX. The ninety v lines also intersect by pairs on the h lines in 180 E points 

(a^)=(a7) = x(/37) = xW; 
each E point is the intersection of two v lines, one h line, and one y line; and three 
E points lie on each h line and four on each y line. 

If we take as the transversal which meets the sides of the quadrangle in XIX. the 
h line (aO^(i3t)'=x(^) ^^ ^^ ^^^^ ^^^ three E points of any h line and the three 
U points of the line are in involution. 

XXI. The only other points furnished by the intersections of the tritangent and 
Flucker planes are ninety N points, given in the hexagram by equations such as 

each the intersection of a v line, a y line, and an i line. 

XXIL To complete the figure formed by the tritangent, Plticker and coordinate 
planes, it is necessary to consider only the intersection of one coordinate plane with the 
planes and lines discussed above; for the line of intersection of two coordinate planes 
is an % line and has already received notice. 

Each coordinate plane, as a = 0, is met by ten of the tritangent planes )9 + 7 = in 
a line called a a line a = ^ + <y s 0. The projections of these sixty a lines 

are noticed by Veronese who shews that if three y lines meet in a 2 point, the corre- 
sponding F points lie in a o* line which passes through a point 

The line in which a coordinate plane as^O is met by a Plticker plane )3 = 7 may 
be called a /x line : there are sixty /x lines, each containing three N points and one 
G point: the projections of these /t lines 



have the same property. 



l-xm. 
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XXIII. There are further in the three-dimensional figure . 

60 F points, a = 0; ^ = 7 = 8; 

180 J points, a=:0; ^=7=-8; 

90 Z points, a = 0; ^8=7; 8 = €; 

180 Z points, a = 0; )8 + 7 = 0; 8 = €; 

whose projections give in the hexagram 

60 F points, ? = X(i87) = x(7S) = x(«y8), 

180 J points, ?»(/38) = (7S) = x097), 

90 JT points, ? = X ()*y) = X (H 

ISOXpointB, ^ = (/S7) = x(Se). 



It will be as well to pause here and enumerate the various lines and points which 
compose the hexagram as far as we have at present discovered them. There are 

16 sides of hexagons (a^S) = (78) = (eS*) ; 

60 h (Pascal) lines («^) = («7) = X O87) ; 

20 g (Cayley-Salmon) lines x(ay8) = x(«7) = x(y87); 

16 i (Steiner-PlUcker) lines (a^) = x(a/8) = - = ? ; 

90 V Unes (ai3) = x(78); 

45 y lines x(«/3) = x(7S); 

60 <r lines -=(i37); 

60 /* lines ^^xC^y). 

6 fimdamental points A, B. C, D, E, F; 

45 P points («)9) = (7e) = (7r) = (Se) = («C) = x(78)-xK); 

60 fl" (Kirkman) points .. . .(afi) = (ay) = (aS) = x(/*y) = X O^^) = X (7S) ; 

20 G (Steiner) points («/8) = («7) = (iSy) = X («i8) = X («7) = X O^y) = | = f = "^ ; 

15 J (Salmon) points ...;..x(«<^) = x(«7) = x(«^) = X(^7) = xO*)=X(7S)5 

38—2 
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60 H, points («^) = X(7«) = X(76) = X(M; 

46 7 points («S) = (7S) = (ee) = x(a)8) = | = § ; 

15 R points X(«^) = X(7^)"X(«5); 

60 2 points x(«^)=X(7S) = X(7«) = X(^c); 

180 E points («)9) = («7) = x(/97) = X(Se); 

90 iyr points («^) = X(«/8) = X(7S) = | = f; 

60 F points •X(^7) = xC8S) = x(7«) = ^; 

180 J points (/8S) = (78) = X(i87) = ^; 

90 AT points X087) = X(«0 = ^; 

180 i points (^ry)=j^(S6) = -. 

Of the lines and points derived from the figure formed by the tritangent and Plticker 
planes, all receive notice in Veronese's Memoir except the N points and R points; but 
of the intersections of these planes with the coordinate planes only the <r lines are 
mentioned. In the case of two kinds of points I have altered Veronese's notation, the 
JSTj points and 2 points being called by him Z^ points and f points respectively; and 
for the sake of brevity I have spoken of H points, points and 7 points, h lines, g 
lines and i lines where Veronese uses the names of the mathematicians by whom they 
were discovered. 

In the three-dimensional figure, the lines and points of which the projections have 
been given are as follows: 

15 sides of hexagons.. .a + /8 = 7 + S = € + 5' = ; 
60 h lines ^a^/3 = y; 

20 g lines a = ^ = y; 

16 % lines a=^=0; 

90 V lines a + ^ = 0; 7 = 8; 

45 y lines cl = /3i 7 = S; 

60 a lines a = 0; ^ + 7 = 0; 

60 /It lines a = 0; ^8 = 7; 
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45 P points a + /8 = 0; 7 = S = ~€ = -C; 

60 H points -a = y8==7 = 8; 

20 G points a = y8=7 = 0; 

15 / points a = ^ = 7 = 8; 

60 JJ, points a + ^=0; 7 = S = €; 

45 7 points a = ^ = 7 +S=:e + C = 0; 

15 22 points d — fi] 7=8; e = S'; 

60 2 points a = )9; 7=8=€; 

180 ^ points ~a = i8 = 7; S = €; 

90 i^T points a = j8 = 0; 7=8; 

60 F points a=rO; /8 = 7 = S; 

180 J points a = 0; y8 = 7 = -S; 

90 iST points a = 0; y8 = 7; S=:€; 

180 i points a = 0; y8 = y: 8 + 6 = 0. 

There are two sets of lines and points which Veronese has noticed, viz. m lines 
which are the projection of lines such as 

a + j8 = 0, 2a + 7 + 8 = 0, 

and T points which are the projections of points such as 

a + ^ = 0, B^€, 2a + 7 + 8 = 0; 

but these do not appear worthy of further mention. 



It was pointed out in (7) that the six lines AD, DE, SA, BG, OF, FB are gene- 
rators of a quadric surfieice, viz. 

a» + /8* + 7' = 8»+€»+C» (1). 

It follows that the planes which pass through the conical point and these six 
lines touch the enveloping cone irom to this quadric 

or 2(a8-da)» = 2(a/3-6o)» (2), 

where on the left hand side are the nine squares in which one of the three letters 
a, P, 7, is associated with one of the three 8, e, ^; and on the right hand side are the 
remaining six square& 

Hence in the hexagram, the six sides of the triangles ADE, BCF touch the conic (2). 

Again, the projection of any plane section of (1) is a conic which has double 
contact with (2). Hence it is inferred from (7) that the projection of the conic 

a = 8, /8* + y = €» + C« 
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has double contact with the two conies which touch the sides of the triangles ADE, BCF, 
and of ACD, BEF. 

This conic clearly passes through the eight points 

and a^h, /8=±r, 7=±e- 

Hence it is inferred 
The four P points a = S = -y8 = -e; r^ + K^O\ or CD. AE, 

a = 8 = -j8 = -j:; 7 + € = 0; or BC, EF, 

a=:S = -<y = -€; /3 + ^=-0; or BEy OF, 

a = 8 = -<y = -f; ^ + € = 0; or AC, DE, 

the two F points a = S = 0; ^ + €=0; 7+Jf=0; 

a = S = 0; )9 + ?=0; 7 + 6 = 0; 

and the two R points a = S; ^ = €; 7=t; 

a = S; ^8 = ?; 7 = e; 

lie on a conic which has double contact with the conic which touches the sides of the 
triangles ADE, BCF and with that which touches the sides of A CD, BEF. 

The remainder of Veronese's memoir, of which I wish now to give the analytical 
equivalent, treats of certain systems of lines and points (called by him z^s--- lines and 
ZJj^.., points) which correspond in many ways to the h lines and H points and may 
be grouped into six sets of ten lines and points in a similar manner: as stated above 
the Zj points of Veronese have been spoken of as iZ, points. 

XXIV. It was shewn in XV. that the six v lines which pass through the three 
vertices of a triangle A intersect by threes in four points -Hg such as 

that there are sixty such points in the hexagram which lie by threes on the g lines, 
and that farther the point above corresponds to the H point 

(5'7) = (r«) = (re) = x(7«)=x(S«) = X('ye). 
and to the h line 

(ra) = (CS) = x(«i8)- 

In the three-dimensional figure, the six v lines which pass through the vertices of 
a triangle A and lie in its plane, intersect by threes in four H^ points, such as 

a + ^ = 0, 7 = S«e, 

which corresponds to the H point — 5' = 7 = S = e, and to the h line — {f=sa = ^. 

'If three H points lie in an % line, the corresponding E^ points lie in a line called 
an As line.' 
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Taking the three H points which lie on — (^sa«/9, the oonesponding H^ points are 

S + 6-0; a = ^ = 7; 
€ + 7 = 0; ar=^»5; 
7 + S-O; a = ^ = €; 

and these are seen to lie on the ht line 

a«^«7 + 8 + €, 
which is equivalent to 

C+8a = C+3^«0. 

Thus corresponding to the h line a + )3 = a + 7ss0, and to the H point 

are the h^ line 

a + 3^«a4-37»0, 
and the f s point 

a + 38 = a + 36 = a + 3C= 0. 

XXV. Thus, both in the three-dimensional figure and in the Hexagram, the sixty 
H^ points and A, lines correspond to the H points and h lines; when three h lines 
meet in an if point the corresponding A, lines meet in an iT, point, and the cor- 
responding H points smd H^ points lie on an A line or A, line respectively; while if 
three h lines meet iu a (? point, the corresponding A, lines meet in the same point, 
and the corresponding H points and H^ points lie on the corresponding g line. Hence 
the points and g lines and therefore also the / points and % lines are common to 
the two systems (1) of A lines and H points, (2) of A, lines and H^ point& 

Thus from the figure formed by the five planes 

a + 3)9 = 0; a + 37=0; a + 3S = 0; a + 3e = 0; a + 3f»0; 

it is clear that in the hexagram the ten A^ lines and H^ points which correspond to 
the ten A lines and H points of a projected pentahedron (as in VI.) themselves form 
another such figure which has associated with it a conic such that each H^ point of the 
ten is the pole of the corresponding A^ line; and the A, lines and H^ points may be 
grouped into six such figures. 

But the relations between two or more figures of A, lines and H^ points are not 
identical with those existing between the corresponding figures of A lines and H points; 
for the latter are derived from the projections of the intersections of fifteen planes, 
while the A, lines and H^ points cannot be derived frx>m fewer than thirty planes; thus, 
in the three-dimensional figure each pentahedron of A lines and H points is contained 
by six out of fifteen planes, and each plane occurs in two pentahedra; but in the case 
of A, lines and H^ points, each pentahedron is contained by five out of thirty planes, 
and no plane occurs more than once. 
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XXVI. The intersections of these thirty planes however fiirmsh a second similar 
system of lines and points, which for the present may be distinguished by the 
suffix 3. 

Corresponding to two H points which lie on a v line a + )8 = 0; 7 = 8; viz. the H 
points 

a + /8 = a + 7 = a + S = 0; a + )8 = )8 + 7==)8 + 8 = 0; 

we have the two A, lines 

a + 36 = a + 3?=0; )8 + 3€ = )8 + 3{:=0; 

which meet in a point called by Veronese a V point (or later a V^ point) 

a:)8:€:?::3:3:-l:-l 
lying on the y line a = /S, € == t* 

From these V points may be derived the second system of A, lines and fl, points. 

For through each V point pass two A, lines of the second system, viz. 

3€ + a = 3€ + )8 = 0, 
3?+a = 3?+/3 = 0. 

Thus in the projected figure, each line of either sjrstem contains three V points ; 
thus the first system determines the V points, and these determine geometrically a 
second similar system of lines and points which has all the properties of the first 
gfystem. 

XXVII. These results may at once be generalised. Consider the system of thirty 
planes such as Xa + fi^ = 0, where X and fi are definite constants. 

Two of these planes pass through each of the fifteen % lines, and are harmonically 
conjugate with respect to the tritangent plane and the Plticker plane which intersect in 
that line. 

Let the line in which two of these planes such as 

Xa + M)8=0; Xa + /A7 = 

intersect, be defined as an A^- ^ line, and let a point such as 

Xa + /Lt8=Xa + /iA€ = Xa + Ai?=0 

be defined as an H^^ point; and let their projections in the hexagram bear the same 
names. 

Thus the A, lines and H^ points are equivalent to Ai,, lines and Hi^t points, and the 
A, lines and H^ points to A,,i lines and Ht,i points. 

Then it is clear that we have a system of sixty A^^ ^ lines and H^ ^ points which 
has all the properties mentioned in XXV. as possessed by the A, lines and H^ points 
and further that a second similar system of A^ ^ lines and H ^ points may be deduced 
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in the same way that the A, lines and JT, points were deduced from the A, lines and if, 
I)ointa 

The A^^^ lines and H^^ points with the h^^ lines and H^^ points together form 
a system which may be called the (\fi) system: each system (\fi) contains ninety 
V^ ^ points, such as 

two of which lie on each y line and are harmonically conjugate with respect to the P 
point and the / point of that line. 

In the hexagram, the projections of these lines and points have analogous properties, 
and the 7]^ ^ points serve to connect the h^^^ lines with the h ^ lines. 

XXVni. Veronese connects the systems for different values of X : fi by a method 
which leads to a curious analytical equivalent. 

The V^ ^ points were obtained as the intersection of two h^ lines which correspond 
to two H points of a v line. If instead, the corresponding H. points are taken, the 
line which joins them may be called a v^^ line. 

Let the v line be a + )8 = 0; 7 = S; then the two H. points are 

Xa +/A)8«Xa -1-/1*7 =Xa +AiS=0, 
X)8 + /iAa = X/9-1- M7 = >'/9+ ^8= 0, 
€uid the V. line which joins them is 

o4^/3^7^S 
X — /ifc X X * 

Thus there are ninety v^ ^ lines, which intersect by pairs in the forty-five Y points, 
and form harmonic pencils with the v lines and / linea 

But since a-h/8 + 7-hS-h€ + 5'=0, the line may be written 

X-Afc X'^X'^/A-SX* 
and hence belongs equally to a system (X', /*') for which 

■ X' - X ' 
that is ^, + ^ = 4. 

Thus from the system of h. lines and H. points ninety v^ lines are determined, 
from which in turn a second system of H^. ^, points is determined, viz. as points of 
concurrence of three Vj^^ ^ lines, which belong equally to the new system. 

Thus in the hexagram, from the system of points and lines distinguished by suffix 
{\f fh) roay be deduced by means of V points a second system given by the suffix 

Vol. XV. Part II. 39 
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Hence by means of v lines a new system (X,, /«,) is derived, where 

and hence again a system (/is, X^)* 

From this is obtained a system (Xj, /a,) where 

and so on ad infinitum. 

Again it is possible to reverse the process, hence as a rule from any system a 
series of other systems extending to an infinite number may be deduced in two ways, 
the whole forming one complete series of sjrstems of sixty points and sixty lines. 

The solution of the equation 

\i 2 ^ (V3 + 1)«^^ + 5 (V3 - l)»n-i • 

Hence whatever system be chosen to start fix)m, the limiting value of ^ is always 

either 2 + ^/3 or 2 - Vs. 

From the system of h lines and H points for which a^ = Xo> Veronese deduces a 
series of systems, given by values of the above fi-action when A = B, 

XXIX. There is one special system of the h^ ^ lines and H^ points which has 
not been noticed, and appears to deserve attention. Corresponding to four h lines which 
pass through a P point, as for example 

S + € = S + ?=0; ?+7=? + S = 0; 
are the four H^ points 

X7 + /iAa = X7 + /i)8 = X7 + /AS = 0; 

X€ -h /lAtt == X€ + /*)8 = Xc 4- /*?= ; 
X? + /ia-X? + Ai)8 = X? + /i€ = 0. 
The first two are joined by the line 

X X \-fi fi^3\' 
and the last two are joined by 

X X X — fi ft— 3X' 
If now X-/4 = ^-3X, that is 2X = /i, these two lines are identical, and therefore, 
corresponding to four h lines which meet in a P point, there are four ifi,, points which 
lie on a line conveniently called a p line. Thus to the P point 

a + /9 = 0, 7 = S = -6 = -f, 
corresponds the p line 

«=/9 — (7+s)=-(€+r). 
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To three P points which are vertices of a triangle A«^ correspond three p lines 
which lie in the plane a = )3, and form a triangle whose vertices are J2 points, while 
to any P point on one of the fifteen lines AB, 

a + )8 = 7 + S = € + ?=0 
there corresponds a p line which passes through the 22 point 

a = A 7 = S> € = ?• 

The p lines may also be obtained as the lines of intersection of the ten planes 

such as 

a + )8 + 7 = S + € + f = 0, 

which may be called <t> planes. Each p line, the intersection of two O planes, lies also 
in a PlUcker plane; also each h^ line 

is the line of intersection of one of the ten O planes with a PlUcker plane 

a + ^-l-7 = S + e + f=0; )8 = 7. 

The ^u points are points of intersection of three of the O planes ; for if 

a -h 2S « a -h 2€ = a + 2C = 0, 

then )8 + 7 + S = )8 + 7+€ = )8 + 7 + C = 0. 

The O planes intersect by twos in the forty-five p lines, by threes in the iTi, 
points, and by fours in the fifteen 22 points: each plane contains two conjugate points 
and is met by the six coordinate planes in six <r lines. 

These <t> planes would furnish by their intersections with one another and with the 
tritangent, PlUcker, and coordinate planes many new lines and points of interest in the 
theory of the Hexagram; I have however no wish to increase further the already un- 
wieldy number of lines and points of the plane figure. In three dimensions, it has been 
seen a comparatively, small number of planes is sufficient to determine the complete figure, 
and the confused intricacy of the plane Hexagram is avoided. With this brief mention then 
of the O planes, which appear to stand next in importance to the tritangent, PlUcker, 
and coordinate planes, I shall leave the subject. 

It is clear that in the figure of the Hexagram, the lines and points obtained may 
be grouped into figures of projected pentahedra and hexahedra in a very large number 
of ways; for if from the planes in the three-dimensional figure any five are selected 
of which no three intersect in a common line and no four pass through a common 
point, their intersections will give a figure of a projected pentahedron, and any six planes 
selected under the same conditions will give a projected hexahedron; should the con- 
ditions not be satisfied, the. figure of the projection will be modified It may be worth 
while to examine one or two of these figures. 

(a) Taking the five planes (a)8) = 0, (a7) = 0, (aS) = 0, (Se) = 0, (80 = the pro- 
jections of the edges of the pentahedron will be found to consist of six h lines, and the 
four lines AC, CD, BE, EF\ and the ten vertices are the two H points (a^) = (cpy) = (aS) ; 
(aS) = (S€):s(S^ and eight of the nine P points in which the sides of the triangle ACD 
meet those of BEF, the point of intersection of AD and BF being omitted. 
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The figure is given below. 




Since (a + S) = (a + fi) + (a + y) + (S + e)+(B+.t) 

or (a + d) (aS) = (o + 6) (0/8) + (a+c) (07) + (d + e) (Se) + (d +/) (S?) 

it follows that each of the ten points of the figure is the pole of the opposite line 
with respect to the conic 

(o + d) (aSy = (o + 6) (a/S)» + (o + c) (a7)» +(d+e) (&)» + (d+f) (SC)». 

(6) Taking the six planes 

(a^) = 0, (78) = 0, (07) = 0. (/9«) = 0, (aS).= 0, 087) = 0. 

we have a figure of a projected hexahedron, whose fifteen sides are made up of the 
three sides of the triangle A«^, and twelve h lines, and whose twenty vertices are made 
up of four H points, four G points, and twelve P points which lie on the sides of the 
triangle A,^ but are not vertices of that triangle. The four H points are conjugate to 
the four 6 points, and the P points are conjugate in pairs with respect to any conic 
which passes through the four points given by 

(a + 6) (a/S)» + (c + d) (78)^ = (a + cHay)' + (6 + ^ (/3S)^ = (a + ^ (aS)' + (6 + c) 

or (a -f 6) (c + d) [(a/S) - (75)]* = (a -f c) (6 + d) [(ay) - (/SS)p = (a + d) (6 + c) [(a8) - (fiy)Y. 

Veronese also obtains many properties of harmonicism and involution which I pciss 
over, as in no case does the proof present any difficulty. 
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Part I. 

Equilibrium under given bodily and surface forces. 

§ 1. The determination of the displacements, strains and stresses in an isotropic 
elastic spherical shell is of great interest as one of the few elastic problems of which a 
mathematically exact solution has been obtained. The problem has been solved in several 
diflferent ways, but with results rather of mathematical than physical interest. The 
aim of the present solution may best be indicated by a brief reference to previous 
solutions. 

The first treatment of the problem is due to Lam^*, who considered the case when 
the surfaces of the shell are acted on by any given forces, but took into account only 
one or two simple systems of bodily forces. His solution is in polar coordinates, and is 
an elegant if somewhat lengthy piece of analysis. It obtains expressions for the dis- 
placements involving arbitrary constants, and the method of determining these from the 

♦ LiouviUe's Journal, Tome 19, pp. 61—87, 1864. 
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sur£EU^ conditions is clearly shown. A physicist, however, desirous of applying the solution 
in practice would probably find the labour of determining these constants sufficiently 
arduous to deter him from his purpose. 

A solution better known in this country is that of Lord Kelvin* It is in some 
important respects more complete than Lamp's, as the method of treating bodily forces 
derivable from a potential ia included, and the case of given surface displacements is 
also considered. In the opinion of Thomson and Taitf the use of Cartesian coordinates 
in this solution in place of the polar coordinates of Lam^ is a great simplification. 

This is not an opinion which the author of the present solution can endorse, and 
it seems to him that for practical purposes Lord Kelvin's solution stands very much in 
the same position as Lamp's. 

Recently the cases of given surfisu^ displacements and given surface forces have been 
solved in a way quite unlike either of the preceding by OerrutiJ. His results in the 
case of surface displacements are intelligible only to one familiar with what may be 
called the ''potential methods" of solution originated by Betti and Lord Kelvin, and 
whose best known applications are due to Boussinesq. Judging by the abstract in the 
* Beiblatter* to Wiedemann's Annalen^ the solution for given surface forces — the original 
of which the author has not seen — is of the same character. The mathematical difficulties 
in this form of solution are very great, and the results do not seem of such a character 
as to lend themselves readily to practical applications. 

In 1887 a paper|| was contributed by the author to the Society, containing inter alia 
a solution in polar coordinates which led by a more direct route than Lamp's to equiva- 
lent results. 

This paper determined explicitly the arbitrary constants for the case of a solid sphere 
under given normal surface forces, or with given normal surface displacements, but for 
other cases the results laboured under similar disadvantages to Lamp's, as the labour of 
determining the arbitrary constants was left for the reader. This defect it is the primary 
object of the present paper to remove. It assumes the mathematical work of the previous 
paper, reproducing only so much as is required to render the results clearly intelligible; 
it then determines the arbitrary constants for all cases and furnishes an explicit solution 
applicable without serious trouble to any special problem. The opportunity is also taken 
of considering in some detail the conclusions to which the solution leads when the shell 
is very thin. 

The results obtained in this case, being independent of any assumptions as to the 
relative magnitudes of the several stresses, seem not unlikely to be of service in testing 
the results arrived at by the ordinary treatment of thin shells. 

It must of course be borne in mind that there may exist in some other forms of 
thin shells phenomena widely difi'erent fr^m those shown by a complete spherical shell. 

* Boyal Bodety'B Tranioctioru for 1863, p. 588; or ^ i2«nd i2. ^ce. d^ Ltftc«i 5, 2 86m. pp. 189— 201,1889; 

Thomson and Tait's Natural PMlotophy, Part n., pp. alao Mem, R, Ace. dei Lined, pp. 25 — 44, 1890. 
7S5 et seq. § Bd. xt. pp. 630—1. 

t Natural PhUotophy, toI. i. Part u., Art. 785. || Camb. Phil, Tram. vol. xiv. pp. 250—869. 
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For example, the strains and stresses produced by the flexure of thin plates with straight 
or curved edges, especially in the case of narrow strips, or the strains and stresses pro- 
duced by surface forces at points on a thin shell where the curvature is unusually great, 
for instance near the ends of the axis of a very prolate spheroid, may follow laws which 
bear but a slight resemblance to those arrived at here. 

§ 2. Employing the ordinary polar coordinates r, d, ^ as in my previous paper, and 
denoting the displacements by u, v, w, we have for the components of strain 

du 
dr ' 

u 1 dv 
r'^r dd* 



u V . ^ . 1 dw 

-+-C0ttf+--.-^;r7, 

r r r sm u a<f) 

1 dv \ dw w ^ ^ 

• n jji + ~ ~JA cot C/, 

r sm ^ a^ r dd r 
dw ^w 1 diM_ 
dr r r ain d(f> ' 

1 ^,d^_^ 
r dd dr r 



.(1). 



Of these the first three are in the terminology of Todhunter and Pearson's ^ History '\ 
stretches, the last three slides, i.e. shearing strains. 



The dilatation 8 is given by 



1 dw 



du 2u Idv V , ^ . 

J-+ — +- j^ + -cotd + — ^—hiz 

dr r rda r ra\n0d(f> 



.(2). 



(m— n)S + 2n-i- , 



The stresses, employing Professor Pearson's notation*, are 

du 
dr 

Idv 
J' 

dw' 



-. , V c « /^ 1 dv\ 

JJ = (m-w)8 + 2n - + -cottf + — r— 5 ^37, 
^ ^ \r r ram 6 d<f>/ 

^ _ (dv V 1 dw\ 



dw w 



^ fdw 



r rsintf d<f>, 



du\ 
dij' 



dw 



1 /dw 
""rKdd 



• w cot $ + - 



1 dv 



} 



.(3). 



sin d^ 
where m and n are Thomson and Tait's elastic constants. 

Of the stresses the last three in (3) are the shearing stresses, 
* Todhunter and Pearson's History, vol. i. pp. 882— S. 
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Fw shortness let 

Then for an isotropic solid of uniform density p, acted on by bodily forces derived 
from a potential V, the internal equations of equilibrium are 



.(6). 



/.dS di8 da ^dF 

(m + «)co8ec^^-«-^+»-^ + pcosec^^ = 0j 

§ 3. We shall consider first the case of given surfSstce forces. 

If over a bounding spherical surfece the components of the applied forces along r, 0, ^ 
be respectively F, G, H, then the surface conditions are 

^ = ±0,[ (6), 

where the + sign is taken at the outer, the — sign at the inner boundary. 

The displacements constituting the solution of (5) and (6) for a spherical shell may 
most conveniently be subdivided into the following three classes: 

(i) Pvre radial displacements, in which there is no displacement perpendicular to 
the radius; 

(ii) Pure transverse displacements, in which there is no displacement along the 
radius; 

(iii) Mixed radial and transverse displacements. 

Class I. Pure radial displacements. 

§ 4. These displacements in practical cases answer to bodily forces derived from a 

potential 

V7^+rr-\ 

where V and V are constants, and to uniform normal surface forces, say 

rr^R over r=ia^\ 



J7 = jK' over r 



:r} (')• 
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Supposing a>b, and V, Vy R, R to he positive quantities, the applied forces have 
the directions and magnitudes shewn in fig. 1, where is the centre of the sphere 

05 = 6, OA^a. 




Fig I 

The potential Vr* is such as would arise firom mutual gravitation in the shell, or from 
a term in the centrifugal force independent of surface harmonics, if the shell were rotating 
uniformly about a diameter. The only displacement is along the radius and is of the form 

u^\rY, + f^Z_,-\f -f-^ -l-^ (8), 

-where Fo and Z_i are ai'bitrary constants to be determined by the surface conditions (7). 

Employing the value of ^ given in (3) and noticing that 8 reduces to -r- H , we obtain 

two simple equations for the determination of Fo and Z^i. It is hardly necessary to 
record the values of these constanta When substituted in (8) they give 

„ = _l^jeZ_+ ^^ L.iJ_6.it'+ 1;^ (a._6.)pr+"^--^(a'-6')p7'l 

5 m + n (3m-n)(a* — 0*) ( 6(m + 7i)^ ^'^ m + n^ ^'^ J 

The value of the dilatation is 

The principal strains are ^ along r, and two equal strains u/r along any two directions 

orthogonal to one another and to r. We may suppose and <f> these two directions, and 
may regard the corresponding principal stresses as e$ and Q. They are given by 

M = JJ = (m — w) S + 2n - , 

and may be found at once from (9) and (10). The other principal stress ^ is of more 
importance for the theory of thin shells, so it is desirable to express it in a form suitable 
for applications of this kind* This object is secured by the formula 

m - n a'(a - rXr* - ft') ■- 6«(r- 6) (a' - r«) ^, 
m^n 7^(a*-6*) ^^ ••'^^^^• 
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The algebraically greatest strain at any point may be either w/r or -r- according to 
the nature of the applied forces. The stress-difference is the positive value of 

dr 



S = ^-'W = ±2nr-f-{u/r) (12). 



§ 5. When the shell is very thin we may conveniently put 

so that h denotes the thickness of the shell, and ^ the distance of any point from the 
outer surface. Retaining the lowest and next lowest powers of hja and f/a in the 
coefiScients of the several terms, we easily deduce from the previous formulae the approxi- 
mate results: 

4n(3m-n)Lv m^-n a ) h \ a m + na) h 

+ 2fl-^^* + 2^"^a'pF-(l-^;"^pF']...(13). 
V 2 m + n a m + naj ^ \ m+n a J^ j ^ ^' 

3m— n LAV aJ h\ a) \ 2m + na m+n aj ^ 

_/j_m-«A 3m-«|N -1 

\ m-hna m-hna/ '^ J ^ ^' 

h \ a J h\ a J m + n a" V 8a3a/'^ 

_m-n ^Jh-t) /j^ 1 hAt)a-^pV' ...(15), 
m + n a* \ 3 a 3 a/ '^ ^ ^ 

2 h \ aJ 2 h \ a J \ 2 m + n a m + n aJ ^ 

_1 (i-!!^^ h^^m-n |\„-. 1^. . (16). 
2\m-h?iam + wa/'^ ^ ' 

§ 6. If we denote Young's modulus by E, the hulk modulus by k and Poisson's ratio 
by Vy then 

-B = n (3m — n)/my k^^m-- n/S, ri^(m— n)/2m. 

Using these, and retaining only lowest powers, we easily find from the results 
(13M16) 

-/-^'s^ ("). 

'ir-P.-it^ (18). 



dr d^ Eh 
Sk h 



«=i?^ • m. 
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--^-ll^ (20), 

^-±lt^ (21), 

where F ^ R -- R' + 2ahpV - a-^hpV (22). 

These values of the strains and stresses may, under certain restrictions explained below, 
be called the "first approximations". 

The quantity F is obviously, to the present degree of approximation, the resultant per 
unit area of surface of the entire radial force exerted by combined surfiswse and bodily 
forces on the shell. v 

The necessary restrictions to the use of the results as first approximations will be 
easily grasped by considering the case when there are no bodily forces. In this case we 

must clearly have - j^^ ^ a small quantity in order that (17) may be a legitimate first 

approximation from (13); in other words if R and R' be of the same sign — Le. both 
tensions or both pressures, — they must not be so nearly equal that their difference bears 
to their sum a ratio of the order borne by the thickness of the shell to its radius. The 
general conclusion is that the results (17) — (21) are not to be employed as first approxi- 
mations when jP is so small compared to the individual bodily and surface forces of 
which it is composed as to bear to them a ratio of the order h/a. 

§ 7. We shall first consider the case when jP is of the same order as its greatest 
components, and consequently (17) — (21) are satisfactory first approximations. The strains 
are then all approximately constant at every point of the thickness, and the same is true 
of the principal stresses ?? and Ji, whose directions are parallel to the surfece. Also the 
radial stress, while rapidly varying along the thickness is, to a first approximation 
negligible compared to the other stresses. The important strains and stresses are in 
fiMJt due to the stretching or shortening of the "fibres" parallel to the surfewie, which 
accompanies the increase or diminution of radius produced by the application of F, What 
the exact mode of application of F may be, whether it consist solely of bodily or solely 
of surface forces, or partly of both, and whether, if composed of surface forces, it be 
applied over the outer or the inner surface, is to a first approximation of no consequence. 
As regards the absolute magnitudes of the strains and stresses in this case, we see from 
(17) — (21), that they bear to the strains and stresses which a longitudinal traction of 
intensity F would produce in a long bar of the material ratios of the order a : h. This 
is a very important consideration, as it leads at once to a restriction in the value per- 
missible to F: viz. that the ratio of i^ to the greatest traction permissible in a long bar 
of the material must be at most of the order h/a of small quantitiea This is obvious 
at once on the stress-difference theory of rupture from the form of (21). It also follows 
at once from (17) and (18) from the mathematical condition that the strains must be 
small. 
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It also may in general be deduced on the greatest strain theory of rupture from 
(17) and (18), since either w/r or 3- must be positive. An exception to the latter proof 
would however arise if 17 were very small and F directed inwards. 

§ 8. We have next the case when F is so small compared to its components that 
(17)^(21) cease to be satisfactory approximations, and we must fall back on the more 
general results (13) — (16). If we suppose that the bodily forces per unit of surface are 
small compared to the surfece forces, or more generally that the resultants of the bodily 
and sur&ce forces are separately very small, then, with the exception of rr iu so &r as it 
depends on the bodily forces, all the strains and stresses are to a first approximation 
constant throughout the thickness. The fact that ^ is now of the same order as the 
other stresses is also important. 

The limits allowable in the strains or stresses depend on the material, or on mathe- 
matical restrictions independent of the nature of the applied forces, and so these quantities 
may be as large in the present case as in the previoua The conclusion to be derived 
from a consideration of these limits in the present case is that the separate forces i2, R etc* 
may now be comparable in magnitude with the greatest traction permissible in a long bar 
of the material In the present case the alteration of the radius is small and the con- 
sequent stretching but trifling, but the direct action of the applied load on its immediate 
neighbourhood is important. 

§ 9. One general conclusion of considerable physical interest is obvious on inspection 
of (13) and (16). The terms in ^/a inside all the brackets are positive, and thus the 
values of u — and so obviously of ujr — and of m or $$ are invariably numerically greatest 
over the inner surfiswje of the shell. 

§ 10. The variation in the value of the stresses m, $$ with the distance from the 
surfaces is seldom of much consequence, but the variation of ^ is interesting in itself 
and important in the theory of thin shells. We shall consider it in the several cases 
when there are only surface forces over one of the two surfaces, and when there are only 
bodily forces. 

In this and subsequent occasions certain curves called here "stress-gradient curves" 
will be found useful. In these the abscissa measures the distance from a surface of the 
shell, and the ordinate the coiresponding value of the stress under consideration. In 
none of the cases occurring here is there any change in the sign of the stress as the 
distance from the surface alters, so for convenience the curves are all drawn on the 
positive side of the axis of abscissae. The same curve thus applies whether a surface 
force be a tension or a pressure. The rate at which the stress alters with the distance 
from a surface is measured by the tangent of the inclination to the axis of abscissae of 
the tangent to the stress-gradient curve. The numerical value of this tangent is here 
termed the "stress-gradient". 
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Then by (15) the 



Take for instance the case of a force R over the inner surface, 
first approximation, viz. 

-=(f/A)ii', 

gives for the "stress-gradient curve" a straight line passing through the origin when the 
abscissa measures the distance from the outer or unstressed surSekce. The " stress-gradient "^ 
is thus to a first approximation uniform, precisely like the temperature gradient in the 
steady state of heat conduction through an infinite plate. To this degree of approxima- 
tion each thin layer of the shell bears, as it were, its fair share of the applied surface 
force. Similar results clearly hold in the case of a normal force R over the outer surface,^ 
because h — ^ ia now the distance from the inner or unstressed surface. 

Taking into account the second approximations we see that in the case of both R 

and R the stress-gradient is steepest at the inner sur£Ei.ce of the shell, and that the 

gradient continually diminishes as we approach the outer surface. In the accompan}dng 

figures 2 and 3 the thick lines BKE, DHA are the gradient curves in these two cases 

according to the second approximations, while the dotted straight lines answer to the first 

approximationa 

Force R. 

Snrfaoe forces. 



Force R'. 





In both figures B represents the inner, A the outer surface, and BA the thickness. 

In fig. 2 the force R — represented in magnitude by AE — acts on the outer surface; 
in fig. 3 the force R — represented in magnitude by BD — acts on the inner surface. In 
both cases the dotted lines are parallel to the tangents to the second approximation 
curves at the point where f=A/2 — or what we may call the "mid-thickness". 

The cases when bodily forces act may also be represented by stress-gradient curves. 
Thus fig. 4 applies to the case of bodily forces derived from a potential Vr^^ and fig. 5 
to bodily forces derived from FV~^; in both figures B represents the inner, A the outer 
surface. The dotted curves in both figures refer to the first approximations. They are 
parabolas whose vertices answer to the mid-thickness, and whose axes are perpendicular 
to the axis of abscissae. 

The thick line curves BDA answer to the second approximations. In fig. 4 the 
points where the dotted and thick line curves intersect answers to the mid-thickness. 



Force from 




Bodily forces. 



Force from 
F'r-A 



Fig 4 

Vol. XV. Pabt IV. 
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In both cases the gradients are steepest at the two surfaces, where the ordinates are 
zero, and the gradient at the inner surface B is according to the second approximations 
slightly greater than that at the outer A. When the shell is very thin the difference 
between the ordinates of the dotted and thick line curves is much exaggerated in the 
figures. 

§ 11. Before quitting the subject of uniform radial forces a few remarks on the 
relative magnitudes of the effects of bodily and surface forces may be of service. Let us 
confine our attention to the terms in V and B, because the same conclusions hold in the 
case of V and Bf, 

The bodily force is to a first approximation, i,e, treating r as constant, 2pVa per unit 
of volume, or 2pVah per unit of surface of the shell. Now fix)m (17) — (22) we see that 
according to the first approximation all the strains, and likewise the stresses m, $$, arising 
from the bodily force bear to those arising from the surface force precisely the ratio 
2pVah : R that the bodily force measured per unit of surface bears to the surface force. 
As appears, however, from (15) the radial stress arising from the bodily force bears to that 
arising from the surface force a ratio of the order (2p Vah) (h/a) : iJ. 

If then a radial force act over one only of the two surfaces of a thin shell, the strains 
it produces, and the stresses whose directions are perpendicular to the radius, are precisely 
of the same order of magnitude as those produced by a bodily force the same in direction 
at every point of the thickness, whose total amount per unit of surface is the same; the 
radial stress however due to the surface force is, except in the immediate neighbourhood of 
the unstressed surface, very much larger than that due to the bodily force. 

§ 12. Before considering the two other classes of displacements it is necessary to 
explain the form under which the surface forces are given. In a complicated problem 
like the present, in order to avoid cumbrous mathematical analysis, care must be taken 
to let the solution follow its natural channel. The following method of treatment is 
very forcibly suggested by the form of the general solution. 

Let Ti, T< represent sur&ce spherical harmonics of degree t, including constant coeffi- 
cients. The case when i is fractional does not seem excluded from our general solution, 
but when, as in the present instance, the spherical sur£Bu;es are complete i will be a 
positive integer. Then if and 4> be the tangential components of the forces appUed 
at one of the surfaces, say r^^a, in the directions 0, <j> at the point considered, we are 
to present © and 4> in the respective forms 



«-^[§-i?t] (^). 



The summation is with respect to i. The surface forces are practically split into 
two sets, one derivable from a "potential function" 22^, the other from a "stream 
function" 2T<. 
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It will, I believe, be found that in most practical cases the tangential sur&ce forces 
fall naturally into this shape, but if any diflBculty should be experienced in giving them 
this form recourse may be had to the following results. Multiply (23) by sind and 
differentiate with respect to 0^ then add to (24) differentiated with respect to ^. This 
eliminates the T harmonics. Then employing the equation 

'(•■+')'''^ri.%^(-' w)-s^ ^'-« <^). 

satisfied by a surface harmonic F{ of the ith degree, we find 

2[i(» + l)rO = -^^{^(©sin^)+^} (26). 

Next multiply (24) by sin 0, then differentiate with respect to and subtract fi-om (23) 
differentiated with respect to ^. This eliminates the T functions and leads with the help 
of (25) to 



2[»(» + l)T,] = ^-ji^[-j| + |(<I>sin^)] (27). 



Expanding the right-hand sides of (26) and (27) in the ordinary way, and equating 
harmonics of the same degrees on the two sides of the equations, we have at once the 
values of all the T and T functions. 

The radial surface forces are supposed presented in the form of surface harmonics and 
are denoted by SiZj. 

§ 13. For some purposes it might have been more advantageous to group the radial 
surface forces along with that part of the tangential surface forces expressed by the T 
functions, deducing both firom a potential 

where Qu Q-i-i are surface harmonics of the tth degree, and r is put equal a after 
differentiation. The relations between Qi, Q-i»i and iJi, ?< are simply 

tit^t:"'-] <->■ 

§ 14. In dealing with the solution of the equations (6) in terms of surface har- 
monics it will sufiice to take as a type the terms which contaio harmonics of a single 
degree. Thus suppose the bodily forces derivable from the potential 

where Vi, F-^i are surface harmonics of the ith degree. 

The typical terms in the displacements are then those given in p. 268 of my previous 
paper. Slightly altering the notation, we may write 

^^r*{-Jz7, ^i + ^<) + ^' i-Jz;, ^-^-' + ^-'-) <2^>' 
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-^t2(2rri) ^rTT+ 2(2»-l)» Y-^r\ + '^^^^ (30). 

df r<+' fpF< . (*+3)m+2n 1 1 , _ r-' f pF_<„ (t-2)m-2n y ) 

''~dei2{2i+S)\m + n^ (t + l)n ^*;"^t '^* "^ 2(2»- 1) fw+n "^ »n '-*-') 

t«--J- rf r r*^' [ />F< (t + 3)m+2« J 1 ^^ 
8in«d<^L 2(2t+3)|m + n (» + l)n *J ^ i ' 

+ ^7?^ {-"r^* + (i=2)m-25 ) _ 1 ^1 _ d ^ ^ ^^.^ 
2(2t--l) ( m + n tn ) t + 1 j da*- 

Here F<, F-i__i, Zi, ^-<_i, X<, X_i_i are surface harmonics of degree % whose form 
depends on the surface forces, and in the case of the first four harmonics also on F< and 
F_,_i. The letters may be regarded as including arbitrary constants to be determined by 
the surface conditions. In my previous paper dashed letters Yi etc. stood in place of 

F-i_i etc. : also Xjsin stood in place of . -3 — -* and Wi stood for — -y^ . Thus the 

sm u a<f> au 

present X< has not precisely the same meaning as that letter bore previously. The 
present notation has the advantage of replacing two letters — connected through an equa- 
tion — by a single letter; but it in no respect adds to or takes from the solution as 
first enunciated. 

§ 15. In order to apply the surfeu^e conditions (6) we require the typical terms in 
the expressions for rr, Te and rj. Referring to (3) we easily deduce from (29) — (32) the 
following values : 

2^[K2t + 3)m + (t» + i-l)n}^ + Kt'-t-3)m+nlF,]+2(i-l)nr'-Z.- 

+ ^ [- {(2i - 1) m - (i» + i - 1) n} ^J;^ + {(t^ + 3i - 1) m + «} F_(_, j - 2 (« + 2) nr-'-* Z__. 

(83). 

a - 1 r_ i+i nr' ^ - *( *+2)m-« .^ 2(t-l)n 

'^ de\_ 2^ + 3"*^ m + » (i+l)(2t + 3)^^*^ i ^ ^^ 

- ' n^- %> - <-\-,^.>"\-» ^.F_^. +^±2> „r-^Z_J 
2i-l m + n t(2i — 1) i+l J 

+ %l^ ^[(»-l)r->Z,-(i + 2)^X^J...(34). 
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'*~8m^d^[ 2» + 3 m + n (t + l)(2» + 3) '"^ t * 

2t — 1 m + w i(2i-l) i + l J 

- n ^ [(t - 1) r^-»Z, - (i + 2) r-*-»Z_^J . . .(35). 

It should be noticed that in the typical terms in the displacements and the stresses, 
the terms in l^-i_i, F-^i etc. may be deduced from those in Vi, Yi etc. by simply 
writing (—i — 1) for (+t) throughout all coefficients and indices; the converse mode of 
deduction is of course equally correct. This fact is an important aid to simplifying the 
algebraical work of evaluating the arbitrary constants. 

§ 16. The surface values of the stresses (33), (34) and (35) are to be equated to 
the given surface forcea Thus over r=a we must have 



and over r = 6 



_ ^, _ dT/ 1 dT/ _ 1 dT/ dT/ 



dd ^sintf dtp ' ^ sintf d<f> dO ' 
where Ri, R/ etc. are surface harmonics as explained above. 

These six equations obviously lead to the following six: — 

(i-l)na<-^Z<-(i + 2)na-<-^X^_i = T< (36), 

(i-l)n6»-iZi-(i + 2)n6-*-^Z^, = T/ (37), 

(t«-i-3)m + n .v- . o/- i\ i-^^ . (**+3i- l)m + n _..^ o/- . o\ -^« ^z 

- — 2i + 3 a'Yi'\-2{t-l)fuV^Zi+^ ~2i-l a^^'F.-«-i-2(i + 2)na-^»Z_^i 

(2t + 3)m + (t'4-t-l)n ^, pF, . ( 2t~l)m-(i« + i-l)n ^^,pF^, 
"^■^ 2iT3 "^T^^T^"^ 2r=l "" ^ir^n'"^^^^' 

(i + l)(2i + 3)''^*^ i "^ ^' i(2i-l) "" ^-^-'^ i+1 '*'' "^-^-^ 

= r,+ i+lna*-£^ + ,yA-,na-^-^^^ (89), 

2i + 3m + n2i — 1 m+w ^ ^ 

- («''-*-3)m + " j,y^ + 2 (i - 1) nh^Z, + (^+3*_ -l)"^ + " 6-*-'F_^, - 2 (t + 2) nb-^*Z^, 

(2t + 3)TO + (J'4t-l)n , /,F< (2t -l)m - (i* +i -1) « ._,_, pF-«-. 
--^ + 2?+3 * ^T+li"^ 2^^n^ " ^^TT^-^*"^' 
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These six equations clearly constitute two independent sets; the first set, comprising 
(36) and (37), determines the two unknowns Xi and X^^i\ the second set, comprising 
(38), (39), (40) and (41), determines the four unknowns Ff, Z^, F^-_i, Z^^^. The equa- 
tions are to be regarded as simple equations, in which the right-hand sides are known 
quantities. 

There are no terms in Vi or F_^_i on the right of (36) and (37), and so the values 
of Xi and X^^^ are independent alike of the bodily forces and of the surface forces de- 
rivable from a potential Ti. 

Again there are no terms in Xi or X_i.i in the expressions (29) and (30) for 5 
and u\ thus the displacements depending on Xi and X^^i do not contribute to the 
dilatation and have no radial component. They constitute what were termed above "pure 
transverse displacements". Owing to their great simplicity it is convenient to regard them 
as next in oixler to the pure radial displacements. 



Class II. Pure transverse displacements. 

§ 17. From (36) and (37) 

Xi = (a»+'T, - 6**+»T/) - {(i - 1) 71 (a«»+> - b^^% \ 

Z^-^i = (a6)*'+n6*-'Ti-a^^T/)-{(i+2)rj(a«*+i--6«<+0}) ^ 

The corresponding displacements are by (31) and (32) 

1 1_ d p r<(a<+'T<-6*+'TfO 'r^\ahY''\h^-'Vi ~ a*"^T/) "| 

''"n(a*+^-6«^0sintfd<^L »-l »>2 J ^^^^' 



w = / 2t+i _A2<+i\" ^ [sai^ae expression as in square brackets in value of v\ (44). 

For such displacements S, as already stated, is zero and the only stresses existent 
are '3, r? and «?. The two former are given by 

^=^..lF^i£^^[^Ha*«T,-6*+«T/)-r-*-(a6)<+«(6^'T,-a'-T,')] (45), 

?J = — S+nTRS+i^/S [same expression as in square brackets in value of ^] (46). 

Having regard to (8) and (25) we may throw the value of «? into the form 

r"^ r d' I 

SJ = 5r; i _ i,2i+i *(* "^ ^) "^ ^ ^ [same expression as in square brackets in (43)]... (47). 

The case when T<, T/ are zonal harmonics merits special attention on account of its 
great simplicity; for it v and *? are everywhere zero. 
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In the case of a thin shell we find from (43) and (44) as approximate values with 
our previous notation 



v = 



(7rT)?^S^i[(>-'-i^)T,-(i-?^*)T/] m 



w = - .._^v.. g. i 3g [same expression as in square brackets in (48)] ...(49), 



r0 



»?= — -^ [same expression as in square brackets in (50)] ... (51), 

»-(i^WW»['-<'-+«^^l^][(>^*)''-('-T)''4 w 

Owing to the similarity in form we need consider only one of the two displacements 
and one of the two stresses r$ and f$. We may most conveniently select w and fj, because 
in the case when T{ and T/ are zonal harmonics v and re vanish. 

Attention must be paid to the directions in which the surfeoe forces are measured. 

At the outer surfSstce the positive direction along ^ is that in which ^ increases, but 
at the inner surface the positive direction is that in which (f> diminishes. Thus the 
applied forces at the two surfaces are in the same or in opposite directions at corre- 
sponding points, — i.e. points on the same radius vector, — according as 

W ^^ W 
are of opposite signs or of the same sign. 

§ 18. There are two principal cases, of a character precisely analogous to the two 
that presented themselves in the case of pure radial displacements. In the first case 

dd de 

is of the same order as the greater of the two --tk and -jk-) ^ the second case the 

foimer quantity is small compared to the latter. In the first case the statical resultant 
of the forces applied at corresponding points on the two surfaces is of the same order 
of magnitude as the greater of the forces applied at these points. In the second caae 
the forces at the two surfieu^s are approximately equal and opposite. In the first case we 
get as satis&ctory first approximations 

-^-(rriylfiy^^CT'-T/) (53). 
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Thus the displacements, and the shearing strain and stress whcNse axes 6, <f> are parallel 
to the surfaces, have nearly constant values throughout the thickness; also this strain 
and stress bear to the other strains and stresses f$/n, r? eta ratios of the order a : h 
and so are relatively very large. In the case of these and similar statements it must 
be remembered that the magnitude of surface harmonics varies over the sur&ce, so that 
terms which at most places are far the most important are zero, and may be vanish- 
ingly small compared to the other terms, at certain points or along certain curvea In 
order to avoid the prolixity that the continual reference to such special loci would entail, 
it will be assumed in what follows that the reader keeps the necessity of such limitations 
continually in view. He should notice that if either T^ — T/ or its diflferentials with 
respect to a variable it contains be everywhere very small, while T^ and T/ themselves 
have their maxima values considerable, the harmonics must be of the same form and 
not merely of the same degree. Also near loci where the principal terms in a displace- 
ment vanish, the other terms may largely predominate, but the displacement all the 
same will be but small compared to the values it possesses where the principal terms 
are largest. 

To return to our consideration of the case when -^ (T^ — T/) is not small, we see 

that the conclusion it leads to is that when in the neighbourhood of a point on the 

surface there is everywhere a considerable resultant tangential force, — the forces tending to 

pull round the surface in the same direction, — there is a large displacement in this 

direction, and the strains and stresses whose directions are parallel to the surface tend 

to become large. The magnitude of these strains and stresses imposes an obvious 

limit to the magnitude of the resultant of the applied forces. Noticing that a shearing 

strain <r is equivalent to an extension <r/2 and a compression — <r/2 along the directions 

bisecting its axes, we should deduce from (54), by means either of the greatest strain 

theory or of the mathematical condition that the strains must be small, the conclusion 

that the ratio of the resultant of the tangential forces at corresponding points on the 

two surfaces to the greatest traction permissible in a long bar of the material may be 

at most of the order h/a of small quantities. 

d dT- 

§ 19. We now pass to the case when ^(Ti-T/) bears to -r^ a ratio of the order 

A : a for all values of d and <f>, i.e. when the tangential forces over the two surfaces are 
derived from the same harmonics and are at corresponding points nearly equal and opposite. 
It is easily seen from (48) — (52) that all the strains and stresses are now to a first 
approximation constant along the thickness. The stresses are now also all of the same 
order of magnitude, and the same is true of course of the strains. The order of magni- 
tude is the same as for the stresses and strains in a long bar of the material subjected 
to a longitudinal traction of similar magnitude to the force on one of the surfaces of 
the shell; and thus this force may now be of the same order as the greatest traction 
permissible in a long bar. 

§ 20. As yet nothing has been said as to the influence of the degree of the harmonic 
from which the surface forces are derived; but this is of considerable interest and claims 
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attention. From (48) and (49) we see that for given maxima valuee of the surfisM^e 

forces — %.e. of -j^ etc. — the displacements vary approximately as t~" when i is large, and 

so fall off very rapidly as the degree of the harmonic increasea The formulae (50) and 
(51) do not contain i explicitly; thus rd, t? and the corresponding strains depend to the 
present degree of approximation only on the magnitude of the applied forces. A general 
law applicable to «? is not so easily laid down. 

In a general way, when % is large we may regard the ratio of the maxima values of 

d'P 

-~ to those of Ti as being of the order t : 1. We thus conclude that when % is large the 

values of if and the corresponding strain vary for a given magnitude in the surface forces 
inversely as i. A large value in i implies a rapid fluctuation in the magnitude and sign — 
i,e. in the direction relative to and ^ — of the resultant of the forces applied over a 
surface, the area throughout which this resultant retains one sign becoming more and more 
restricted in the direction parallel to as » increasea This consideration explains the 
rapid diminution in the displacements as i increases. Take for simplicity the case when T< 
is a zonal harmonic, when the surface force is everywhere perpendicular to the axis of the 
harmonic and has a constant value round the perimeter of any small circle whose plane is 
perpendicular to this axis. When t » 2 the surface forces vanish only at what we may call 
the " poles " and the " equator ". The forces over one of the two hemispheres tend to twist 
the sphere round the axis of the harmonic in one direction, and the forces on the opposite 
hemisphere have an equal tendency in the opposite direction. It is thus obvious that as 
we leave the equator, where the displacement will be nil, and travel towards one of the 
poles along a meridian, the action of the forces over the successive zones into which 
we may suppose the surfiEice divided by ''parallels of latitude" will all conspire, so that each 
zone will be turned through a small angle relative to the preceding zone in the direction 
of the forces. To find where the displacement is a maximum we notice that 

wcc — -T-j « 8 sin ^ cos ^, 

so that w is a maximum in latitude 45°. The angular displacement w/aemO increases, as 
we have said, right up to the poles, but after latitude 45"" the linear displacement falls off 
owing to the diminution in the radii of the parallels of latitude. 

Now if we take for comparison i=4, we get 

Ticcw ocsni0cosd(7 cos* — 3), 
so that the direction of the surfisM^ forces and of the displacement changes sign not only at 
the equator but also in the latitudes sin-*s/8/7, or a little under 41''. As we travel from 
the equator to a pole the rotations of the successive elementary zones are in the same 
direction only till we reach the latitude sin"^ Jiff, or about 22^°, where w/sintf is a 
maximum, and the latitude where the displacement ti; is a maximum is only about 21°. 

There is thus much less room when <s4 than when is 2 for the cumulative effect 
of the rotations of the elementary zones to produce a large displacement; and obviously 
Vol. XV. Part IV. 47 
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as % increases this is more and more the case, because the parallels of latitude where 
the sur&ce forces and the displacement vanish and change sign become increasingly 
numerous. 

A general idea of the reason why the stress $$ and the corresponding strain 
diminish as i increases seems also easily attainable. The strain consists in a shearing of 
the parallels of latitude on the same surface of the shell relatively to one another. 
Now suppose a long flat bar of uniform breadth and thickness held at both ends to be 
acted on in its plane by a series of forces of intensity +P on one half of its length 
and — P on the other all perpendicular to the length. Then it is easily proved that 
the maximum shearing force over a cross section diminishes rapidly as I diminishes though 
P remain the same. This is of course intended only for a very rough illustration of what 
happens, as the conditions it supposes differ widely from those of the actual case. 

As regards r9, r$, since at the surfaces they must equal the applied forces, it is 
obvious a priori that the magnitude of their principal terms can not depend on the 
degree of the harmonic. 

§ 21. The stress h, as we have seen, has under ordinary conditions a nearly constant 
value throughout the thickness, but the variations of the other stresses along the thickness 
are always rapid unless the forces at corresponding points on the two surfaces are nearly 
equal and opposite. To consider the law of these variations, let B, ^ denote the total 
components parallel to d and ^ of the forces over the outer surface, — these forces being 
assumed of course to come from one or a series of the T functions — and let ©' and 4>' 
be the corresponding quantities for the inner surface. Then from (50) and (51) we find 
as our second approximations 



'-¥('-D«4('-^'-?-0«' (»'^ 



,.»-f(,.D*.|(,_,*^{)*. (^, 

It is certainly noteworthy that the law of variation of these stresses along the 
thickness is, to so close an approximation, the same for all forces applied over one only of 
the surfaces, whatever be the degree or degrees of the harmonic term or terms from which 
they are derived. A similar conclusion as to the variation of the displacements along 
the thickness follows from (48) and (49), but the amplitude of the displacements depends 
on the degrees of the harmonics as well as on the absolute magnitudes of the surface 
forces. 

Comparing (55) and (56) with (15), we see that the law of variation of »? or 
ri along the thickness of a thin shell for a tangential force over either surface is pre- 
cisely the same as the law of variation of rr in the case of a uniform normal force over 
the same surface. Thus the stress gradient curve 2, § 10, will apply to the case of 
tangential forces derived from stream functions over the outer surface, and the curve 3 to 
the case of tangential forces over the inner surface. 
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§ 22. Before quitting the subject of pure tangential displacements it is necessary to 
point out that, in general, surface forces derived from a hailnonic of degree 1 must be ex- 
cluded from our solution. The reason will appear from a consideration of the simplest case, 
that of the zonal harmonic Pi . 

Thus put Ti = *iPi, T/aB4>/Pi, where *i, */ are constants. Thence, since 

we have ;j = ^^ sin ^ over r = a,) ^ 

;5=*/sind „ r = 6J ^ ^• 

The forces over either one of the surfaces clearly all tend to turn the shell in the same 
direction round 0^0, the numerical magnitudes of the resultant couples being |^a'<l>i for 
the outer, and |7rME>/ for the inner surfisu^. Unless these couples be equal and opposite 
there will not be equilibrium. We shall first show that when there is equilibrium our 
solution appliea 

For equilibrium we must have 

T//T, = *//*! = (a/ft)*. 

Substituting in (44), we see that the coefficient of r takes the form ^ and so 
appears indeterminate. The corresponding terms however in (45), (46) and (47) con- 
tribute nothing to the stresses and consequently nothing to the strains, and so this term 
has nothing whatever to do with the elastic problem. A displacement ii;xrsin0 is in 
fact a rigid body rotation round d = 0, and the magnitude of such a displacement is fixed 
by other than elastic conditions. 

We need thus consider only the second term in (44), or may take 

w = -|^aV-»8intf (58). 

This is the complete answer to the elastic solid problem in the present case. 

We have clearly, however, not obtained a complete explanation of the elastic solid 
aspects of the case i «= 1. 

It is obvious that the resultant couples over the two sur&ces need not in a shell 
always balance one another, while, if the sphere ia solid, equilibrium under forces of this 
kind over the one surface is impossible. When the applied forces are not in equilibrium 
motion will ensue, but elastic strains and stresses will exist during the motion. Their 
investigation requires account to be taken of the "reversed eflfective forces". When this 
is done it will, I believe, be found that when the initial circumstances are completely 
given the displacements, strains and stresses at any subsequent time, supposing the limits 
of perfect elasticity not to be exceeded, are as determinate as in any case of equilibriunL 

The problem is an interesting one, but its present consideration would lead us too 
far afield. 

47—2 



Digitized by 



Google — 



358 



Mb C. OHREE, on THE ISOTROPIC ELASTIC SPHERE 



Class III. Mixed radial and transverse displacements. 

§ 23. The displacements are those represented in the formulae (30), (31), (32) by the 
terms in Viy F-i-i and the four harmonics Tu Zi, F-i-j, ^_i_i whose values are determined 
by the equations (38) — (41). Thus the displacements of this class depend on the bodily 
forces, the normal surface forces and that part of the tangential surfistce forces which is 
derived from the T, or potential, fanctiona 

Let us consider the determinant whose terms are the coefficients of the four unknowns 
in equations (38), (39), (40), (41), each divided by n. Calling this 11 we have 



n = 



2(t + 2) 



— i— » 



t (t + 2) m-n. 2(»-l) _._ (t ^-l)m-« _. 

^ U' , . a , ■■" . fc\ • — T'^v a 



(i + l)(2» + 3)n' 



t(2t-l)n 



» + l 



.(59). 



t(t + 2)m-n ,, 2(t^l) ,^ (t« - 1) m - n 2(i>2),^, 

(t + l)(2i + 3)n ' i ' t(2t-l)n "^ ' i"+ 1 

Denote the coefficients of the members of the first row in the expanded determinant 
by the letters IIu, Hi, etc., the coefficients of the members of the second row by 11^, 
Iltt etc. and so on. Also for shortness let 

^^±p [{(2i + 3) ^ +»» + 1 -l| (a'n„ + m^) + (i + 1) (a*n„ + 6<n«)] = «, (60). 

£^±^Q(2i+3)J+t'+t-i}(a*n« + 6*n„) + (i + i)(o*n„ + 6<n«)] = « (6i), 

?-^^±f r|(2t + 3)^+1' +t-i|(o*n„ +Mn«) + (t+ 1) (o*n« + 6<n„)J =« (62), 

^%lf" [j(2i + 3) J + t'+i- l| (a'n„ + 6*n„) + (t + l)(a*n^ + 6*n«)] =«r, (63). 

^^2ilT' [{^^* ~ ^^ ? " <*'''^* ■ ^^} («-*-'nn+6-*-»n„)+»-(a-'-n„+6-^>n«)]=. w/. . .(64), 
^^g;^"^' [te- 1) J -(»»+» -1)| (a-<-'n„+6-*->n„)+t-(a-^'n„+6-<-'n«)j=<...(65), 
^"^S^ 1 ~ [1^^* ~ ^C ~ ^*'' "^^ " ^^} («-*~'n„+6-<-'n„)+i(a-<-»n«+6-*-'n«)]=i.r.'...(66), 
e<g±p rW - 1) ^* -(»» +i- 1)| (a-*-'n..+6-<-'n«)+t(o-^>n,+6-^>nj]=«r; ...(67). 
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Then 

nUTi = RiUa + TiHa + Ri'^a + Ti'n^ + Vi«r^ + F_i_,t!r,' (68), 

nnZi = RtUa + TiHa + Ri'Ua + r,'n« + Fiflr,+ F_<_,6r,' (69), 

nnF_i_,= RiU„ + r,n» + j?<'n„ + r<'n«+ F<«r,+ F_^,«r,' (7o), 

nuz^t-i= J2,n,4+ 2in„ + fif'ii„ + T/n«+ Fiiir4+ F_<^,«r; (ti). 

§ 24. This constitutes from a purely mathematical standpoint a complete solution of 
the problem, but to render it of practical value we must evaluate the determinants. 
We find 

n = 4(t-l)(t + 2)(a6)-^n+{»»(t + l)»(2t-l)(2t + 3)} (72), 

where 

n = (o6)-*-* r|(2»» + 4t + 8) ^ - (2t + 1)1 j(2«» + 1) ^ + 2» + ij (o*-' - 6^>) (o*** - 6-+») 

- (« - 1) i (t + 1) (t + 2) (2t - 1) (2t + 3) (m/ny (oJ)*-' (a» -b'y\.. .(73); 

also 

+ »(»•+ 2)(2t-l)(m/n)6«-'(a»-6')l (74). 

+(.--l)«+l)(2.- + S)2|(,-.-l)2-lJt«*.(o'-J')] (75). 

+ (t - 1) (t + l)(2i + 3) (TO/n)c»*+' (o»- J*)! (76), 

+ »(i+2)(2»-l)^|t(t + 2)^-l|a'^»(a*-6')] (77), 

-(t+l)(t + 2)(2i-l)^6--'(a'-6«)J (78), 
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-(t-l)i(2t + 3)^|(t'+3t-l)^+lj6^'(a'-^)] (79). 

-(t- 1) t (2t + 3)^ c"** (o'-6«)l (80), 

|(t« + 8t - 1) ^ + lU» (a**-' - fc**-') 

-(t+l)(i+2)(2i-l)^|(t»-t-3)^ + l}a«-(a'-6')] (81), 

ITu = Iln with a and h interchanged ^ 

Hji = Ilia » » M 

■"» ■* "U M M M 

Um = lll4 M j» M 

1^41 = Iln „ „ „ 

"48 ~ Hjj „ „ „ 

1143 = ilsi „ „ „ 

1144 = II94 ,, „ „ 

The last 8 relations are obvious, since the third and fourth rows of the complete 
determinant 11 may be deduced from the first and second respectively by writing h for 
a. An inspection of the determinant also shows that we may deduce 11 j, from IIu, ni4 from 
IIu, Ha from ITn and Ila4 from !!„ by substituting (-t — 1) for (+t). It is thus in reality 
necessary to calculate only 4 of the 16 minors. 

We also find 

4(»-l)(t>2)(a6)-^ pn fW, . nx"* . gt+ll x 
*' - 1'' (t + 1) (2t - 1) (2t + 3) ST+i Lr^ +l)- + 2t+ljx 

|(2t + 3) ^ - ll (o««-» - &«^>) (««*+» - 6^») 
+ i(t + 2)(2t - 1) (2t+ 3)^(^+ 1) (aft)*-' (a«- ft*)-] (83), 

2(t + 2)j(2t»+l)^ + 2t + ll 

|(t + 2) ^ - 1| p (oJ)-^ (a**** - 6*+») (o«*+» - 6*+') . 



.(84). 
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'•-^^n^Ti7(^rpf^ <««)' 

,^-4(i-^l)|i|^i+l)|^._j^^^,|^^ (87). 

' = ^^^^i3^^?{(»-l)?+lU<«*)"^<«'-*')(«''^'-^*') (88), 

.,_ 4(»-l)(t + 2 )(a ft)-^ pn f U. , .,• , o. "^ .o. , i^ ^ 
• -t(i + l)'(2t-i)(2»- + 3) m + « LP ^ **^^^ n "(2* + 1)| x 

|(2» - 1 ) ^ + 1| (a««-> - 6«->) (o'<+» - h^**) 
-(i-l)(» + l)(2.--l)(2i + 8)^g-i-l)(a6)--'(a'-6')«] (89), 

|(t-l)^ + lU(a6)-»^(a»-^--6»*-0(a**+^-6*''+0 (90). 

§ 25. Substituting the values just found for IIu ... ■btj ...etc. in (68), (69), (70) and 
(71), we obtain the values of Yi, Zi, F.i-i, Z.4-1; &ii<l inserting these in equations (29), 
(30), (31) and (32) we have the typical terms in the values of the dilatation and 
displacements explicitly determined The solution so obtained, it must be remembered, 
includes only what we have denoted, § 23, "mixed radial and transverse displacements". 
It answers both to bodily and surface forces ; the types of the former are derived from 
the potential (see § 14) 

the latter have for their types (see § 16): 
over r=ia, 






over r = b, 



rr^Jli, rem ^^ , r# - ^.^ ^ ^. 



Digitized by 



Google — 



362 Mr G. CHBEE, ON THE ISOTBOPIO ELASTIC SPHERE 

The dilatation and displacements are as follows, 11 being given by (73): 

+ 1 (t + 2) (2t - 1) (m/n) J»*-' (o» - 6«)l 
-^-^^ {((2r^ + 4t + 3)^-(2* + l))(a-«-ft-«, 

+ (t - 1) (t + 1) (2t+3) (m/n) o^> (a'-J*)!! 
+ Ri [coefficient obtained from that of J2< by interchanging a and b] 

* n[-yi^a^^{((2.'+i)=+«+i)«-(»--*-) 

- (t + 1) (t + 2) (2t - 1) im/n) 6^» (o» - 6«)l 

-*^^^^^li^'-^'{((2»''+« + 3)^-(2» + l))(a--'-6--) 

- (t - 1) t (2» + 3) (m/n) a"*' (a* - V)V\ 
+ Ti [coefficient obtained from that of Ti by interchanging a and b] 

+ %(i + 1) (»• + 2) (2t - 1) (2t + 3) (mjn) (ab)^' (a* - 6»)»l 
- »• (2t - 1) (2t + 1) |(t + 2) ^ - 1 1 T«-<-« (o6)-' (a» - b') (a"**' - 6»«+»)l 
+ pr_<_, F- (t + 1)' (2t + 1) (2» + 3) |(t - 1) ^ + ll *^ (oft)-*- (o» - 6') (a»^' - 6*") 

- (t - 1) i (i + 1) (2» - 1) (2t + 3) (m/n) (o6)«*-» (a» - ft*)*!! ...(91), 

2»n« 

= JJ, [-^-^t^' (t J _2) |((2tVl)^+2t+l) a'(a'*-»-6*-0+»(»+2)(2t- 1)^ 6^^^^^ 

^4l(^{((2»^+l)^2»>l)(»■(»• + 2)?-l)(«--6-) 

+ (»-l)(» + l)(2t + 3)J((i'-l)^-l)6-+'(a'-6«)| 
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+ »((.• + !) J + 2)^^|((2»»+4»+3)J-(2» + l))(a-+«-6-«) 

+ (t - 1) (t + 1) (2t + 3) ^ a*^* (a* - J»)l 

-7T-2p6{(<2»'+*»" + ^>?-(2i + l))((»^-l)^-l)6.(a*--&--0 

+ 1 (»• + 2) (2t _ 1) ^ (t (»■ + 2) ^ - 1) o«*-» (a» - b>)l\ 
+ Ri [coefficient obtained from that of Jtt by interchanging a and b] 

+ r, [t(» + l)(^i-2)^{((2»'« + l)^ + 2» + l)a«(a--«-6--) 

-(i+l)(» + 2)(2i-l)^ 6*-'(a»-6»)| 

- (i - 1) t (2» + 3) ^ ((i* + 3t - 1) ^ + l) 6*^> (o» - b')\ 

+ »•(»• + !) (^(»+l) + 2)^{((2t^ + 4i + 3)J-(2»+l))(a-+«-6-+«) 

- (»• - 1) % (2t + 3) ^ a***' (o» - J»)| 

-(t + l)(t + 2)(2t-l)^((t^-.--3)^ + l)a«*-'(a«-6»)j] 
+ r/ [coefficient obtained from that of r< by interchanging a and ft] 

+ .-(» + l)(.' + 2)(2»-l)^(^-2)(a6)--»(a«-6')«| 

+ i(2t + 1)|(,' + 1)5 + 2}|(t + 2)^ - lJ^(a»-6.)(a-+«-6-+») 
-»(» + l)(2t-l)^[(t+2)^-l|^(a''-6«)(o-«-i-+')] 
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-(t + l)pF_^,[-(t + l)(2t + l)(t5-2)|(t-l)^ + l|^:„(o«-6«)(a---6--) 
+ t(t+l)(2» + 3)^|(t-l)^ + lj^.(a«-6»)(o-«-6-+>) 

-J+-^{(2»« + 4» + 3)^-(2.>l)}{(i-l)^ + l}g^(a--'-6--0(o-+>-6-«)]...(92). 

+»(t+2H2t-l)56«^V-i')} + -^(-^^T{((2tVl)f + 2»>l)(tXi + 2)^-l)(^^^ 

+ (»-l)(t+l)(2t + 3)^((»»-l)^-l)6-+^(a»-6')| 
_|(»_2)^-2|^{((2t'+4t + 3)^-(2t + l))(«-+'-6--) 

+ (t - 1) {i + 1) (2» + 3) J o«<+» (o»- 6«)l 

+ 1 (i + 2) (2» - 1) ^ (i (t + 2) ^ - 1) o--' (a* - 6«)J] 
+ -^ coefficient obtained from that of -^ by interchanging a and b 

-(t + l)(t>2)(2t-l)^4»^>(a'-6»)|-Ui^-^|((2t«+l)^ + 2* + l)x 
((»■» - i - 3) ^ + 1) (o«*+' - 6«'+») -r (t - 1) t (2t + 3) ^ ({i* + 3t - 1) ^ + 1) 6-+' (o» - ft*)! 
-(t + l){(t-2)^-2|-^|((2»' + 4t + 8)^-(2i+l))(o-+»-6-+') 

- (t - 1) t (2t + 3) ^ o^+i (o« - 6«)| 

-(t + l)(» + 2)(2i-l)J((i'-»-3)^ + l)a--»(a«-6')}] 
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4- -j^ coefficient obtained firom that of -— by interchanging a and 6 

+ i (t + 2) (2t _ 1) ^ ((t + 3) ^ + 2t) (a6)*-» (a" - ft*)*! 
+ rZl{(2»' + l)5 + 2»- + l}{(»+2)^-l|^-^.(a-«-6^+0(o-*«-ft-^') 
-i(2» + l)|(t-2)5-2|j(i + 2)^-l}^^(a«-6')(o'*^»-6««) 

- (t - 1) (t + 1) (2i + 3) ^ ((* - 2) ^ + 2t + 2) (oi)^' (a' - 60*} 

The value of w is obtained from that of v by replacing j^ by -. — g^. Ii^ any 

one of the quantities h, u, v, w, so far as they depend on the surface forces, terms in 
r^' may be obtained fix)m those in r*+^, and terms in r^*~* from those in r*~^ by simply 
writing (— % — 1) for (+ 1) in all indices and coefficients. The same substitution deduces 
the coefficient of F.-i_i in each case fix)m that of V{. The quantity 11 on the left of the 
equations will be found to transform into itself, i.e. to remain unchanged, when (— t — 1) is 
written for t. 

The solution just written down may at first sight seem rather cumbrous. It must be 
remembered however that it contains the answer to innumerable special problems, and that 
in very few practical applications will there be found anything like so general a system of 
applied forces as that treated here. Having regard to the actual facts, the comparative 
brevity of the solution is in reality somewhat remarkable. 

§ 26. From these typical terms in the displacements the typical terms in the stresses 
may be found by means of the general formulae (3). Three only of the stresses, viz. rr, 7$ 
and rf, are given explicitly below. They possess greater inherent interest than the other 
three, more especially in the case of thin shells. The method by which they were actually 
calculated was by substituting in (33), (34) and (35) the values deduced from (68), (69), 

48—2 
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(70) and (71) for Ti, etc. The expressioDS are as follows, IT being as before given 
by (73):— 

^"^ {(t + 1) a» (o*^* - i^>) (r-*+» - 6«*+») + it* (»-*-> - 6^') (o**** - 6^)} 



(o6»)*+» 
- (t - 1) i(<+ 1) (i + 2) (2» - 1) (2<+ 3) (m/n)» ^ (o« -&•)(»*- 6») {(♦+ 1) a**** + i»-+'} 

+ t(»+l)(»+2)(2.--l)j|(2t« + 4» + 3)J-(2» + l)|^x 

{6* (a» - r») (r^+> - 6*^») - a» (r» - &») (a*" - »-<+»)} 
+ (»-l)»(» + l)(2t + 8)j{(2i'+l)J + 2» + l}-£^x 

{o«*-» (o» - r«) (f»*+» - ft**") _ 6*-i (r« - 6«) (a«*+> - r^»)}l 

+ ^. , J2i' [coefficient obtained from that of i2{ inside square bracket by interchanging 
a and b] 

|(»» + 8t - 1) ^ + 1 1 (c**+» - 6*+') (o» - r*) (f*-' - 6*^>) 
+ (2i + 1) j(i« + 8» - 1) ^ + ij |(t» - 1 _ 3) ^ + ll 6^' (a' - 6') (r» - 6») (o»«+> - *-*+») 
+ 2 (2t + 1) (S ^ - 1) |t (t + 1) ^ + ll {a"** (a» - »-) (»-«+' - 6"+>) - 6^i (,* - 6») (oX^ - r-*+>)}l 



+t'(*' + l)r/ / A\<+t [coefficient obtained from that of Tt inside square bracket by inter- 
changing a and b] 

+ pF,.-.|(» + 2)^-l}^[{(2i.+ l)5+2t+l|(o--.-6-+.) 

X {a"*-» (a" - r«) (r^» - 6**-») - 6^> (r» - 6») (o«^' - *-*<•»)} 
+ (t + 1) (t + 2) (2t - 1) ^ (o6)»<-' (a* - &») {6» (o* - r*) (r*+» - 6*^>) -a*if- 6*) (o*" - r*+»)}] 

+ pr_^,(i + l)«|(i-l)J + l}^.[j(2t«+4t + 3)J-(2i + l)|(a-->-i^') 

X {a» (r» - 6") (o***' - r»*+>) - 6» (o» - H) (»*«+> - 6*^)} 
+ (t - 1) t (2t + 8) J (o« - 6») {fe*^' (r« - 6«) (a**** - r*"") - a«*-' (a» - H) (f-^' - 6»«+»)}l (94), 
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^^{a-+»(a«-r»)(,-*+'-6-+0-6^*'(»--J»)(a-+'-»-*+')} 
+ |(2i» + 4t + 8)^-(2» + l)| |(t»-l) J-l| X 

^ {(r* - fe") (a-+> - f^^) - {a* - »-) (7-*+> - 6-+>)l 

+(2.- + l)|i(» + 2)J-l||(t«-l)^-l|^(a«-6')(»*-6')(o-+'-»-+>)] 

+ --^ coefficient obtained from that of --j^ by interchanging a and 6 

{(» + 1) r« (»-*-' - 6^>) (o»«+» - 6*»-») + ia* (a»*-« - 6*-») (r*+» - 6*+»)} 
- (t - 1) t (t + 1) (»• + 2) (2i - 1) (2t + 3) (miny J*" (o» - J») (r» - J») {(t + 1) f*^> + •»«*+'} 

+ .-(i+l)(»+2)(2»-l)^|(2t» + 4» + 8)^-(2t + l)|6*^ 



X 

{o» (r« - 6«) (o***' - 1^^) - 6« (a» - r») (r*w - 6*+»)} 

X 



+ (»• - 1) » (t + 1) (2t + 3) - l(2t» + 1) ^ + 2t + ll a» 

+-53" o- I , ,. w^, coe£Bcient obtained from that of -jJ- inside square bracket by inter- 
changing a and b 

{o»^» (o» - r») (f*«-» - 6««+>) - »*-» (t* - 6») (o**+> - r^>)} 
+ i (t + 2) (2t - 1) ^ (o6)»*-> (a* - 6») {o» (** - 6") (0*+^ - »-*+•) - 6* (a* - J^) (***+* - 1*^*)} 1 

{6» (o« - r») (*-<+' - i^+O - a» (r» - 6») (a**** - r*+0} 

+ (t - 1) (»• + 1) (ii + 8) - (a» - 6») {6*-' (** - 6«) (o'*+' - t-***) 
w 

- a"*-! (o»-t*) (r*^'-6*»-»)}l (96X 
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The expression for ri is obtained from that for ri by replacing -^ by -. — z;jj,' ^ ^ 

the case of the displacements, the substitution of (— » — 1) for (+ 1) deduces terms in r"* 
and r^"^ depending on the surface forces from those in r*+* and r*~* respectively, and also 
the terms containing F.^i-i from those containing F{. 

§ 27. The complete expressions for the displacements u, v of the third class are found 
by summation with respect to i of the typical terms given by (92) and (93), and a similar 
summation is of course required of the typical terms given in (94) and (95) for rr and i5. 
The complete expressions for w and r$ are derived from the complete expressions for v and 

re by the substitution of - — ^ jt for jtj . The limits of the summation had better be 
•^ sm ^ a^ da 

regarded as t = 2 and i=oo. The case t = would answer to forces, such as uniform normal 

tractions, whose values are independent of the angular coordinates; and the correct solution 

is in reality derivable from (92). We already, however, have considered it, treating the 

displacements so produced as of a separate class, and have given the solution in (9). It is 

in fact easily verified that if in (92) we put i = 0, and replace Ri, Ri, F_i.i by iZ, R\ V* 

respectively, we obtain the corresponding terms in (9). The terms in F in (9) are not 

represented in (92). The potential from which the bodily forces answering to the solution 

(92) are derived satisfies Laplace's equation V' = 0, or answers to forces other than the 

mutual gravitation of the shell. But the potential Vr^ answering to (9) includes mutual 

gravitation and ''centrifugal force '', neither of which satisfies Laplace's equation. 

The case t==I must in general be excluded from the solution for the reasons stated in 
§ 22 in the analogous case in pure ti*ansverse displacements. In any particular case where 
forces involving harmonics of the first degree are distributed over the two surfisu^es of a shell 
in such a way that the entire system of forces is in statical equilibrium the solution (91), 
(92), etc. will give correctly the elastic displacements. 

§ 28. The forms under which the stresses rr, rtf, ri are presented may seem at first 
sight rather peculiar. They have been adopted with a view principally to two ends, viz. to 
afiTord a ready means of testing the accuracy by reference to the surface conditions, and 
to fetcilitate application to the case of thin sheila The coefficients are all constructed 
on a uniform and very simple plan. Take for instance the values of rr depending on 
Ri and 7\-. In the case of Ri the expression inside the square bracket must by the surface 
conditions vanish when r-h, and a glance shows the occurrence of r — 6 as a factor in every 
term. The terms in the last 4 lines contain in addition the factor a — r and so vanish 
likewise over r^a. The first 3 lines inside the square bracket on the other hand when a 
is substituted for r fall at once into (2i+l) 11, and so the surface condition rr^zR^ over 
r = a is seen to be satisfied. The first terms are those which are of most importance near 
the surface where the corresponding stress is applied, and in the case of a thin shell these 
terms are of a higher order of magnitude than the subsequent terms which vanish over both 
surfaces. The expression for rr in terms of Ti has to vanish over both sur&ces, and so is 
arranged to show the factors a—r and r — 6 in each term. 
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The terms which vanish at both sur&ces can be thrown into a variety of equivalent 
forms, some more convenient for one purpose, some for another. Use may be made for 
instance of the identities: 

Li what precedes we have always described b as the radius of the inner surface and 
we shall continue to do so. But from the form of (92), (93), (94), (95) we may clearly 
in these equations regard a as the radius of the inner surface if we take the undashed 
letters Ri, Ti to denote the forces applied over that surface. When the outer surface is free 
of force the reader may find it a saving of time to take this view. 

§ 29. We pass now to the consideration of the form taken by the displacements 
and stresses in a thin shell. The expressions given below for rr, re and fi were calculated 
directly from (94) and (95); and the values of % v, w might similarly be derived from 
(92) and (93). As a matter of fact, however, the displacements were found by inserting in 
equations (68)^(71) the approximate values found for 11, IIi, etc by expanding the 
expressions (72) — (90) in powers of h/a, where h is the thickness of the shell. To save 
spcu^e these approximate values of II etc. are not recorded here. 

Denoting Young's modulus by JE and Poisson's ratio by tj, and putting as before 
a — 6 = A, a — r=i^, we find, retaining the lowest and next lowest powers of h/a and f/a, 
the following results*: 

^"'^nAL2(i-l)(»+2)(3m-w) "^ E a } 

g'f (2t' + 2t-l)m-n nfl 

"*iiA[2(i-l)(i + 2)(3m-n)(l-2*/^> + ^5aJ 

J. «<+! PTi [ i{(^i+l)m-n ] . • « | _ t*{(t + 2)m-ro} hi 
"^" n L2(»-l)(3m-n)'^^^o 2(»- l)(3m-n)oJ 

pV^,ni+l){(2i + l)m + n] n ^ (i + iy{(i-l)m + n} h-] 
" n L 2(t + 2)(3^-n) ^^'^^'"'i^o^ 2(t+2)(3m-n) oj ^^^^' 

_ dRi^ r 1 n 2|-A] _ dJRi^ ^ V 1 - 2h/a n 2£-A] 

^~ de ^h\_{i-l)i% + 2) £ a J dd 2nh\_(i -!){% + 2y £ a J 

.dTit^r 1 l^-fl dr/g' T l-2A/a 1 gl 

"^ d0 nh L(t - 1) (i + 2) 2 a J d0 nh [(» - 1) (t + 2) ■*" 2 aj 

<+, £_ dVi r_l_ ^ (2<+3)m-» f _»_ (t + 2)m-n ft-| 
2n dtf Li — 1 3m-n o i— 1 3m — n aj 

_,p dr^, r i (2t-l)TO + « f t + l(t-l)m + n ^1 ,y 

2n de \_i + 2'*' 8m-n a » + 2 Sm-n aj ^ ^' 



* Th« leader must bear in mind that these resnlte answer I system of applied foioes given near the beginning of § 25 
only to the displaoements of onr Class (iii), i.e. to the | above. 
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&-^r {i-l)(i+2)m-2n f\ p,f T (i-l){i + 2)m-2nh-f l 
h |_ m+n oj h\_ m + n a J 

* ^ 'm+n ah \_ 3m a 6m 



+ 2'/2t(»+l) 



m g(A-g) 



[l + (^ 



-9) m + n A (t* + t + 15)m+n 



m + w ah 

'^ m + w a* L 3(3»i — n) a ^ '^aj 

'^ ^ ^ m + n a" 

['- "-"•j(r:r^^'' ^^-(^^»>!j (-). 

^_dJe< m{(2t« + 2t-l)m-n}f(A-f) r 8m' + (2t' + ii + l)mn - 2n' A 
'^ de (m + n)(3m-n) oA [ 3m {(2i* + 2t-l)m -n} a 

3(5i'+5t-3)m'-(i'+i + 8)mn + n' g" 
3m{(2t» + 2i-l)m-n} a_ 

djR<^m{(2t'+2t-l)m-n}f(A-g) r 3(3t' + 3t-l)m' + (i' + t-4)mn-n* A 
de (m + n)(3m-n) oA [ 3m {(2t>+2»-l) m-n} a 

3(5i' + 5w3)m'-(t' + t + 8)mn + n* g1 
3m {(2i« + 2i - 1) m - n] a\ 

^ dTih-^jT^ ^ (t« + i+2)m + 2n f1 ^ dr/gT (t' + t + 2)m + 2n A-g l 
dd h \^ m-{-n a\ dB %y m'\'n a \ 

, . <^F,. {(i + 2)m-n}{ (a> + l)m + n } f(&-f) ^ 
■^ '^(W* (m+n)(3m-n) o» 

f- i{3(t + l)m + «}A-2g n 

L 3K2t+l)m + n} o ^* ''^oj 



— a~*^^p 



dV. 



de 



-(» + l) 



{(t-l)m + n}((2t-H)m-n} ?(ft-g) 



^ X 



(m + n) (3m — n) 

r (t + l)(3tm-n) A-2g f] 

The value of w may be got from that of v, and the value of ri from that of r7, by 



§ 30. Noticing that j" ^ ~ 3^ ^^ ^^^' retaining only the algebraically lowest powers 



of A/a, 






'-k-k^< 



.(100), 
.(101). 
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where Fi^Ri-R/ •hh{ia^'pVi-(i+l)a-^*pV^i^,} (102), 

and k as before is the bulk modulus. 

Obviously Ft is the total radial force per unit of surface, at the element considered, 
arising from all the bodily and sur£a.ce forces which contain harmonics of degree i. 

With the exception, as explained below, of cases in which i is very large, (100) and 
(101) will be satisfactory tirst approximations unless Fi be small compared to the individual 
forces Ri, Ri, etc., of which it is composed. These results are the exact equivalents of the 
results (18) and (19) for uniform normal forces. 

§ 31. Before examining more minutely these and similar results, it is convenient to 
form some idea of the magnitude of the strains and stresses. The actual determination of 
the greatest strain and the stress-difference is complicated by the fact that the directions 
of the principal strains and stresses at a point will not in general coincide with the funda- 
mental directions r, 6, (f>, and also by the fact that the magnitudes of all the terms involved 
fluctuate over the surface. Exact determinations are apparently possible only for particular 
cases treated individually. Without actually calculating the greatest strain it is, however, 
fairly obvious that it will in general be a quantity of the same order of magnitude as the 

greater of the two expressions w//* and - -7^ whose sum constitutes the stretch along 0. 

This consideration enables us to reach some important conclusions for the cases when 
all the forces act on the' surfaces. Let 

Ri — Ri = Fi, \ 

^(Ti-T/)^Si,\^ ^103)^ 

so that Fiy 0f, ^i are the components along r, 0, <f> of the i-esultant of the forces on both 
surfaces derived from harmonics of degree i. Then, retaining only the algebraically lowest 
power of h/a, we find 

'*/'^"^*7iA2(i-l)(i-h2)(3m-M')'^^^* ^*^2nA(i-l)(i-h2)' 



1 dv _ d^F i _a 1 d©i _a_ 1 

r d^ " di9»" 2nA (i - 1) (i + 2) ■*■ d^ nA (t - 1) {% + 2) ' 

1 dw \ d^Fi a 1 .1 d^i a 



.(104). 



r sin dip sin^ d<f>'' 2nh (i - 1) (i + 2) ^ sin d(f> nh (i - 1) (t + 2)/ 

These quantities must in general not exceed the order of magnitude permissible to 
strains in the material, and this condition clearly cannot be satisfied all over the surface 
unless Fi, Si, <!>{ and their resultant be kept so small that their ratios to the greatest 
longitudinal traction permissible in a long bar of the material be, at most, small quantities 
of the order h/a. This condition will of course be satisfied for the components along r, 0, <(> 
if it is satisfied for their resultant. 

Vol. XV. Part IV. 49 
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The condition that the resultant must be small must clearly also hold though bodily 
forces act in addition ; and, as the resultant of bodily forces per unit of surface will usually 
be very small in the case of a recdly thin shell, even when their direction is the same all 
along the thickness, this condition will in general be sufficient. The condition will, how- 
ever, cease to be sufficient if the bodily forces are so intense that their resultant per 
unit of surface bears a ratio of the order A/a to the greatest traction permissible in a 
long bar of the material. This follows from the fact that the principal terms in the 
displacements and strains depending on V^ and F_{_i do not cut out when 

Unless the bodily forces be of unusual intensity we may for a first approximation neglect 
the terms containing h and f in the coefficients of Vi and F_i_i in (96) and (97); but 
if the resultant of all the applied forces along the thickness be small compared to the 
resultant for one only of the surfaces, we must retain all the terms in these expressions 
depending on surface forces. In such a case the individual forces Ri etc. over either of the 
two sur£BU>es may be of the same order of magnitude as the greatest traction permissible in 
a long bar of the material. 

§ 32. One of the most striking features of (96) and (97) is brought out by a com- 
parison of the terms in jR^ and Ti, regarding these as quantities of the same order of 
magnitude. According to the first approximation the term in u depending on Hi is of 
the same order of magnitude as that depending on Ti, and the terms in v depending 
on Ri and Ti are likewise of the same order of magnitude. These latter terms are in 
feet precisely equal if Ri = 2Ti, Similar results follow a comparison of the principal terms 
in R/ and Ti. 

From these considerations we see that the magnitude of the maxima values of a 
displacement whether radial or tangential depends rather on the magnitude than the 
direction of those of the applied forces which vary harmonically. It should, however, be 

noticed that, since for instance -^^ and -^ vanish when Ri is a, maximum, the tangential 

displacements due to the normal surfece forces derived from a particular harmonic vanish 

where the radial displacements are a maximum. Also the radial displacements due to the 

tangential surface forces derived from a particular harmonic will have their maxima values 
at points where these forces themselves and the tangential displacements vanish. 

§ 33. We have next to consider the nature of the terms in h/a and f/a inside the 
square brackets in the expressions (96) and (97) for the displacements. Supposing that the 
resultant per unit of surfece of the applied forces is a quantity of the same order as 
the resultant of the forces applied over one of the surfaces, these terms — at least when 
% is not very large — are to be regarded as of secondary importance. Being linear in f , these 
terms have necessarily their mean values at the mid surface. Again the coefficient of f is 
in every case positive. Thus to a second approximation the displacements numerically con- 
sidered, when they vary with f, have their maxima values at the inner surfece, their mean 
values at the mid surface. 
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The fact that the radial displacements arising from tangential surface forces are, even 
to a second approximation, the same at all points along the thickness is worthy of notice. It 
shows that while, as we have seen, the radial dieplacemeTit arising from tangential surface 
forces is similar in order of magnitude to that arising from equal radial forces, the radial 
strain in the former case is small compared to that in the latter. 

It will be noticed that when surface forces alone act, even if the total components 
Fi, 0£, ^i for the two surfaces absolutely vanish, the values of u, v and w — and con- 
sequently of all the strains whose directions are parallel to the surface — ^are approximately 
constant all along the thickness. The values of these strains are in general of a higher 

order of magnitude than those of the three strains -j- > — and — , but this ceases to be 

ar n n 

the case when the forces at corresponding points on the two surfeces are nearly equal 

and opposite. 

§ 34. We have next to consider the influence of the degree of the harmonic on the 

dRt 

values of the displacements. When i is large we shall regard -^ as of the order iRi etc. ^ 

dT' dT' 

and we shall regard jK^, jR/, -^ and -rg- as of given magnitude. 

From (96) we see that the radial displacements arising from radial surface forces have 
neither their "principal" nor their "secondary" terms much affected by the value of i; 
but when % is large the radial displacements depending on tangential surface forces have 
their " principal " terms varying inversely and their " secondary " terms directly as i. This 
latter law applies also to the tangential displacements arising from radial surface forces. 
The influence of the degree of the harmonic on the tangential displacements arising from 
tangential surface forces is even more important, for when i is large the magnitude of the 
"principal" terms varies inversely as i*. We notice that in the case of surface forces 
the "secondary" terms in the tangential displacements when i is large bear to the 
''principal" terms ratios of the order i^h/a, and that the same law applies to the radial 
displacements derived from tangential forces. Thus, except for the radial displacements 
derived from radial forces, the importance of the "secondary" terms relative to the "prin- 
cipal" increases very rapidly with the degree of the harmonic from which the surfitce 
forces are derived. In fact when % is very large i%/a ceases to be small and the "secondary" 
terms may be of as great or even greater importance than the "principal". In such a case 
we ought not to rely on (96) and (97), but must have recourse to (92) and (93) to ensure 
that we do not neglect terms of the same order as we have retained. 

dV- 
In the case of bodily forces when % is large, if we treat »F<, -7^*, iF_-i_i and 

rt"^ as of given magnitude, we see that the "principal" terms in w are nearly inde- 
pendent of i, while the "principal" terms in v vary inversely as i. The "secondary" 
terms in both u and v increase rapidly in importance relatively to the "principal" terms 
as % increases. 
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§ 35. We have next to consider the stresses. Of these the three St, H^ ei have 
^'principal" terms independent of f. Thus unless the resultant force over the thickness 
of the shell be small compared to the resultants for the two surfaces separately, or else 
t be so large that terms in ^/a become important, these stresses have nearly constant 
values throughout the thickness. The "principal" terms in these stresses may easily be 
derived from the displacements, the relation (101) being employed in the formulae for w 
and a unless Fi be small These stresses unless Ft, ©<, <Pi be small are of a higher order of 
magnitude than rr, S* and ^; but they are of less interest in the theory of thin shells, 
and further, owing to the variety of the differential coeflScients they contain, they can 
hardly be considered satis&ctorily except by treating each individual case by itself. It is 
thus sufficient to point out that the conclusions to be derived from them, through the 
maximum stress-difference they supply, as to the magnitudes permissible in the applied 
forces, are of the same character as we arrived at by considering the strains. 

We now pass to the stresses ^, J?, J?, and since the two latter are exactly similar 
in form we need not consider rj separately. We shall as before speak of the terms contain- 
ing the algebraically least powers of A/a as the "first approximation", but in almost every 
case it must be borne in mind that when i is so large that i^h/a ceases to be small 
the "secondary" terms may be of as great or even greater importance. 

In the special case when there are no bodily forces and when the surfiwje forces 
at corresponding points on the two surfaces are exactly equal and opposite, the "prin- 
cipal" terms in rr depending on the radial forces, and the "principal" terms in 7b and ti 
depending on the tangential forces are constant throughout the thickness. In the same 
case the principal terms in rf depending on the tangential forces, and the principal terms 
in ri and r$ depending on the radial forces vanish. Thus all three stresses rr, re, rf 
show a remarkable approach to constancy along the thickness. 

In general, however, when the forces at corresponding points on the two surfaces 
give a moderate resultant, the rate of variation of rr, re and r$ along the thickness is 
very rapid. The law of variation when forces of one type only — Le. either radial forces 
alone, or tangential forces alone — act over one only of the two surfaces, is conveniently 
shown as in previous cssea by stress-gradient curves. The only novelty is that two 
curves are now required for each type of forces, one, the "radial" curve, representing 
the variation of rr with f, the other, the "tangential" curve, the variation of rS and i?. 

As regards both types of surface forces, we see that to a first approximation the 
stress of the same type as the applied force — fr being a radial, re and r^ tangential 
stresses relative to the surfieice — has for its gradient curve a straight line whose zero 
ordinate answers to the unstressed surface. Also the gradient, to this degree of approxi- 
mation, depends only on the local magnitude of the force and not on the degree of 
the harmonic it comes from. The stress-gradient curves of the opposite type to the 
applied surface forces are to a first approximation parabolas, the maximum ordinates 
answering to the mid-thickness, the zero ordinates to the two surfaces. 

In the case of the bodily forces arising either from Fc or F_^., the radial and 
tangential stress-gradient curves are to a first approximation parabolas symmetrical about 
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the maxima ordinates, which answer to the mid-thickness, stnd with zero ordinates an- 
swering to the two surfaces of the shell. 

§ 36. When we take into account the "secondary" terms, and notice that m — n 

is positive in all known materials and i is not less than 2, we find that in the case 

of radial surface forces the radial stress-gradient curve lies below or above the straight 

line given by the first approximation according as the forces act over the outer or the 

inner surface. These curves are shown in figs. 6 and 7, the dotted line referring to 

the first, the thick line to the second approximation. 

Rt Badial Foroes. R' 

Badial curyes. 





Fiff e Fifir 7 

As in previous curves B refers to the inner, A to the outer surface. In both 
the thick line curves the gradient is steepest at the outer surface. This it will be 
remembered is the opposite of what happens when the radial forces are of constant 
magnitude over the surface (see § 10). 

When the radial forces act over the outer surface the tangential stress gradient 
curve given by the second approximation lies, as shown by fig. 8, above the parabola given 
by the first approximation; but when the forces act over the inner surface the second 
approximation curve, as shown by fig. 9, lies above the parabola given by the first 
approximation only near the inner surface. 

Ri Badial Foroes. Rfi 

Tangential ourveB. 





Figs P\9 9 

The mode of distinguishing the first and second approximation curves is the same 

as before. 

The radial* and tangential gradient curves answering to the tangential surface forces 

Tangential Foroes. 
Ti Tangential onrves. Fi 



r, 



Tangential Foroes. 
Badial oorves. Tt 







Fig 10 FlffU Fig IS Fig 18 

* In Fig. 10 the thiok line cnrre wiU lie completely below the dotted enrve if 1 44. 
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are shown in figs. 10 — 13. The notation and mode of representation is the same as in 
the other curves. The tangential gradient curves, as in the case of Class (ii) displace- 
ments, are of the same general form as the gradient curves 2 and 3 for uniform radial 
forces. 

The radial and tangential* gradient curves for the bodily forces are similarly repre- 
sented in figs. 14 — 17. 

In both the radial curves the stress gradient according to the second approximation 
curves is steeper at the inner surface and less steep at the outer surface than accord- 
ing to the first approximation, or dotted line, curves. 



Bodily Forces. 



Vi 



Badial Curves. 





r< Tangential Curves. F_i_i 





FlflT 

In the case of each curve it is to be kept in view that what is shown is the 
relative magnitude of a single stress at different distances firom the surface along a 
single radius vector. The law of variation as f varies in the value say of r? in terms 
of Ri is the same for all radii vectores, but the absolute value and the sign of rr vary 
with the values of and <f>. 

Again the maxima values of the radial and tangential stresses arising from one 
and the same type of surface forces are of different orders of magnitude in h/a. Thus 
the "principal" term in the approximation to the stress opposite in type to the applied 
surface force is only of the same order of magnitude as the "secondary" terms in the 
approximation to the stress of the same type as the applied force. In other words the 
stress opposite in type to the applied surface force is to a first approximation negligible 
compared to the stress of the same type. It should also be noticed that the "principal'* 
terms in the stresses arising from the bodily forces will be of the same order of mag- 
nitude as the "secondary" terms in a stress arising fi^m a surface force of its own type 
only when the bodily forces per unit of surface are of the same order of magnitude 
as the surface forces. 

In the preceding remarks on the gradient curves we have assumed "secondary" tenns 
small compared to those containing algebraically lower powers of h/a. As i increases, 
however, the "secondary" terms in those stresses that are of the same type as the 
applied surface forces rapidly increase in relative importance, and they cease to be small 
compared to the "principal" terms when i^h/a ceases to be small. Moreover when i 
becomes very big the stress opposite in type to the applied surface force ceases to be 

* In Fig. 16 the thiok line ourve will lie above the dotted curve dose to Bit i< 5, 
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small relative to the stress that is of the same type. Thus for a complete investigation 
of what happens in any instance when i%la is not small recourse should be had to the 
general formulae (94) and (95). 

An approximation to what happens when % is very large in the case of both displace- 
ments and stresses may be found by retaining only the highest powers of i in (92), (93), 
(94) and (95). Thus, for instance, on the left of these equations we may take 11 as given 
by the following simplified form of (73): 

fl = 4t* {mlnf {ahy^^ {{a^-^ - b^'^) (a^+» - 6»<+») - i^ {aby^^ (a» - ¥y}. 

I The course then to be adopted depends on how big i and A/a actually are. Until this 

I is known we are rather in the dark as to the relative importance of the two terms in 

I the above expression for n, or of the several terms in the coefficients of iJ< etc. on the 

I right of equations (92) — (95). 

I § 37. Before quitting the subject of thin shells it may be well to give a brief 

summary of the results we have established for all forms of applied forces, whether the 
I displacements they lead to be of the first, second or third class. As previously a denotes 

I the radius, h the thickness of the shell, and h/a is very small. Our conclusions are as 

I follows : 

(1°) The resultant per unit of surface of all the forces applied along a radius — whether 
these be bodily or surface forces, or both combined — must be small compared to the greatest 
longitudinal traction* permissible in a long bar of the material The ratio borne by the 
former quantity to the latter may be at most of the order h/a of small quantities. 

If, however, the surface forces at corresponding points on the two surfaces be nearly 
equal and opposite, the resultant of either set may be of the same order of magnitude as 
the limiting longitudinal traction in the bar. 

(2®) If the resultant of the forces applied along a radius do not vary very rapidly 
in magnitude or direction relative to r, d, <f> — i.e. if there be no surfisice harmonics of high 
degrees with large numerical coefficients — and if this resultant be not small compared to the 
resultant of the forces applied over one only of the surfaces, then approximate values to the 
radial strain and dilatation at all points in the shell are 

*^ _ _ 1 ? F 
dr~ Eh^' 

where F is the i*adial component per unit of surface of all the applied forces acting along 
the radius through the point considered, while 17 is Poisson's ratio, E Young's modulus 
and k the bulk modulus. 

(3**) Under the same conditions as in 2°, the stresses rr, ^, i?, usually assumed 
negligible in theories of thin shells, are in reality small compared to the other stresses, 

* Measured of course per unit of cross section. 



Digitized by 



Google 



378 Mr C. CHREE, ON THE ISOTROPIC ELASTIC SPHERE 

to which they bear ratios of the order hja of small quantities. In this case the stretch- 
ing of the shell is the important factor in the values of the principal strains and 
stresses. 

(4°) If there be no very intense bodily forces, and if the surface forces at corre- 
sponding points all over the two surfaces be nearly equal and opposite, the stresses ^, 
r9, ^ lose their inferiority relative to the other stresses. This also happens in any case 
when the magnitude, or direction relative to r, 0, (f>, of the applied forces varies rapidly 
from point to point of the surface. 

(5°) If a force of given type — radial or tangential — whose rate of variation with the 
angular coordinates is not very excessive, be applied over one only of the sur&ces, the 
stress of the corresponding type has to a first approximation a straight line for its gradient 
curve, and the stress of opposite type — tangential or radial — ^unless it absolutely vanishes 
has for its gradient curve according to the first approximation a parabola whose vertex 
and maximum ordinate answer to the mid-thickness. 

(6°) The displacements, strains and stresses arising from a bodily force are in general* 
of the same order of magnitude as those arising from a surface force when the two 
forces measured per unit of surface are of equal magnitudes. In practice this means 
that in a very thin shell the effects of bodily forces must be very small unless these forces 
be of extremely great intensity. 

Solid Sphere. 

§ 38. The displacements in the solid sphere may be derived from the corresponding 
results for the shell by omitting all terms containing b raised to a positive power. We 
shall represent all three classes of displacements simultaneously. With our previous notation 
answering to 

bodily forces from the potential r*F+2r*Ti,^ 
^ = i2 -h SiJi, 

surface forces J^= 2 [W'^'ST^ d^J ' ^ ^^^^^' 

r--2r lsmed<l> d0 \ 
we get 

3m — w 5m + n[Sm — n ] 

+ S — TTTT. r^—i-. ,^. ,, 1 \ip Vi\.^{(i + 2)m- n} aV"' -[(i+l)m-n} r*+4 

+ iJ,|J-j{i(i + 2)m-n}^-(i + l)(m»-2n)!^| 

+ i(»+l)r,|(mi-2n)C-;^{(t«-t-3)m + n}^|] (106). 

* There are exceptions amongst the strains and stresses ; compare for instance terms in Ti and F< in (99). 
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1 ^[- 1 dT, ^] 

+^1*^<* + ^>™+^"'^-i^l K»*-»-8)»» + «}^}] (107), 

+ 22irK«MrirTi^r(2iT^^ 

■^i^^f1'«* + ^>'" + 2n}?i:-;:±4{(».-»-3)m + «}^^}]...(l08). 

The summations run from i — 2 to i =» x . The value t = 1 is incompatible with the pre- 
servation of equilibrium. 

§ 39. It must be carefully noticed that though we may thus deduce the displace- 
ments for a solid sphere from those for a shell, the strains and stresses due to given forces 
over the outer surface are not the same in a solid sphere as in a shell whose outer 
boundary is the same, however small the radius of the inner surfisu^e may be. In the 
solid sphere we omit in the displacements all terms vanishing with b, and deduce the 
strains and stresses from the terms left; but in a shell a displacement 6*+^r-*, while 
itself negligible however small r may be, will supply a strain varying as (6/r)*+^ Such 
a strain will be very small except near the inner surface, but close to that surfiace it 
may be very large. Thus the strains and stresses near the centre of the solid sphere and 
near the inner surface of the nearly solid shell may be, and in fact generally are, widely 
diflFerent*. 

§ 40. In the case of purely surface forces derived frt>m a potential (r*/a*"00», as in 
§ 13, the results (106), (107) and (108) take the remarkably simple forms 



"IM^^A > (««^ 



1 d (j^fa^ 
^~rsin^d0l2n(i-l)" 

In this case the dilatation B obviously vanishes, as Qi is a surfiwje harmonic. 

* For an explanation of this seeming discontiniiity see the Society's Proceedings, Vol. Tn. pp. 285-6, 1892. 

Vol. XV. Part IV. 50 
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Nearly aoldd shell, 

§ 41. There is considerable interest attaching to the action of forces applied over 
the inner surface of a nearly solid shell, Le. a shell for which 6/a is very small. The 
method of treating this case will perhaps be sufficiently illustrated by the deduction of 
the radial displacement answering to the purely radial force Ri\ To find this we employ 
(92), retaining in the coefficient of each power of r only the lowest power of 6. The 
result is of course only a first approximation, neglecting higher powers of b/a than those 
retained. It is 
2n {(2i« 4- 4i + 3) m - (2i + 1) n] {(2i« + 1) m + (2» + 1) n] u/Ri 

= t (i + 1) (i + 2) (2t - 1) m (m - 2n) (6ry+i a"^^ 

- ^^?^"*"^^ [(t* + 2i« - 1^ - 2t + 3) m« + 2mn - n«] r^^6«+»a-^+^ 

+ {(2i* + 4i>3)m-(2i>l)n}[^J^|{(t»-l)m-n}^^ (110). 

Near the inner surface, Le. when r is of the order 6, we may obviously neglect the 
terms in r*+* and r^^ compared to those in r^ and r""*"*, and so get the approxi- 
mation 

Ri' 



U = 



2n{(2%^+l)m 



iH2iTi)^}[?T-2K»'-i)--«l^^»K* + i\:2»i^] (111). 



^ 



L 



This result, it will be observed, may be derived firom the term iit^ Ri in (106) by sub- 
stituting b for a and writing (— i — 1) for (+») in all indices and co^cients. The same 
substitution applies in the case of any displacement for any surface wee. Thus if we 
want the displacements, strains or stresses near the inner surface of a pearly solid shell 
arising fi*om forces applied over that surface, we have only to transform th\ corresponding 
results for a solid sphere, acted on over its surfewe by forces following tJjie same law, 
by replacing a by 6, and i by — (I' + l) in all indices and coefficients. WhJn i is large 
u diminishes with extreme rapidity as r increases so long as (111) remains a Hatis&ctory 
first approximation. A similar result holds for the other displacements and for U^ strains 
and stresses. 

The formula (111) applies only when r is of order b. On the other hand \f^ ^ 
becomes of the order a the terms retained in (111) are negligible, and the ten? ^^ 
r*+* and r*""^ in (110) then constitute the first approximation. In this case it will s5^ 
to point out the physical consequences. 

Regarding r in (110) as of order a we obviously have u/r of the order (6/ay+S and t 
same result holds for all the strains and stresses due to i2{' or to tangential forces deriv 
from a potential T/. In the corresponding case of tangential surface forces derived from 
"stream function'' T/ the rate of diminution in the strains and stresses as i increas 
when r is of order a is measured by (b/aY'^. Thus in all cases the strains and stres 
<]ue to surface forces derived from surface harmonics of high degrees are comparativ'^ 
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insignificant except close to the inner sur&ce. At very moderate distances from this 
surface the strains and stresses will be almost entirely due to those forces which are 
constant or which vary but slowly over the surface. Regarding the strains and stresses 
as propagated outwards from the sur&ce, the effects transmitted from adjacent parts of 
the surface where the applied forces are oppositely directed tend to neutralise one another, 
and thus the action of the medium is to obliterate the effects of any want of uniformity in 
the distribution of the surface forces. This damping out of the effects of the forces derived 
from the high harmonics relative to the effects of the constant forces does not however, it 
should be noticed, increase with the distance, after this has reached the limit at which 
the terms in r*"*"^ and r*"^ in (110) constitute a satis&ctory approximation. 

Pabt II. 

Equilibrium under given surface displacements. 

§ 42. The previous solution may also be applied to a shell whose surfaces are subjected 
to given displacements. These displacements must of course be of such a character as not 
to strain the shell beyond the limits permissible in the material. All rigid body dis- 
placements may be excluded. As the case of given surface displacements seems of much 
less physical interest than that of given surfiEU^e forces it calls for less fulness of treat- 
ment. 

The displacements may most conveniently be considered under the three classes of 
Part L 

Class (i). Pure radial displacements. 

The two constants of the solution 

u = irYo-¥r-^Z^i (1) 

are to be determined from the data 

u— U over r^a,\ .^. 

u^U' over r^b\ ^ ^' 

where U and V are constants. 

The solution obviously becomes 

u={r{a^U-b'U') + a'bh^(aU'''bir)}^(a^-b') (3), 

S = 3(a»£;^-6«?70-(a«-&») (4), 

;;^ = {(3m-n)(a»?7-6«J7')-4wa»5V-«(aCr'-6C0}-*-(a*-6') (^X 

, »^^ ^ ^=.» = {(3m-n)(a«I7-6»Cr') + 2na«6V-«(aC^'-6I7')}-^(a'-6') (6). 

5 deriv 

For a thin shell, putting a - 6 = A, a — r = f , we get the approximate values : 

"=^*r-'('-^'''!('-'i-*) • ■ <'>• 



50—2 
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^4{("^»)(i^i)-*»*-i-1-?{c»^»)('-s)+*"!) <»> 

Two important conclusions as to the necessary limits to be assigned to the sur&ce 
displacements in thin shells are easily deduced. From (7) we have the approximate 
results 

l-|=^'(-*-^) <"> 

Now ujr and -p are strains, and thus Uja^ U'ja and {U — ^')l^ must be small 

quantities of the order permissible to strains in the material The last limitation, which 
is fedrly obvious a priori, must be kept in view in judging of the accuracy of approxi- 
mations. It shows that terms ia U— U' may be of less importance than terms in Uh/a. 

If U'^JJ the strains and stresses have their values very nearly constant along the 
thickness, the approximate values of the stresses being 



- 5==^^;^^ ^^S (12). 



Class (ii). Pure transverse displacements. 

§ 43. Here we have to determine the X{, X..^i of (31) and (32) Part L from the 
conditions 

1 dT, dTi \ 

V = -T— ^ 3-p , w — " —TK over r = a J 
miO d6 dO 

^ y (13), 

1 dTi' dT/ ,[ 

v=^— ^TT > w = "" "j3- over r = o 
sm d<f> dO ] 

where Ti, T/ are surface harmonics of degree i. 
We easily find 
t^ = ^ ^ [{r^ (a*+^Ti - 6»+^T0 + i^f (a<T/ - 6*T<)} ^ (a«^+^ - 6^+o] (14). 

k;s-^ [same expression as inside square brackets in (14)] (15). 

In a thin shell approximate values are 

'-T-^i^^^-tm-'-^ ("^ 
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^/— ti('-^'*-i-^^K>-^?) '"). 

-f,..,)T.-..*J-}l|(.-^«) m 

The value of v may be got from that of to and the value of re fit>m that of f$ by 

writing -r— 7, -7-r for — j^. The reason for writing down the value of w rather than that of 

1; is that to alone exists when Ti and T/ are zonal harmonics. 

Since ri/n and if/n are strains we see that the displacement at either surface divided 
by the radius, and the differehoe in the displacements at corresponding points on the two 
surfisu:es in the same direction divided by the thickness, must be quantities not exceeding 
in order of magnitude the limits permissible to strains in the material When the dis- 
placements are equal over the two surfaces, all the strains and stresses have to a first 
approximation constant values along the thicknesa 

Class (iii). Mixed radial amd transverse ddspkusements. 

§ 44 Here we determine the F<, F.^^ Z<, Z_<-i of the formulae (30)— (32) Part L— 
in which Vi, V^^i are now supposed zero— from the conditions 

jj dTi 1 dTi 

u^Uu t; = ^, t^ = -^-^ over r = a, 

77/ dT/ 1 dT/ , 

where Ui, Ui, Ti, Ti are sur&ce harmonics of degree i. 
These conditions give 



.(19), 
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The method of treating these equations employed in my original paper* for the 
case of nonnal displacements "Seems the simplest way of solving the above. For short- 
ness let 



Ui'-iTi'=^Ai', Ui' + {i+l)Ti' = Bi'j ^'**^ 

Then putting •■ 

n - {*"t + (2^' + 1) "} K* + 1) m + (2i + 1) n} ^_, r.<_,w^, _ j^«. 

"~ »(t + l)(2i-l)(2» + 3)re» ^"*'^ ^* " ^^" '^ ^ 

-(a"^"'-*')' (25), 

we easily find 

+ £(«'-6»){«-+'5<-6-^-^«^'l (26), 

TT(7 »" / i>«r'"(» + l)"* + (2t + l)na"'*'-6**'/ .•+,^ i.u^An 
°^* = 2i + l <'^>^ [2;^ /(2t-l)n - —abr^ (a^^^i-b^^^i) 

, {im+{2i+ l)n{ [(i+1) m + (2t+ 1) n} o»'-^»-fc">» _ 

■^ i(i+l)(2t-l)(2t-(-3)»i» (ai)»+' ^ '^ "^^ 

+ (g)\o'-6')(a-'-5<-6-*->5/)] (27), 

+ (iTli) (i> 3)"u <""" - ^"> <"""^* - ^""^^'> <28), 

"'^— «-2t + l^"''^L t(t + l)(2»-l)(2t + 3)n' (a6)<-> ^" ^' * ^'^ 

+ £(m/^4:^n<«''^'-^*'><«-"'^-^-"H <^«>- 

The substitution of (— i — 1) for (+ 1) in all indices and coefficients transforms 11 into 
itsdf, and deduces the values of Y^t-j and Z-{_i firom those of F{ and Zi respectively. 

§ 45. Substituting the above values of Yt, Zu F..«_„ ^Lj-i in equations (30) and 
(31) Part L, and writing Ui — iTi for Ai etc., we find 



n« _ (TT iT\ /«V^' r» + 1 f {im + (2i + 1) «} {(t + 1 ) m + (2t + 1) n} (a^-l^^){t***-lP^**) 
11« - ( t/, - ti<) l^-j l^gj-j- J I i(» + l)(2i-l)(2iT3)^ " 



(a6)«*-' 

* Comb, Trans., Vol. sir., pp. 305, S06. 
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+(17/— tT/)(-j [coefficient obtained from that of Ui — iTi inside square brackets by 
interchanging a and b] 

+ lt/i + ^»+i;i,}^j|^2,>i|- t(i + l)(2i-l)(2i + 3)7i»~ (^6pi 

-©■(r<«-''><-''>} 

+ {t/i' + (t + l)2<'}(-) [coefficient obtained from that of V'i + (i+l)Ti inside square 

brackets by interchanging a and b] (30), 

n« - 1 ±(TT-iT\ /"^V"' rf K>» + (2t' + l) «} ((i + l) OT + (2t+l)«} 
"* 2i+id^^*^* "*^W LI i(t + l)(2V-i)(2i + 3)n» 

- (in) '''^'\St'y^" (*^*' <«■ - •') <•**' - '""') - «-^' (f- - »■) (««« - r**'))] 
— a7— =- j-a(?7/ — »Tj')(-j coefficient obtained from that of ^(Ui-iTt) inside square 
brackets by interchanging a and b\ 

T+lde^'^*'*'^*^^^^ 'I \rj l\ t(t+l)(2i-l)(2»-|-3)n» ^ 

2^.^ ^{tr/ + (i>l)r/}(^y [coefficient obtained from that oi -^{Ui + (% + l)Ti} inside 
square brackets by interchanging a and 6 (31). 

The value of w may be deduced from that of v by replacing ^^ by "^"ja jT- The 

substitution of (— i — 1) for (+ 1) in all indices and coefficients derives coefficients of 
U^^(i + l)Ti and Ui+(i + l)Ti from those of D<-»T< and U^--%Ti respectively. 



^2i 



^2i 
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§ 46. The form of the results suggests the deduction of the surfince displacements 
from two potential functions after the manner indicated for the surface forces in § 13. 
Thus if the sum of these functions, for the surface r = a, be 

where Qi, Q-<-, are surface harmonics of degree i, we should put 



Ui=^ [(rVa-0 Qi + (r--^a'^») Q-i-i] ^ 



-^ —- jn [saMi® expression], 

-^-fl -j * = — ^"5 -J 7 [same expression] 
sm d d<t> r^md d4> ^ ^ ■* 



\ (32), 



where a is substituted for r after diflTerentiation. The relations between [7,-, Ti and Q^, 
Q-^«, take the simple forms 

{fr,+(»+i)r,}/(2t + i)=Q<.| 

{?7,-iTi}/(2t + l) = -Q_,_, j ^^*'''- 

The expressions for the displacements are obviously much simplified if either Qi or 
Q-i-i is zero, and the form in which (30) and (31) are presented was chosen partly with 
a view to bring this out. Other reasons for selecting this form were that it affords a 
ready means of testing the accuracy of the results and that it lends itself readily to 
applications to thin shells. 

§ 47. The arrangement in (30) and (31) is analogous to that adopted in (94) and 
(95) for the stresses ^, S", ri. Thus in (30) in the coefficients of both Ui — iTi and 
Ui -f {% + 1) Ti the expressions inside the { } brackets obviously vanish over r = 6 and 
take the value 11 over r = a, while the last lines of these coefficients clearly vanish over 
both surfaces of the shell. 

For the thin shell, putting a — 6 = A, a — r^^, as befoi-e, we easily deduce the 
following approximate results: 

.-r.»^f(i.g.w|(i-»^f)-,r,-r/,'<'>')^.f<i-J) m 

'->'-^'^tJ-^*T-^'{^^^-'M{^-'-^') (-). 

-?'^fH™-¥)-?'<'^(— D «• 

_ 1 df/imj m-nh-^ l 1 dUj m f _9^-n|) 

a de 2\ ^ m h)'^adei\ m h\ 



"^A de 
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2n # r 1 ( jj^m Hh-^ 

...w(>.,D.r,-|(.-»^)}],.:. (,8, 

The values of w and r$ may be found from those of v and re respectively by sub- 

«*^*"*^« ^0^ ^°' ^' 

The limitations in the magnitudes permissible to the displacements over either surface, 
and to the difference between the displacements at corresponding points on the two 
surfaces, are precisely similar to those established in the two previous classes of dis- 
placements. 

§ 48. When the surfiskce displacements have no tangential component % does not appear 
in the coefficients in (34) and (35), and the coefficients of 17 in (7) and Ui in (34) are 
identical. Thus to the present degree of approximation if radial displacements U and U' 
be applied over the surfaces of a thin shell according to any law whatsoever—- consistent of 
course with the limitations as to the magnitudes of the strains — we have 

'-^"^Hy^'H'-'-i^) « 

-l'^-^-)?,^-^ ("^ 

"--^^*''-'^)f.^-^ w 

The coefficients in the expressions for the stresses rr, re, ri, b$ do not in this case 
contain % either, and the coefficients of U and V in (8) are the same as those of Ui 
and Ui in (36); thus the expressions for these stresses may be found by putting 2*^ = ^/8=0 
in (36), (37) and (38) and replacing Ui by U and Ui by U\ It must be remembered 
however that if (U^U)/U be very small, terms involving higher powers of h/a than 
those retained in (40) and (41) may be of equal or greater importance. A similar limitation 
would apply to the expressions deduced for rr and if. 

dT- dT ' 

§ 49. We notice that the coefficients of --jg and -5^ in both (35) and (37) do not 

contain t, and by referring to (16) and (17) it will be seen that the same fiu^tors, e.g. 

l+*-3*^and l-- + 3^in (17) and (37), 
a a a a ^ ^ ^ ^ 

occur in the two cases. Now the total components parallel to 0, ^ of the tangential 
displacements on the two surfSeuses are given by 

Vol. XV. Part IV. 51 
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^ -^ld0 Bind d4>]' " "^laiae dil> dO j 

Thus we obviously have, for the most general tangential dispUcements consistent with' 
the limits permieeible in the magnitudes of the strains, the approximate results 

-^t'O-S^'^'K'-'-?-*) w. 

'-?"('^^'^V?»('-^«I) («)• 

'-f-('^^'*-i-Vx-(-^'§ <*«)■ 

As before, it should be noticed that when the difference between the displacements at 
corresponding points is very small compared to the displacement for one of the surfaces, 
terms containing higher powers of h/a may have to be retained. 

§ 50. Let us suppose that one only of the two surfaces is displaced, say the outer. 
We then see from (39), (43) and (44), that the way in which u/U, vjV, and wjW vary 
with f is precisely the same. Thus to the present degree of approximation we see that 
the same "displacement-gradient curve" — i.e. a curve whose abscissae measure the distance 
from a sur&ce of the shell and whose ordinates give the corresponding magnitude of a 
particular displacement — would apply in all cases when there is no radial surface displace- 
ment, or when there is no tangential surface displacement, to the displacement which is of 
the same type as the given surface displacement. 

A similar result obviously applies in the case of displacements applied over the inner 
surface only. The curve is in the case of either surface a straight line according to the 
first approximation, whose zero ordinate answers to the undisplaced surfisM^e. The curves 
according to the second approximations are of the forms of those in fig. 2 or fig. 3, § 10, 
according as the outer or inner surface is that displaced. The gradients in both cases are 
steepest at the inner surface. 

From (34) and (35) we see that the gradient curves for the displacements which are 
opposite in type to the given surface displacement are to a first approximation parabolas 
symmetrical about their maximum ordinate, which answers to the mid sur&ce, and with 
zero ordinates answering to the two surfaces of the shell. 
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There is one important distinction between the displacements which are of the same 
type as the given surface displacement and those which are of the opposite type. The 
magnitude of the former depends, to the present degree of approximation, only on the local 
magnitude of the applied displacement, but the latter increase somewhat rapidly with the 
degree of the harmonic from which the displacements are derived. This is obvious when 

% is lai'ge, as we are then to regard -^ and -^ as of orders tT< and iUi\ thus for a 

given magnitude of -r^ the corresponding term in u in (34) varies as t, and for a given 

magnitude of Ui the corresponding term in t; in (35) varies as t. When i is small the 
displacements opposite in type to the given surface displacement bear to those of the same 
type a ratio of the order hja, and so to a first approximation may be neglected ; but as % 
increases their relative importance increases, and they may not be neglected even to a 
first approximation when ikja ceases to be small. 

If we suppose i so small, or the shell so thin, that ihja is negligible, we have to a first 
approximation for simultaneous displacements U, V, W over the outer surface only 

u/U^vlV^wlW^{l'-(lh) (47). 

This signifies that the resultant displacement at any point of the thickness ia parallel to 
the applied surface displacement, and proportional in magnitude to the distance from the 
inner sur&ce. A corresponding result holds under like conditions for displacements over the 
inner sur&ce only. 

When %h/a ceases to be small it would be wise to employ the exact results (14), (15), 
(30) and (31) to ensure that terms are not omitted equal in magnitude to those retained 
in the above approximations This is especially the case when the difference of the dis- 
placements at corresponding points on the two sur£Ekces is small compared to the displace- 
ment over either surfece. 

It must also be borne in mind that taking the displacements over a surface zero is 
equivalent to supposing that surface held by the surface forces requisite to prevent dis- 
placement. Thus the cases treated above where the displacements are given over one 
surface only, and the other surface is supposed undisplaced, answer to a totally different 
set of matters from that arising when the one surface is displaced in an assigned arbitrary 
way and the other is left free of forces. This latter case seems not unlikely to be the 
more interesting of the two in practice and we shall briefly consider it presently. 

§ 51. Before doing so, however, it may be as well to point out that the solution for 
a solid sphere subjected to given arbitrary surface displacements may be deduced from 
that for a shell precisely as in the case of given forces. To get the displacements for 
the solid sphere we have only to put i = in (3), (14), (15), (30) and (31), noticing in the 
two latter equations the occurrence of 6"-**+^ as a factor in 11. 

In the case of a nearly solid shell approximate solutions may be deduced by retaining 
only the lowest powers of b/a in the coefficients of the several powers of r. This would 
be very easily done for the first two classes of displacements as given by (3), (14) and (15). 
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The formulae (30) and (31) for the third class are not so convenient for this purpose, and 
it might be found simpler to substitute in the formulae (30)— {32) Part I. the values 
found for Yi, Zi, F--i«i, iLi«, in (26) — (29) by retaining only lowest powers of hja. Little 
interest seems to attach to these results except in so far as they show that when the 
inner sur&ce of a nearly solid shell is arbitrarily displaced, the outer surfisu^e remaiiiing 
fixed, those displacements, strains, and stresses, which depend on the sur&ce displacements 
deduced from high harmonics, fall off at first very rapidly in relative importance as the 
distance from the inner surface increases, so that at a considerable distance from this 
surface the effects of irregularities in the distribution of the sur&ce displacements have 
largely disappeared. 

One surfo/ce arbitrarily displaced, the other free. 

§ 52. We need only indicate the method of treating this problem. Take for instance 
the case when the surface r = a is subjected to displacements of the third class, given say 
by the first equation of (19), the sur&ce r = 6 being fi:^e of all forces. Then we may treat 
the problem independently by determining F^, Ziy Y^i^i, ^-i-i fi^m equations (20) and (21) 
§ 44 combined with (40) and (41) of Part I. In the latter two equations we are to suppose 
the right hand sides to be zero. The solution in this case might also be deduced by 
taking (30) and (31) as they stand, but regarding [7/, T/ as unknown quantities to be 
found by equating to zero the values of rr and ri, or ??, supplied by this solution over 
r = b. 

Here we shall only determine the solution for a thin 0&ell. Suppose r^^^a the surface 
subjected to given displacements, r = a — A the tree surface* Then, using the second method 
indicated above, it is easy to deduce the approximations: 

'-''{'*'^ni)-^A}y<i*'^^'-i (*«)■ 

'-''('-^fl <«)• 

«,= r(l-f)+ ' gl (60). 

\ aj 8m d<f> a ^ 

• ^^ 

Here U, F, W are the total components along r, 0, ^ of the given arbitrary displace- 
ments on the outer surface, and Ti is the term containing sur&ce harmonics of degree i in 
the potential fit>m which arise the tangential displacements occurring under class (iii). First 
approximations to the stresses m, $$, S^ may be derived from these results. The complete 
difference between these results and those obtained for the case of one surface fixed and 
the other subjected to given displacements should be noticed. 

If the outer were the free sur&ce and the inner that displaced, the only change 
required in (48), (49), (50) would be the substitution of (- A + f ) for f, taking U etc. as 
now the displacements over the inner surface. 
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XI. On the Kinematics of a Plane, and in particular on Three-bar Motion: 
and an a Curve-tnunng Mechanism. By Professor Catlby. (Plates vi., vii.) 

The first part of the present paper, On the Kinematics of a Plane, and on Three- 
bar Motion, is purely theoretical: the second part contains a brief description of a Curve- 
tracing Mechanism, which has been at my suggestion constructed by Prof. Ewing for the 
Engineering Laboratory, Cambridge. 

Part I. 

1. The theory of the motion of a plane when two given points thereof describe given 
curves has been considered by Mr S. Roberts in his paper, *'0n the motion of a plane 
under given conditions," Proc. Lend. Math. Soc. t. m. (1871), pp. 286 — 318, and he has 
shown if for the given curves the order, class, number of nodes, and of cusps, are 
(m, n, S, k) and (m', n\ B\ k) respectively (n = m'-m-2S-8/p, w' = m'"-m--2S'-3«'), 
then for the curve described by any fixed point of the plane : 

order = 2mm', 

class as 2 {mm' + mn' -f- wmf), 

number of nodes = mm' (2mm' — m — m') + 2 (mS' + m'S), 

number of cusps = 2 (m/c' + m'/c), 

but he remarks that these formulss require modification when the directrices or either of 
them pass through the circular points at infinity. And he has considered the case where 
the two directrices become one and the same curve. 

2. It will be convenient to speak of the line joining the two given points as the 
link; the two given points, say B and D, are then the extremities of the link; and 
I take the length of the link to be = c, and the two directrices to be 6 and d ; we 
have thus the link c^BD moving in suchwise that its extremity B describes the curve h 
of the order m, and its extremity D the curve d of the order m'l in Mr Roberts' problem 
the locus is that described by a point P rigidly connected with the link, or say by 
a point P the vertex of the triangle PBD. 

3. The points By D describe of course the directrices 6, d respectively: taking on 
h a point B^ at pleasure, then if £ be at B^ the corresponding positions of D are the 
intersections of d by the circle centre Bi and radius c, viz. there are thus 2m' positions 
of D: and similarly taking on c2 a point A at pleasure, then if D be at A the cor- 
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responding positions of B are the intersections of b by the circle centre D, and radius c, 
viz. there are thus 2m' positions of B. The motion thus establishes a (2m, 2m') corre- 
spondence between the points of the directrices b and d, viz. to a given point on 6 
there correspond 2m' points on d, and to a given point on d there correspond 2m points 
on 6. Of course for a given point on either directrix the corresponding points on the 
other directrix may be any or all of them imaginary; and thus it may very well be 
that for either directrix not the whole curve but only a part or detached parts thereof 
will be actually described in the course of the motion. In saying that a part is described, 
we mean described by a continuous motion; say that the point B (the point D remaining 
always on a part of d) is capable of describing continuously a part of 6; it may very 
well happen that the point B (the point D remaining always on a different part of d) 
is capable of describing continuously a different part of b, but that it is not possible 
for B to pass from the one to the other of these parts of b without removing D from 
the one part and placing it on the other part of d, and thus that we have on b detached 
parts each of them continuously described by B; and similarly we may have on d 
detached parts each of them continuously described by D. 

4 But dropping for the moment the question of reality, to a given position of B 
on 6 there correspond as was mentioned 2m' positions of D on d, or say 2m' positions 
of the link c: in the entire motion of the link it must assume each of these 2m' 
positions, and * for each of them the point B comes to assume the position in question 
on 6; the directrix b is thus described 2m' times, that is the locus described by B, will 
be the directrix b repeated 2m' times, or say a curve of the order m x 2m', =* 2mm'. 
Similarly the locus described by D will be the directrix d repeated 2m times, or say 
a curve of the order m' x 2m, = 2mm'. 

o. In general if J3,i)i be any position of the link and if B moves fr^m Bi along 
6 in a determinate sense, then D will move from A along c2 in a determinate sense; 
and if B moves from Bi along b in the opposite sense, then also D will move from Di 
along d in the opposite sense. Or what is the same thing we may have B moving in 
a determinate sense through Bi, and D moving in a determinate sense through Di, and 
reversing the sense of ^'s motion we reverse also the sense of D's motion. But there 
are certain critical positions of the link, viz. we have a critical position when the link 
is a normal at B^ to the directrix 6, or a normal at A to the directrix d. Say first 
the link is a normal at Bi to the directrix b. The infinitesimal 
element at B^ may be regarded as a straight line at right angles to 
the link; hence if for a moment Di is regarded as a fixed point \Bi 
the link may rotate in either direction round A, that is B may 
move from Bi along b in either of the two opposite senses, say B^ 
is a "two-way point." But if on d we take on opposite sides of 
D^ the consecutive points A' and A", say A'A cuts AA at an acute angle and D"Di 
cuts it at an obtuse angle, then A' will be nearer to 6 than was A, and thus the 
circle centre A' and radius c will cut 6 in two real points A' and A" near to and 
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on opposite sides of Bi; or as D moves to Z)/, B will move from Bi indifferently to 
Bi or Bi'. Contrariwise A" w further from b than was Du and thus the circle centre 
Di' and radius c, will not meet b in any real point near to Bi, and hence D is incapable 
of moving from A u^ the sense AA^'* Or what is the same thing the described portion 
of d, which includes a point D^ will terminate at Ai or say A is a "summit" on the 
directrix d. We have thus a summit on d, corresponding to the two-way point on b. 
And of course in like manner if the link is a normal at A to the directrix d, then 
A is & two-way point on d, and the corresponding point A is a summit on 6. 

6. If the link is at the same time a normal at A to 6 and at A to d, then each 
of the points A> A is a two-way point and also a summit; or more accurately each of 
them is a two-way point and also a pair of coincident summits. 

But the case requires further investigation. Considering the position AA as given, 
we may take the axis of x coincident with this line, and the origin in suchwise 

Bi Di s s 

-H . . . . ^ 

that OAi OA are each positive and OA > OA i say we have OA « *, OA « 0, and there- 
fore 8 - iS = c. The equation of the curve 6 in the neighbourhood of A is y' » 2p (x - /3), 
where p is the radius of curvature at A> assumed to be positive when the curve is 
' convex to 0, or what is the same thing when the centre of curvature B lies to the 

right of A {OR — OA "^ +) i and similarly the equation of dC in the neighbourhood of A 
is j/^^ia^x — S) where c is the radius of curvature at A assumed to be positive when 
the curve is convex to or what is the same thing when the centre of curvature 8 lies 
to the right of A (Oflf-OA = +). 

Consider now (xi, yO the coordinates of a point on b in the neighbourhood of A> 
yi*^2p(xi^fi), and taking B at this point, let (x^, y,) be the coordinates of the corre- 
sponding point D on d in the neighbourhood of A> yi* = So- (a^ — S). We have 

c» = (a^-aJk)«-f(yx-y,A 
j and here ^~^'*"2^'^~^'*'2^* 

I whence «4« = /9' + ^*. a,^ = fiB + l^ + \^ , s,'^S' + ^\ 

p z p Z iT c 

i 

The equation thus becomes 

, (S-i8)« + ^'08-.S) + ^\S-i8) + (y,-y.)««c», 

I that is yi*(l + ^)-2yd^. + y.*(l + ^^ = 0, 

a quadric equation between yi and y,. Evidently if we had taken D a point on d, 
coordinates (x^, y,) in the neighbourhood of A and had sought for the coordinates (x^, y^) . 

I of the corresponding point J3 on 6 in the neighbourhood of Ai ^^ should have found 

i the same equation between j/i and y,. 
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7. The equation wUl have real roots if 

viz. p, c the same sign, this is p<r>(p + /3'-S)(a + S^ /S), 
but p, a- opposite signs, then pa < (/> + ^ — S) (o- + S — i8). 

These conditions may be written 

(OJJ-O£0(O/8f-OA)-(OiS-O5|)(O-B-OA)> or < 0, 
that is (08 - OB) {OD^ - OB^) > or < 0. 

But we have OA - OB^ = +, and therefore, p, a the same sign, the condition of reality 
is 08>0B, i.e. 8 to the right of B; but p, a opposite signs, the condition of reality is 
08<0B, ie. 8 to the left of B. Observe that 8 lying to the left of B, we cannot 
have p = — , o" = +, and that the second alternative thus is p = +, o* =» — , then 08 < OBy or 
iS lies to the left of B. 

The condition was investigated as above in order to exhibit more clearly the geo- 
metrical signification, but of course the original form or say the equation 



-^^')o-'-^^^ 



P 
gives at once ^(S + o--/8-p) = +. 

8. Writing the quadric equation in the form 

we have (l - ^) yi= jl ± V £.(<' + '^ " P)} tf*' 

the two values of y, : y, will have the same sign or opposite signs according as 

c c 

I — and 1 + - have the same sign or opposite signs, and in the case where these 

have the same sign, then this is also the sign of each of the two values of yi : y^ 

Or what is the same thing if 1 — and 1 + - are each of them positive, then the two 

p <r 

c c 

values of yi : y, are each of them positive ; if 1 — and 1 + - are each of them negative 

p a 

then the two values of yi : y, are each of them negative ; and if 1 — and 1 -h - have 

p a- 

opposite signs then the two values of y^ : y, have opposite signs. Considering the different 
cases p, <r = + +, +— , , we find 

p, o- = + +, then values of y^ : y, are + -f or , according as DB, B£> are + + or . 

pt a-^A — „ „ ,9 » » ^B, 8B „ „ 

p> o" = » » >» » . » BD, SB „ „ 
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and in each case values of i/i : y^ are H — if the two distances referred to have opposite 
signs : DR = + means that i2 is to the right of, or beyond, D, and so in other cases. 

9. The different cases, two real roots as above, are 



p, <r = + + 



p, <7 = + - 



5, <7 = I 





S 


8 


8 




R 


8 


R 






8 


R 




8 R 




R 8 






M 


8 





» ± . 
-yi:yt = + + ^ 
„ ± 
„ ± 

yi:y. = + + 
„ ± 



Obviously the cases p, o- = , correspond exactly to the cases p, o- = +, + ; the only 

difference is that the concavities, instead of the convexities, of the two curves are turned 
towards the point 0. 

10. If the two roots of the quadratic equation are imaginary, then B^Di is a con- 
jugate or isolated position of the link, and Bu A &]^ isolated points on the curves 
b and d respectively. 

11. If the roots are real, then the three cases y^ : yi = + +, and +— , may be 

delineated as in the annexed figures, viz. taking in each case yi as positive, that is 
imagining B to move upwards £rom A through an infinitesimal arc of 6, then D moves 
fix>m A through either of two infinitesimal arcs of c2, both upwards, both downwards, or 
the one upwards and the other downwards, as shown in the figures 



yi : yt = + + 



Vi : yi = -- 



Di 



1_ 





yi : y. = ± 






B\ 


Bi 




B, 



and where it is to be observed that reversing the sense of the motion of B firom A 
we reverse also the senses of the motion of D from A ' moreover that considering D 
as moving through an infinitesimal arc of d from A we have the like relations thereto 
of the two infinitesimal arcs of h described by B from A* Thus the points A ^^^ -^i 
are singular points of like character. 

If yi • yi = + +> we may say that A (or A) is a for-forwards point ; if yi : yi = , 

then that A (or A) is ^ back-backwards point ; and if yi : y^ = ±, then that A (or A) 
is a back-forwards point 

Vol, XV. Part IV. 52 
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12. The separating case between two imaginary roots and two real roots is that of 
two equal real roots: the condition for this is B + a-^fi + p, that is OS^OR, or the two 
centres of curvature are coincident; the characters of the points Bi and A would in 
this case depend on the aberrancies of curvature of the curves b and d at these points 
respectively. If each of the curves is a circle, then the curves are concentric circles, and 
the link BD moves in suchwise that its direction passes always through the common 
centre of the two circles — or say so that BD is always a radius of the annulus formed 
by the two circles — and for any position of BD, the two extremities B, D are related 
to each other in like manner with the points Bi and A* Thus in this case there are 
no singular points B^ and A to be considered. 

13. In the case where the curves 6, d are circles we have three-bar motion: say the 
figure is as here shown; I take in it b,d for the radii of the two 
circles respectively and a for the distance of their centres ; viz. we 
have the link BD^c, pivoted at its extremities to the arms or 
radii AB^^b, and ED — d^ which rotate about the fixed centres 
A, E Kt 2l distance from each other = a. Here a, 6, c, d are 
each of them positive; a, 6, d may have any values, but then 
is at most = a + 6 + d, and if a>b •\- d then c is at least 
= a — 6 — ci ; but if a = or < 6 + d, then c may be = 0, viz. it may have any value fi^m 
to a+6 + ct And in either case there ynW be critical values of c. The cases are very 
numerous. To make an exhaustive enimieration, we may assume d at most = 6, and in 
each of the two cases d<b and d = 6, considering the centre of the circle d as moving 
from the right of the centre of the circle b towards this centre, we may in the first 
instance divide as follows : 





d<b 

d exterior to fr, 

„ touches it externally, 

„ cuts it, 

„ touches it internally, 

„ lies within it, 

„ is concentric vdth it. 



d^b 
d exterior to 6, 
„ touches it externally, 
„ cuts it, 

„ is concentric and thus coinci- 
dent with it; 



and then, in each of these cases, give to the length c of the link its difiFerent admissible 
values. 

14. Considering the case rf < 6, then we have (see Plate VL), exterior series, the 
figures 1, 1—2, 2, 2—3, 3, 3—4, 4, viz. 
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fig. 1, 


o — a — b — d. 


1—2, 


„ intermediate, 


2, 


o = a — b + d, 


2-3. 


„ intermediate, 


3. 


c = a + 6 - d, 


8-4, 


„ intermediate, 


4, 


„ = a + b + d. 



15. In figure 1, the curves described by the extremities B and D respectively are 
each of them a mere point. 

In figure 1 — 2, we have a + d > 6 -f c and a + b>d + c. Hence in the course of the 
motion the arms 6, c come into a right line, giving a position BiDi of the link, where 
£i is a two-way point on 6 and i)/ a summit on d; or rather there are two such 
positions symmetrically situate on opposite sides of the axis Ax. And again in the course 
of the motion the arms d, c come into a right line, giving a position 5/A> where Di 
is a two-way point on d and Bi a summit on 6; or rather there are two such positions 
symmetrically situate on opposite sides of the axis Ax. Only an arc of the circle b is 
described, viz. the arc adjacent to d included between the two summits 5/ on b; and 
in like manner only an arc of the circle d is described, viz. the arc adjacent to b 
included between the two- summits Di on d. The described portions on b smd d re- 
spectively are to be regarded each of them as a double line or indefinitely thin bent 
oval: and it is to be observed that for a given position of B (or D) there are two 
positions of the link BD, each of these positions being assumed by the link in the 
course of its motion. 

16. In figure 2 the two positions B^Di of the link come to coincide together in 
a single axial position BD, but we still have the other two positions J3/A of the link, 
where B/ is a summit on 6, and A a two-way point on d. As regards BD, this is 

the configuration p, o* == , R, B, S, D : yi : j/^— ±, and thus each of the axial points 

j8, i) is a back-and-forwards point. Thus only the arc B'Bi of the circle b is described 
by the point B, but the whole circumference of the circle d is described by the point D. 
If we further examine the motion it will appear that as B moves from the axial point B 
say to the upper summit Bi and returns to B, then D starting from the axial point 
D may describe (and that in either sense, viz. yi — +, then we have y, = ±) the entire 
circumference of d, returning to the axial point D; and similarly as B moves from the 
axial point B to the lower summit Bi and returns to B, then D starting as before 
from the axial point D may describe (a/nd tha;t in either sense, viz. yi = — , then we have 
y% = ±) the entire circumference of d, returning to the axial point D. It is thus not the 
entire arc BiBi but each of the half-arcs BBi which corresponds, and that in either of 
two ways, to the circumference of d. 

17. In figure 2—3, there are four critical positions A' A (forming two pairs, those 
of the same pair situate sjrmmetrically on opposite sides of the axis Ax), where as before 

52—2 
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£/ is a summit on b, and A a two-way point on d. The described portions of 6 are 
the detached arcs BiBi between the two upper summits, and £/£/ between the two 
lower summits: the described portion of (2 is the whole circumference. In fact attending 
to one of the arcs on b, say the upper arc BiBi, as B moves from one of the summits, 
say the left-hand summit Bi, and then returns to the left-hand summit Bi\ then D, starting 
from the corresponding two-way point Dj, may describe, and that in either sense, the 
entire circumference of c2, returning to the same point A; and similarly as B describes 
the lower arc -B/JS/, starting from and returning to a summit, then i), starting from the 
corresponding two-way point A* ^aay describe, amd ihcxb in either sense, the entire cir- 
cumference of d, returning to the same two-way point A. 

18. In figure 3, two of the positions JS/A have come to coincide together in the 
axial position BD, but we still have the other two positions BiD^, where 5/ is a sununit 
on b, and A a two-way point on d. As regards the axial points B, D, this is the 
configuration p, o- = + -*-; A -B, A S\ Jfi : ya=±, viz. each of the points B, D ia a, back- 
and-forwards point. The two detached arcs A'A' of b have united themselves into a 
single arc A'A^ which is the described portion of b; the described portion of c2 is as 
before the entire circumference. It is to be observed (as in fig. 2) that properly it is 
not the entire arc BiBi but each of the half-arcs BBi which corresponds to the entire 
circumference of d. 

19. The figure 3 — 4 closely corresponds to fig. 1 — 2, the only diflFerence being that 
the arcs A'A' and A'A' which are the described portions of b and d respectively (instead 
of being the nearer portions, or those with their convexities facing each other) are the 
further portions, or those with their concavities facing each other, of the two circles 
respectively. 

Finally in fig. 4, the described portions of the two circles reduce themselves to the 
axial points B and D respectively. 

20. Still assuming d<b, and passing over the case of external contact, we come to 
that in which the circles intersect each other; but this case has to be subdivided: since 
the circles intersect we have b + d>a, consistently herewith we may have 

6, d each < a. A, E each outside the lens common to the two circles, 

b = a, d<ay A outside, E on boundary of the lens, 

b>a, d<a, A outside, E inside the lens, 

6 > a, d = a, il on boundary of, E inside the lens, 

6, d each > a. A, E, each inside the lens ; 

and in each case we have to consider the different admissible values of c. I omit the 
discussion of all these cases. 

21. Still assuming d<b, and passing over the case of internal contact, we come to 
that of the circle d included within the circle b: we have here again a subdivision of 
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cases; viz. we may have d>A, that is A inside d, d — A, that is il on the circumference 
of d, or d< a, that is A outside d. The critical values of c arranged in order of in- 
creasing magnitude in these three cases respectively are 



d>a 


d = a 


d<a 


b-d-a, 


6 -2d, 


b-d-a. 


b-d + a. 


b, 


b + d-a, 


b + d-a, 


b. 


b — d + a. 


b + d+a, 


b + U, 


b + d + a. 



I attend only to the first case; we have here (see Plate VII), interior series, the 
figures 1, 1—2, 2, 2—3, 3, 8—4, 4, viz, 

fig. 1 c = 6 — d — a, 

1 — 2 „ intermediate, 

2 c = 6 — d + a, 

2 — 3 „ intermediate, 

3 c = 6 + d — a, 

3 — 4 „ intermediate, 

4 c = 6-fd + a. 

22. In figure 1 the curves described by the points BiD are each of them a mere 
point. In figure 1 — 2, we have two critical positions JS/A situate symmetrically on 
opposite sides of the axis, Bi' being a summit on &, and A a two-way point on d, 
and moreover two critical positions BiDi situate symmetrically on opposite sides of the axis, 
J?i being a two-way point on b, and A' a summit on d. The described portion of 6 
is the arc -B/-Bi'> aad the described portion of d is the arc A'A', these two arcs being 
thus the nearer portions of the two circles respectively. 

23. In figure 2, the four critical positions coalesce all of them in the axial position 
BD; the described portions are thus the entire circumferences of the two circles re- 
spectively. This is a remarkable case. The configuration is p, o-== + + ; B, D, R, S; 
yi ' yi =• + +. Imagine D to move fi:^m the axial point i) in a given sense round the 
circle d, say with uniform velocity, then B moves firom the axial point B in the same 
sense btU with eitiier of two velocities round the circle 6; one of these velocities is at 
first small but ultimately increases rapidly, the other is at first large but ultimately 
decreases rapidly, so that the two revolutions of B firom the axial point B round the 
entire circumference to the axial point B correspond each of them to the revolution of 
D firom the axial point D round the entire circumference to the axial point D. And 
similarly if we imagine B to move in a given sense from the axial point B round the 
circle 6, say with uniform velocity, then D moves from the axial point D in the same 
sense but with either of two velocities round the circle d: one of these velocities is at 
first small but ultimately increases rapidly, the other is at first large but ultimately 
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decreases rapidly, so that the two revolutions from the axial point D round the entire 
circumference of d to the axial point D correspond each of them to the revx>lution from 
the axial point B round the entire circumference of 6 to the axial point B, 

24. In figure 2 — 3 there are no critical positions, the described portions of the circles 
6, c2 are the entire circumferences of the two circles respectively, these being described 
in the same sense, by the points B and D respectively. It is to be observed that to 
a given position of B on 6, there correspond two positions of D on d, or say two positions 
of the link, but the link does not in the course of its motion pass fr^m one of these 
positions to the other; the motions are separate from each other, and may be regarded 
as belonging to different configurations of the system. And of course in like manner to 
a given position of D on d, there correspond two positions of B on 6, or say two positions 
of the link : we have thus the same two separate motions. 

25. In figure 3 the critical axial position BD of the link makes its appearance, the 
described portions are still the entire circumferences of the two circles respectively. As 
the point D is here to the left of the point B we must take the origin to the right 
of J5, and reverse the direction of the axis Ox ; the configuration is thus p, <r = -f -, 

B, S, M, D; yi : yj = . Everything is the same as in fig. 2 except (the signs of yj : y, 

being, as just mentioned, ) that the motions in the circles b and d instead of being 

in the same sense are in opposite sense, viz. as D moves from the axial point D in 
a given sense round the circle d to the axial point D say with uniform velocity, then 
B moves from the axial point B round the circle b in the opposite sense, and with either 
of two velocities; and similarly as B moves from the axial point ^ in a given sense 
round the circle b say with uniform velocity, then D moves from the axial point D round 
the circle d in the opposite sense, and with either of two velocities, 

26. In figure 3 — 4 we have again the two critical positions B^Di symmetrically situate 
on opposite sides of the axis, fi/ a summit on 6, Di a two-way point on d : and also 
the two critical positions BJ)i symmetrically situate on opposite sides of the axis, Bi a two- 
way point on 6, Dx a summit on d. The described portion of 6 is the arc £/£/, and 
the described portion of d the arc DiDi, these arcs being thus the further portions of 
the two circles respectively. 

Finally, in figure 4 the described portions reduce themselves to the two points B, D 
respectively. 

27. The several forms for d — b can be at once obtained from those for d<b\ the 
only difference is that several intermediate forms disappear, and the entire series of divisions 
is thus not quite so numerous. 
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Part II. 

1. The curve-tracing mechanism was devised with special reference to the carves 
of three-bar motion, viz. the object proposed was that of tracing the curve described by 
a point K of the link BD, the extremities whereof B and D describe given circles re- 
spectively, or more generally by a point K, the vertex of a triangle KBD, whereof the 
other vertices B and D describe given circles respectively, and that in suchwise that the 
points B and D might be free to describe the two entire circumferences respectively: but 
the principle applies to other motions, and I explain it in a general way as follows. 

2. Imagine the cranked link BD, composed of the bars B^ and DS, rigidly attached 
B^ to the top and Z)S to the bottom of the cylindrical disk K (this same letter K is 
used to denote the axis of the disk), and where B^ and Dh may be either parallel or 
inclined to each other at any given angle, so that referring the points S, if , Z) to a hori- 
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zontal plane BKD is either a right line, or else K is the vertex of a triangle the other 
vertices whereof are B and Z). The disk K, with the attached bars B^ and DS, moves 
in a horizontal plane: and if the motion of the point B be regulated in any, manner by 
a mechanism lying wholly below B and supported by the bed of the entire mechanism, 
and similarly if the motion of the point D be regulated in any manner by a mechanism 
lying wholly above D and supported by a bridge of sufficient length (resting on the 
bed of the entire mechanism), then the disk K moves in its own horizontal plane un- 
impeded by other parts of the mechanism: and if we fit the disk iT so as to move 
smoothly within a circular aperture in the arm of a pentagraph, then the pencil of the 
pentagraph will trace out on a sheet of paper the curve described by the point K on 
the axis of the disk, or say by the point K of the beam BKD. Of course for the 
three-bar motion, all that is required is that the point B shall describe a circle, viz. it 
must be pivoted on to an arm AB, which is itself pivoted at -4 to the bed: and that 
the point D shall describe a circle, viz. it must be pivoted on to an arm DE, which is 
itself pivoted at J? to the bridge. Special arrangements are required to enable the variation 
of the several lengths AB, BK^ KD, DE and ED, and the mechanism thus unavoidably 
-assumes a form which appears complicated for the object intended to be thereby eflfected. 
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3. The form of Pentagraph which I use consists of a parallelogram ABCD, pivoted 
together at the points A, B, C, D, the bars AD and EC being above AD and BC. There 
is a cradle 69^, rotating about a fixed centre, and which carries between guides the arm 
AD^ which has a sliding motion, so that the lengths OD and OA may be made to have 
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any given ratio to each other. Above the bar DC and sliding along it we have the arm 
KL (where K is the circular aperture which fits on to the disk K of the cranked link): 
and above AB and sliding along it we have the arm MF which carries the pencil P: 
of course in order that the pentagraph may be in adjustment the points K, G, P must be 
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XII Examples of the application of Neuron's polygon to the theory of singular 
points of algebraic functions. By H. F. Baker, M.A., Fellow of St John's 
College. 



INTRODUCTION. 

Apart fix)m its interest in the theory of plane curves, the theory of the multiple 
points is a convenient preliminary to the study of algebraic functions. We may of 
course suppose every algebraic curve to be beforehand transformed into one possessing 
only ordinary double points. But this transformation is one which it is not in general 
possible to carry out practically. 

Cayley's rules for any singularity whatever have been amply justified in many sub- 
sequent papers. But in all these a good deal of calculation is necessary to obtain the 
series used and the final result. We naturally seek to find a method for evaluating a 
multiple point which shall appeal more directly to the explicitly given coefficients of the 
curve upon which these series depend. The following paper gives some rules which are 
effective in a very large number of cases — founded upon a consideration of Newtons paral- 
lelogram. The deficiency of a curve and the equivalent number for any multiple point 
is determined by counting the number of unit points within a certain polygon which can 
be immediately constructed fi'om the equation of the curve. I have sought to give typical 
examples used in other papers as illustrations of other methods and shew the application 
of the present rules to them. 

For convenience the paper is separated into six parts. In the first part it is shewn 
that Abel's determination of the deficiency of a curve admits of an immediate graphical 
interpretation. In the second part that this graphical result is in accord with the theory 
of Abelian integrals — the deficiency being defined by the number of integrals of the first 
kind that are linearly independent and the explicit form of these integrals determined. 
Cayley's rules appear thus as following fi*om Riemann's number associated with the con- 
nectivity of his surface. The general values of thj3 coefficients of the curve thus fiw 
accepted are in Part III subjected to certain restrictions of frequent occurrence and a 
graphical rule given for the necessary correction. These rules are applied in Part IV 
to various examples ; among them is a consideration of Weierstrass' normal form of curve 
of which the corresponding Riemaim surfiEu;e has a branch point at infinity in which all 
the sheets are included. And it is proved that the number of orders of integral algebraic 
Vol. XV. Part IV. 53 
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fdnctions that are not integrally expressible is the same as the number of double points 
of the normal ourve. 

This part may serve as the beginning of a commentary on Kronecker's paper 
(OreUe, 91). 

Part y is devoted to shewing that the quadratic transformation applied by Cramer 
and Noether is in direct connection mth the graphical rules previously given. A par- 
ticular monomial transformation obtainable by a succession of such quadratic transforma- 
tions is employed in Part VI, to the example given by Noether in exposition of his own 
method, and to transform any curve to one whose only singularities are at infinity. 

The main result of Part II, found in August 1892, was given, not quite correctly, 
in the Mathematical Tripos, Part IL of this year. This result enables us in all cases to 
specify immediately an upper limit to the deficiency of any given curve and a lower limit 
to the equivalent numbers of any of its multiple points. Cayle/s 
rules of course apply to all possible cases — ^the rules given here for 
the exact values of the deficiency etc. may fail for particular values 
of the coefficients of the curve. In the simple case of a curve 
wherein all the terms are present, say for instance the quartic curve 
the deficiency 3 is the same as the number of unit points entirely 
within the triangle ABC in the diagram which represents all the terms 
of the curve in Newton's manner. 

In case the constant t^rm and the terms x, y, be absent, in which case there is 
a double point at the origin and the deficiency is 2, we have the 
second figure, having as before a number of interior points equal to the 
deficiency. The same is true when the terms in xj/, y* are absent. 
This illustrates the general inile obtained here. 

It may be remarked that Part I. is added for the sake of 
completeness : and the results of it not assumed in what follows. 
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PART L 

On AbeVs expression for the least number of sequent intersections of a curve with a variable 

curve. 

In the PhU. Trans, of the Royal Society [1881] Mr Rowe has given an exposition of 
Abel's great paper {Collected Works, 1881, page 145) upon the sums of integrals related 
to a plane curve. Part of this paper is occupied vdth the determination of what 
Prof. Cayley, in an appendix to Mr Rowe's paper, proves to be, in general, the deficiency 
of the fundamental curve. The subtlety of the method employed by Abel in this part 
of his paper will justify the following diagrammatic interpretation of the algebra employed. 
It would not be wonderful indeed if some such method were in the mind of AbeL I 
have preferred to give by the way enough account of Abel's method to make the advantage 
of the present representation obvious. 

If we have a curve 

X (y) = y* +i>»-i y*"' + i>n^ j^ + — +i>o, 

and any associated curve, this latter can in all' cases so £ar as its intersections with x(y) 
are concerned be taken in the form 

wherein qn^i, qnr^,,.., q^ are integral functions of a? of at present unassigned order, whose 
coe£Bcients are to be regarded as variable and independent, 

then, denoting by yi, y2,*-*yn the n roots of x(y) = for any value of a?, the 
expression 

JS:^0(yd.0(y,)...0iyJ 

gives the abscissae of the (finite) intersections of these curves, and the number of these 
intersections is equal to the degree of E in a. If then one of the roots of x(y), when ex- 
panded in descending powers (supposed positive), begin vdth the term in of, and 0y denote 
the highest power of a? in 0y when a^ is written for y, this degree of E may be denoted 
by 2%. 

In what follows we desire to determine how many of the intersections of x!f ^^d 0y 
are determined by the others. It is clear in fact that as many points of 0y, upon %y, can 
be determined as there are assignable constants in 0y, and that the remaining intersections 
of 0y with xy ^^ determined by the values assigned to these coe£Bcients in 0y, and these 
remaining intersections alter in a definite way when the coe£Bcients of ^ are altered. 
Since now there are in 0y effectively 

5,^1 + l + 5fi-.+ l + -- +§0 + 1-1 
= 25 + w — 1 coeflScients, 
where q means the degree o( q in x, 

53—2 
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it follows that the intersections of dy with x^ which are determined by the others are in 
number 

In what follows we seek by a proper choice of the terms and degrees in ^y to make this 
expression as small as possible. 

Suppose that the initial terms in the expansions of y,, y,, ...y^, consist of 
nifti terms of the forms A-^af^ A^\ ... , A^, af^^, 
7i,/i, terms of the forms y^B^of\ Bfi\ ... , 5„^a^» 
&c. 
where ni/Aj + »^,+ ... =n, 

0*1 > <f% ><rt> .... 

Then when we substitute in ^y, y^a?^, there will be in general one term wherein the 
resulting power of a; is highest. 

Denote this term by oi-^ y^ where [pj is another notation for the highest power of x 
in g. . In the same way the term which gives the highest power of a, when in ^y ^s is 
written for y, is denoted by o^y^y and so on. 

Abel proved that it is possible to arrange the degrees and the coefficients in 0y 
so that 

pi is one of the indices n-1, n— 2, ... , n — n^/Aj, 

/jj is one of the indices w— nj^ — 1, n-nj/Ai — 2, ... , n — n^ — n^^. 



and he works out the least value of the number of 'sequent' intersections of %y and 0y 
on this hypothesis. We shall follow him. 

Imagine that we have a plane of rectangular coordinate axes, the positive quadrant 
of which is ruled with lines parallel to the axes at unit distances apart, and let every 
term of 0y be represented on this chart, the term a?*y* being represented by the point 
whose abscissa is h and whose ordinate is h. Thus we shall have q^^i + 1 terms on a 
line parallel to the axis of x at distance n — I from it, representing the terms in dy 
which were written 5^«^iy^\ and so on. Of these points we shall only here be con- 
cerned with those, on the various lines parallel to the axis of x, which are furthest from 
the axis of y. The power of x arising from any term in 0y when x^ is written for y 
is easily constructed graphically by drawing through the point of the chart that represents 
that term of 6y a line whose positive direction makes with the negative direction of 

the axis of y the angle (for the present assumed to be between and ^^jtan"*©-. The 

distance of the point in which this line meets the axis of x from the origin is the power 
of X arising from the term of 6y considered: and to say that the term x^f^ gives the 
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highest power of x when y is written af\ is to say that, if through the point of the chart 
whose coordinates are [pi], pi, there be drawn a line whose positive direction makes with 

the negative direction of the axis of y the angle tan~*<ri (between and ^j, and a 

parallel line be drawn through eveiy other representative point on the chart the first 
drawn line will meet the axis of x further from the origin than all the points in which 
the other lines meet the axis of x. Let the point [/di], pi be called B^, [/oj, p, be called 
iZs, and so on, and let the line parallel to the axis of x at distance I be called Z^. Then 
as we have said Abel shews that the point iZi may be taken to be on one of the lines 
Kr-ii ^»-fl» ••• ^ti^-n,Mi- These lines we shall call the first set — and so for each of the following 
sets. Suppose now that a line a^ is drawn through J2i, and a line a-^ drawn through 
i2s, and so on. [By a line ai we mean a line making an angle tan~Vi with the axis of y, 
as previously explained.] These Jines form with the two axes of coordinates a closed 
polygon, and it is obvious that the expression of the characteristic property of the points 
J2i, iZa, ... is that all the lines RiB^y R^,.,. shall lie within this polygon. This is the 
expression of Abel's conditions 

O-j > Ti > O-j > Ta > . . . 

it =1—1 

l>r] = [Pi]+ 2 T«(p«-/)^i), 

«b1 

Tr being the tangent of the angle which jRr-R,-+i makes with the negative direction of the 
axis of y, and is obviously sufficient to ensure that the term corresponding to R^ gives a 
higher power of x than either of the terms corresponding to iij, iZs, ••• for y = x^\ and that 
the term corresponding to R^ gives a higher power of x than the terms corresponding to 
Bi, iZs, ••• for y = aF\ and so on. 

Consider now R^. We have to ensure that for y^of^ this shall give not only a 
higher power of x than the term corresponding to iJ„ but shall also give a higher power 
of X than every other term in the set to which J2, belongs. Abel shews that the analjrtic 
condition for this can be reduced to the two following criteria: 

(1) that the term R^ for y^of^ gives a higher power of x than y^afr gives in each 
of the terms of the following set (r + 1) only; ^ 

(2) that y^of^ gives for the term R^ a higher power of x than it gives for any of the 
terms of the previous set (r — 1). 

And it is easy to see that these conditions are sufficient. For suppose the first 
satisfied. Imagine lines drawn through all the points of the set (r+1) parallel to tTr 
and a line parallel to these drawn through Rr, By hjrpothesis this last line meets the 
axis of 07 at a point further from the origin than any of the other lines do. If now all 
these lines be turned to a greater inclination with the negative direction of the axis of y, 
into the direction Cr-.^ each about the point through which it was drawn, this statement 
will remain true — namely, the line drawn through the point Rr parallel to o-^i is further 
from the origin than the parallel lines drawn through the points of the set (^ + 1). 
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Therefore the line through the point Br-i parallel to a-r^i which by hypothesis is further 
firom the origin than the parallel line through JRr is also further fix)m the origin than the 
parallel lines through the points of the set (r + 1). Continuing thus we can shew that for 
all values of 8 less than r + 1> the line through R, is further from the origin than the 
parallel lines through the points of the set (r + 1). Supposing next that the second con- 
dition is satisfied, namely that the line through Rr parallel to cr^ is further from the 
origin than the parallel lines through all the points of the set (r — 1), and supposing 
all these lines turned about their respective points to a less inclination with the negative 
direction of the axis of y, so as to become parallel to ar+n the line through Rr will remain 
the furthest from the origin. But now the line parallel to a-r+i is by hypothesis further 
from the origin than the line through Rr and is therefore also further from • the origin 
than the parallel lines through all the points of the set (r — 1). Continuing thus we can 
shew that the line through Rg where «>r — 1 is further from the origin than the parallel 
lines through the set (r — 1). 

Thus we have only to consider how to satisfy conditions (1) and (2) for all values 
of r. The first condition clearly is that all the points in the set (r + 1) lie on the same 
side of the line through Rr parallel to cr^ as does the origin. While the condition that 
Rr+i corresponds to the highest term in a? for y = x^^\ of the set (r + 1), requires that 
all the terms of the set (r + 1) lie on the same side of the line a-r+i through Rr+i as does 
the origin. We see in fact that the conditions only are that all the points must lie within 
the polygon, and further that this is perfectly obvious geometrically without the cumbrous 
interposition of the conditions (1) and (2). 

Considering now again our expression 

it is clear that the first nif^ factors give rise to the same power of a? as their highest 
power of a, namely the power [pil + piCi. For (ft was the highest power of a? in each of 
yii yi>«--y»»M.- W® shall therefore have in the summation S^y, Uifji^ terms each equal to 
[pil + piCi^ But it is convenient to write each of these 7ii/*i terms in a different way, 
thus 

Let jo^.y*' denote the general term corresponding to the first set on our chart, so that 
«! is in turn equal to n— 1, w — 2, ... w — rii^i. The degree of the term j«,.y*» for y = a^» is 
[(ti] + a^o'i where [a J means the degree of g«,. We denote the difference 

|>i] + /ho-i - [aj - aio-i by i).. , 
which gives [/>i] + /)iO-i = [aJ + ajcri+Z)^, 

and this is the substitution which for the n^fii values of fti we make for the nifii terms 
of the form [/oj + pio-i arising in 25y. And the part contributed by these terms to the 
summation S^ — S9, since the values of q entering here have also been denoted by 
[aJ, is 

0-1 2 01 + 22).,. 
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The whole expression S% — S; can therefore be written 

And SfO'r • ^•Clr, writing mr = Crflr, 





+ 




+ Tlr^ 




+ 


Consider now 27)a^. 




We have 


i>a,= [Pr]-[ 



r — ^J 

r rirfir + 1"! 



= [Pr] - [Or] + integral part of (pr-Or) — 

+ fractional part of ^'-''^^^^ , 

this fractional part being taken positive. 

And Da^ may be constructed graphically by drawing a line through the point [a,.], Or 
parallel to o-^ to meet the line y^pr» say in Ar* The line ArRr is jDo, (and by the definition 
of i2y. is necessarily positive and has a positive integral pai-t). Since now it is our endeavour 
to make lOy — X^ as small as possible, and since the other part in the expression for this, 
namely ^c^jir has a definite value prescribed by the curve % ^^ shall make our sum- 
mation X% — S^ as small as possible if we make the part SDo^ as small as possible. We 
may agree then first of all that the integer part of Do, shall vanish, and we may notice 
here that this uniquely prescribes the chart-point (of 0y) upon the line y^Or lying furthest 
from the axis of y, namely thus, — ^imagine a line keeping always parallel to o^r to move 
firom the position in which it passes through Rr towards the origin, then the first unit 
point it reaches upon the line ysOr is the point prescribed. 

And S fractional parts of 

and this has a value dependent on the curve x ^^7* 
Thus on the whole 
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has for its least possible value 

r=l 

and n = Sn/x, 

and this is the number of 'sequent* intersections; and we may bear in mind that this 
number was diminished by taking the curve Oy such that the quantities D were all 
less than 1. 

But it should be noticed that this enumeration takes no count of possible infinite 
intersections. It is in fiwt to be afterwards shewn that our conditions D.<1 are 

a,. 

equivalent to prescribing a certain number of points at infinity on 0y. So that the 
curve 0y is not only specialised by the supposed prescribed values given to the 2^ + n — 1 
coefficients left in it, but also by the prescription of these infinite points. 

Returning now to the polygon formed by the lines a-i, a^, ... its construction contains 
necessarily a very large amount of arbitrariness. Writing for shortness 

ri, r„ ... for [pi], |>,], ... respectively, 

the points (ri, p^, (r,, />,), ... are first to be taken arbitrarily, save only that pi is to 
be one of the numbers n — 1, n— 2, ... , w — rii/ii, p^ one of the numbers 

n — rii/Ai - 1, ... , n — riifi^ — w^ , etc., 

and Ti is to be sufficiently great for the line ai through R^ or (rj, p^ to meet the axis 
of y beyond the point (0, n — 1) — though the contrary only means that jn-i is identically 
zero. Then (r,, p,) must be taken consistently with a certain condition that may be 
thus expressed: 

Denote the intersection of the tr^ line through R^ and the <r, line through 12, by Ki — and 
suppose first that the line y = 7i — Wi/ai — 1 meets these o-^, <r, lines at points further from 
the axis of x than K^ is, say in A^, A^ respectively. Then A^A^ must be less than 1. 
This is required by the condition, which was necessary to make our quantities D^ < 1, 
that the curve points of furthest from the axis of y and belonging to the second set 
should all be at less than unit distance measured parallel to the axis of ^, from the <r^ line, 
combined with the condition that these points must be within the polygon. Or supposing 
next that the line y:=n~n,/ti+l meets the cti, <r, lines in points not so distant from 
the axis of a; as the point K^ is, say £i, B^ respectively, then BiB^ must be less than 1, 
for a similar reason. This condition ensures that the points in which y^n — UifUi meets 
the 0*1, <r, lines shall not be beyond a certain limit of distance from the point K^. It 
is of course easy to express this condition analytically — and a similar condition must 
obviously be satisfied at each angular point of the polygon. 

We should next remark that the conditions Dg,<\ together with the other conditions 
for 0y are really equivalent to prescribing that our curve dy shall behave as an 'adjoint' 
curve at the multiple points of XH ^^^^ ^^^ ^^ infinity. This is really obvious from 
Cayle/s proof that the number of ' sequent ' points given above is the deficiency of the 
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curve XH' ^^^ ^® know that the number of sequent intersections of a non-adjoint 
curve with a curve XH having S double points and k cusps is the deficiency -hS + ifc. 
And it is assumed in Cayley's proof that the curve XH ^^ ^^ finite singularities We 
shall moreover give an independent proof of the fact that the expression found above 
for the number of sequent points is in general the deficiency of ^y (Part 11. of present 
paper). 

We proceed now to shew that the above expression for the number of sequent points is 
capable of a certain graphical interpretation. 

Suppose as before a plane of rectangular axes to have its positive quadrant ruled 
with lines at unit distance apart parallel to the coordinate axes. Let the intersections 
of these lines be called unit points. Join now the points (o, n), {fhTOi, n — rii^ by a 
straight line. This will be parallel to the Ci line before spoken of and will contain, 
counting the end points, ni + 1 unit points. We shall denote the coordinates of the ex- 
tremities of this line by (a;b> yo) c^d {a\j j/i) and call them P^, Pi. Join Pi to the point 
(«i, y«) where oi = ni7»i + w,7iij, yi = n-n,/Ai-n^,. Denote (a?,, y,) by P,. P^P^ will be 
parallel to the o-, line before mentioned, and contains, counting the end points, n,+ 1 unit 
points. Proceeding thus we shall get a polygon whose sides are the two axes of co- 
ordinates, and lines parallel to the a^, tr^, a^y ... lines. We may call the number of these 
latter lines k+l, so that the last of them is PuPm+u P^+i being (a^+u yifc+i) &^d J/k+i 
being — and Xnm^xjs^iXnfi^n. Then what we proceed to prove is that our number 
previously found for the number of sequent points is the same as the number of unit 
points within the polygon. 

In proving this we shall notu except at first, need to assume that <r^><r^> a^.., or 
that cTj, o",, ... are positive. 



Km 




Nr^i Nr»i Nr 



Consider one side Pr-iPr of our polygon. 

Let Pr^iNr-i, PrN'r b© the ordinates from its ends to the axis ot x, and let Pfl^r-i 
be drawn parallel to the axis of a? to meet Pr^iNr^-i in Kr^i . Then the number of unit 
points actually within the triangle PrZr-iPr-i together with the number of those (except 
Pr-i and Pr) upon the side Pr-iPr is 



; {n/mrflr-nrmr-nrfir + Wr), 
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as is easily seen by completing the rectangle of which PrPr^i is the diagonal and re- 
membering that the number of unit points on PrPr-i ifi nr-.i. [This gives a graphical 
proof of the theorem 

*'2 integer part ^«~^ = ^(^5-il-5 + ii) 

where A, B Bie positive integers and d is the greatest fiictor common to both.] 

Also the number of unit points within the rectangle PrKr-iNr-iNr together with the 
number of those (other than Pr, Kr-i) upon the line Pr^r-i is yr (a?r — ^r-i — 1) — and the 
number of unit points on the line Pr-iiVr-i, other than Nr^i, is yr-i- Adding these three 
numbers, and subtracting the number of unit points upon Pr-iPr other than Pr, namely n,, 
and putting yr-i — yr = Wr/ir, av — flfr-i = Wr^?^, and yr= 2 w,/bt,, we obtain as the number of 

unit points actually within the trapezium P^Pr-i^r-i-^Tr and upon the side Pr^iNr^i (other 
than Pr-i) the result 

nrfJr + nrfnr 2 n,/i, -»- ^ [nr^Wir/Ar - ^A*r — »VV + ^] — ^, 

which because ti ~ 2 n^fis is equal to 

nrllr-^rirmr [n - flifh - n^ ... - Wr/ir] + onrWr [tV/ir - 1] - SWr/Ar - 5 ^ 



= »vmrU-n,/ii...-7i^,)[Ar-i-^^^^~ — +2^l>r-l] 



.(i), 



and if we assume for the present that all the quantities o-i, cr,, ... are positive, it is obvious 
that the whole number of points within the polygon is merely the arithmetic sum of such 
expressions as these, except that we must subtract from this sum, in order to exclude the 
unit points on the axis of y which occur for the trapezium PJPiNiN^t, the number n— 1. 
If this arithmetic sum be formed it will be found to agree with our number. But with- 
out this it is sufficient to notice that the expression (i) found above is identical with the 
value before found for <r,.2ar + 2« fiw5tional parts of 2)0^, and to recall that our number was 
defined as the value of 

2 [o-ySor + 2 fractional part of Da^] — n -h1. 

ram, 

The geometrical interpretation of the formula is then established in case 0*1, 0-3, ... be all 
positive. 

In case however some of them be negative, e.g. o-^+i in the figure [p. 411], it will be 
found that the contribution corresponding to the trapezium P^Pr+i-^r+i-^r has the same form 
as a function of the quantities rh, mi, Ah,n„m,, /*»,... as if ar+i were positive. In fact 
having calculated the number of points as above for the trapezium Pr_iPr^r^r-i, we must 
subtract the number of points within the trapezium PrPr+i^r+iNr and also the number of 
points upon the sides Nr+iPr+i, Pr+iPr (other than Pr). If after this cr^+j should also be 
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n^fative it will be needfdl to subtract an exactly similar quantity for the trapezium 
Pr+iPr+fN'r+tN'r+i; while if <r,+, be positive we shall have to add an expression for this 
trapezium which is to be calculated in exactly the same way as was the contribution for the 
trapezium Pr-iPrJVrJVr-i. But the subtractive contribution above corresponding to the 
trapezium PrPr+i^r+i^r is 

- 5 ("" ♦^•r+l^+l/Ar+i + nr+inir+i - flr+ifLr+i - ^r) + (- Wr+imr+i -1)2 n^ + 2 UrfA^ , 

L* *=r+2 *»r+2 J 

which is exactly equal to 

and this has exactly the same form as a function of r+1 as had the expression found 
above for the contribution of the trapezium Pr^iPrNrNr^i as a function of r. Thus our 
geometrical interpretation is completely justified. 



PiJtT IL 

A priori proof of ike significance of the nwmber of points within Newtoris polygon. 

Taking once more our positive quadrant of rectangular axes ruled with lines at unit 
distance apart and any arbitrary curve whatever, ^=0, mark on the chart, corresponding 
to the term Ar^^y* of the curve F, the point whose coordinates are a? = r, y — 8. This will 
be called a curve point, the original points being called merely unit points. Then it is 
possible to form a polygon each of whose sides shall begin and end in a curve point 
and which shall be everywhere convex and have all the curve points (other than those on 
its sides) in its interior. And in fact starting firom the curve point on the axis of y 
which is furthest from the origin, say the point Po at distance n from the origin, let a 
line passing through Po and coinciding with the positive axis of y turn about Po in a clock- 
wise direction until it again contains a curve point. In this position it may contain several 
curve points. In any case let Pi denote the curve point on this line which is furthest 
from Pq. Let nifOi be the abscissa of P| and n — 7^^ its ordinate, roi and ^i being coprime 

and fui possibly negative. Put o-i for — and notice there are ?ii+l unit points upon PoPi. 

In the same way let a line pivot in a clockwise direction about Pi from coincidence with 
the continuation of P^Pi until it again contain curve points^ Pj being then the curve point 
furthest from Pi, the coordinates of P, being a^ = ?iiWi+fi,7iij, yt = n — tii/lci — n,ftj where 

TTis, fis are coprime; use cr,s=— . And so on until we ultimately come to a point Pj^+i on 

the axis of x, this being the curve point on the axis of x which is furthest from the origin. 
In a similar way let P'o be the curve point on the axis of y which is nearest to the origin, 
at a distance n say — and proceed from this to obtain in succession the straight sides 

Pi! Pi, Pi Pi, ... P'rP'ir+i, 
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the successive rotations being now all in a counter clockwise direction. It is obvious that 
all the fractions a{, o-/... thus obtained are positive. 

Then if in the equation of the curve we make a substitution 

y^Aaf + infinite descending series of powers of x 

the highest power of x arising from any term AnOfy^ of our curve is the abscissa of the 
point in which the axis of x is met by the line drawn from the curve point (r, s) in the 
direction making with the negative axis of y the angle tan""*<r. If then o-j, cr,, ... be all 
positive, the terms in the curve corresponding to the unit points upon the side Pi-iP< 
become, for the substitution y^Aaf^ + .»., of the same order in ^, this order being higher 
than that arising for this substitution in any other terms of the equation of the curve. 
Hence the curve has a series of infinite branches whose equations are of the form 

y=^Aaft+ ..,, 

the values of A being obtained by arranging the terms of the curve corresponding to 
the curve points upon Pi-.iPi, in the form 

Caf^'ii/^i[y^i-k^af^i] [jr'-*?«,«^] 

(where «<»„ yi_i, Xi, yi are the coordinates of Pi^i and Pi\ 

In what follows we assume that each of cti, o-„... are positive. The method of proof 
does not otherwise apply without considerably more detail in explanation. Various examples 
are however given in which the main result obtained here holds when some of ai, <r,, ... 
are negative. But the consideration of this case is never necessary in practice, because 
by the substitutions x^^ + ctf, ^ = 17+ c'f , it is always possible to reduce the equation 
to one in which the highest powers of f and 17 that enter have, both, constant co- 
efficients — ^in which case all of 0*1, <r„... are positive. 

In the same way as for the infinite branches, the diagram enables us to state the 
first terms of the expansions 

y = ^a/ + infinite ascending series of higher powers of x, 

of the curve near the origin, here. supposed to be a multiple point 

Naturally we confine ourselves in the first instance to the most general curve 
represented by the diagram — ^in that case its singularity at the origin and at infinity 
is competently represented by the diagram. It is afterwards shewn how to represent 
diagrammatically the corrections needful when the coefficients of the highest or lowest 
terms in the equation are subject to certain particular relations, which are those of most 
common occurrence. 

Proposition, Consider all the unit points entirely within the polygon and write down 
a curve with perfectly general coefficients whose curve points are just these unit points. 
Since no one of these unit points has a zero abscissa, or a zero ordinate, the equation 
of this curve will be divisible by xy. — Denote the curve then by xy<l>. Then I say 
that <l> is of order iV— 3, where N is the order of the original curve F, and that it 
is 'adjoint' to F at the origin and at each of the singularities at infinity. Limiting 
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ourselves to the case when all of Ci... are positive the only exceptional case is when there 
are only two of these, cti = oo , cr, = 0. Then ^ is of order iV — 4. This is the case in 
Riemann's canonical form for the equation of his sur&ce. In this case ^ is to be interpreted 
as z<l> where z=^l, and z-0 ia the equation of the line at infinity: then Zi^ — is the 
most general adjoint curve of order JV — 3. 

From this proposition it will follow that the number of unit points entirely vdthin 
the curve polygon is p-k- B + tc, where p is the deficiency of F and 8 + k the number of 
simple double points and cusps to which the finite singularities of F other than the 
origin are equivalent. This follows from the known number of linearly independent adjoint 
curves of order N — S. And if the curve have no finite singviariiiea other than the origin 
the nwmber of interior points will be exactly equal to its deficiency. 

To prove that the order of xy<l> is iV— 1 we remark that if PrP, with coordinates 
Xr, yr and a?„ y,, be the ends of the side of the polygon which represents the terms of F 
which are of highest aggregate order, so that either « = r or else s = r + l (in which case 
PrPr+i is inclined at 45"* to the negative axis of y), and if Qr be the unit point (av— 1» yr), 
Q« be the unit point {x^, y« — 1)> then the side QrQs contains the points representing the 
highest terms of the curve xy<l> and these terms are clearly of order JV— 1. The only 
exceptional case is the Riemann curve just mentioned in which QrQg are not points for 
the xy<l> curve — being on the sides of the F polygon. But the modification and verification 
of the result stated is obvious. 

To prove that ^ is 'adjoint' at the origin and infinity it is sufficient to prove that 

the integral 

f, xdy — ydx fxy<l> fdy dx\ 

dz dz • 

where z, ^1, ia introduced into the equation F to make it homogeneous, is finite on all 
the branches at infinity and at the origin. 

Consider the infinite branches and consider first the case where as above there is a 
side PrPr+i of the polygon inclined at 45° to the negative axis of y. Then the curve has 
branches at infinity, y = J.a? + lower powers of x, along which (for a? = rcos5, y^rsinO) 

dy ^dx _ dd 
y a? ~ sin fl cos d 

dF 

is zero of the same order as dO. The terms entering in ^ can be represented in our 

chart and will give rise to exactly the same curve points as F with the exception only 
of the points on the line PrPm- The points QrQr+i mentioned above, namely the points 
whose coordinates are (a?r — 1, yr), i^r+i, yr+i — 1), which represent the effectively highest 
terms of the curve xy<l> for a substitution of the form y = Ax+..» , will be outside points 

of the polygon representing the terms of ^ . Hence ^S is finite on this branch and so 
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therefore the integral. With the exception of points on this line QrQr+i* aU other points 
arising from the curve a?y^ lie within the polygon representing the terms of ^ . In fact 
if Pywi be the angular point of the F polygon before Pr, and Pr+a the angular point 
after Pr+i, Pr-iOrOr+iPr+s are outside points of the ^ polygon. Hence for any substitu- 



tion y = Aof in which (r>l, Sw will be zero like some positive power of - = ~ say, and 
(^ - — ) « jC(<T - 1) — + integral of higher powers of - , 



dz 



will be finite. 

Exactly similar remarks apply to the case when there is no infinite branch for which 
0- = 1, and to the case of the singularity at the origin, at which the ^ polygon entirely 
encloses the xy<l> polygon. 

Hence our proposition is completely proven. 

We may give the following examples of the case whan all the Ci, a-,, ... are not 
positive — ^in both cases the curve tf) obtained by the interior points of the polygon is ad- 
joint at infinity and the origin. 

(1) F = y'x + y(x, l),+ (x, 1), = 0. 
Here the points inside the polygon give 

icy^ = wy {A+ Bx) 
and in fiax^t, if i7 = ya?+i(a;il)8, the equation becomes 

i7» = (x, 1), 
which is known to be of deficiency 2, the adjoint curve, which gives rise td iiitegrals of 

first kind being A +^a^— in fact [{A-^-Bx) — is always finite, and this is, for W original 

form 

jiA + B.)^. 

(2) F^y»a^ + y*(x, l),+y(x, l\ + (x, 1X = 0. 
The diagram gives 

xy«l> = asy (A + By + Cay). 




\ 



\ 



f^ 



m 



And in feet, by a? = j , the curve becomes 



^1 



m 
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shewing that, by the demonstration given, 

dy 
_ r (A+By + Cay)lx dx 

a^ dy 

dy 
is everywhere finite. So that A + By-^Cxy is 'adjoiut* as desired. 

The proof thus furnished that the curve <^ is an adjoint curve of order JV — 3, gives 
then, in the case in which the origin is not a multiple point, another proof of the theorem 
proved by Professor Cayley in the addition to Rowe's memoir referred to. 

But more ; it gives an evaluation of the number, 8 + /c, of simple double points and 
cusps to which our complex singularity at the origin is to be reckoned as equivalent. 
For this equivalence is required only to be such as will give the proper value for the 
deficiency of the curve: the value of /c itself is independently determined by reference 
to the number of cycles arising by all the branches at the origin — say by the number 
of branch points at ^==0 on the Riemann 8ur£su» representing the equation F other 
than those that arise by tangents of the curve parallel to the axis of y — ^which number 

is clearly, in the notation explained, 'Ztir^i/i/- l)* provided the expansions are of the form 

J, 
y = (integral series in a:^') and none of <r/, o-/ ... are <1; and this is the number given 
by Cayley (Quart, Jaur. Vol. vii.). Considering then what are the additional points of 
our polygon when the origin ceases to be a multiple point we have the 

Proposition. The multiple point at the origin furnishes a contribution to the total 
£ + /e of the curve F which is equal to the number of unit points between the axes and 
the sides PqPi, ... PV+i plus the number of those, other than P©' ««^d P'k'+u upon 
these lines. 

We proceed to verify that this is the number obtained by applying Cayley's rules 
(Quart, Jour., vol. vii.) to the expansions of the branches of the curve at the origin. 

We have to consider the number of intersections of all the brcmches corresponding 
for instance to the side P'r-iPr among themselves, and the intersections of all the 
branches corresponding to Pr-iPr with all the branches corresponding to P't-iP« for all 
values of 8>r. For brevity we may be allowed for the present to drop the dashes, and 
assume that each of o-/, a-,', ... is>l. 
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Then a branch y — Ainf^ intersects a branch y —A^'^ in cTr points, in Cayley's nomen- 
clature. And the number of such pairs corresponding to ar is Jnr|Ar(wr/Ar— 1). So that 
on the whole we get \mr {nrp^ — 1) intersections. The number of intersections of y = Aaf^ 
and y — Baf'; where 8>r and therefore <rr<<r,, is <rr, and the number of such pairs is 
^A«r. »«/*•• So that on the whole we obtain Sw^Wtmr/Ltt intersectiona Thus Cayley's 

rules give the formula 

3 1 

S + 5 #c = 2 rirfigmrfi, + 5 2ri^m^(nrMr- 1), 

and hence, by /« = 2wy (fir — 1) 

Using now the result before obtained for the number of unit points between the 
axes and the sides Pq ... Pk+n <uid remembering that the number of unit points on these 
sides is Srv — 1 (excluding P© , ^*+i)» the accuracy of our proposition above is verified. 

The proof we have given of the Proposition makes it evident that it is not needful to 
regard all of cr/, a-2 , ... as greater than unity. And it is easy to see that this result is 
equally obtainable by Cayley's rules : . we divide, for this purpose, the sides into two sets 
<r\ ... ar-i all < 1, and <rV=l and <rV+i ... <r'jt+i all > 1. The work is quite similar to 
that given by Cayley in the addition to Howe's Memoir — but its expression is simplified 
by the use of the diagram. The k of the point is in this case 

= T'n/ (nn - 1) + 2 ne' (^' - 1). 

We may notice that the contribution arising from a single branch y = Aafr to 8 + «, 
being inrftr(rvAAr- l)<'"r — ^^^(/ir — 1) is capable of geometric representation. In feet if fix)m 
Pr, PrKr be drawn perpendicular to the ordinate of Pr-i, the contribution is equal to 
the number of unit points inside the triangle PrK^Pr-i plus the number on PfPr-i 
other than Pr and Pr-i- And the number of the intersections of this branch with all 
foUoMring branches being nrrrir S n^fig , is equal to the whole number of unit points within 

$>r 

the rectangle PrJVr-i plus the number on the sides PrKrN'r^i, where Pr-iNr-i is the 
ordinate of P^-i. 



Part IIL 

Extension of foregoing to more particular forms of singular points. 

In the previous cases we have assumed that the equation corresponding to any side 
of the polygon for the origin has all its roots different. In particular we have assumed 
that the branches which do not touch either the axis of x or the axis of y have 
separated tangents. This it is by no means necessary to assume. Moreover in counting 
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the number of cuspa we have assumed that there are terms in the equation of the 
curve corresponding to all the unit points within the polygon. This restriction also we 
proceed to remove. 

In fiact, considering the branches that correspond to a side o- of our polygon at the 
origin, if a line coinciding with this <r line move parallel to itself away from the origin 
until it next contain unit points, and the point in which it intersects the axis of x in this 
new position be called T^y while its original position meets the axis of a; in a point T, then 

TTx = - . We have practically assumed that the unit points upon this new position of the 

line are curve pointa In what follows we assume that the first position of a line parallel 
to the a line which contains curve points meets the axis of a; in a point which is at a 

distance from T equal to - . It will be found that the value of t has an influence upon 

the number of cusps correspondiug to our singularity. (See for instance the examples, pp. 
424, 425.) 

It is necessary to consider the expansions with some particularity. 

CoDsider the curve in the most general form possible 

where A + <rfc + wm< Ai + o-Ai + rim< A, + o-A:j + r,m< 

and (j/^, oS^y means an integral polynomial homogeneously of degree r in the quantities 
y^, ^; so that the terms are arranged to correspond to curve points on. lines parallel to* 
the <r-side. 

1 
Put i^af'i a definitely assigned value for each value of x, and y = v^ = vaf. 

.-. ^{fJ|-^a,)^^ (ty*-ax)^^ + »*»P»K l)'-» + v*«f'«(v^, 1)^« + 

where 

n = Ai - A + <r(i, - *) + m(ri - »), 

^ = A, — A + o- (A:j — A) + m(r, - w) 

.-. («^-ai)^» = f»<^(t;)+f^,(t;)+ , 

where 

is a rational function of v which does not become infinite in the neighbourhood of 
t; = </a[ — and similarly for ^(v), etc. For the present I assume that ^(v) does not 
become zero in the neighbourhood of v^^y/oi*. Then ^ is the t spoken of above as deter- 
mined by Ti, 

* Otherwiae we proceed quite similarly with the first ^ which does not vanish, and the corresponding t. See 
an example in the Gorollary to Part VI. 
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Then we may write 

= ?*(«)[! +rVx(f) + fY.(f)+ ] say. 

where /i(i;),/,(t;) ... are rational in v and not infinite near v^'ijai. 

Then 

of which all the values for which f is small are given by 

t^-a, = a,^,f^^y^)[l + ^-l/,(t;^ ] 

where o>^ is in turn equal to all the JVith roots of unity, 

t 1 

say ty* = oi [1 + wy/c^'^^P {a^, v)\ 

1 j^ 1 

where oj**, sc^^ have definite meanings and P {of', ») is a one-valued power series in 

1 
af", whose coefficients are rational functions of v, this power series not vanishing for a; = 0, 

and the coefficients not becoming infinite for v^ljoi. 

If now h be the greatest common divisor of N^ and t, so that Ni^Ah, t^BS, and we 

1. i_ 
put u^ac^^fKi^'^i then our equation becomes 

t;^ = ai [1+ wy. tt^-P (w^» v)]. 

Here A and B have no common factor. 

It follows then that v can be expressed as an ascending series of positive integral 
powers of u, and cannot be expressed in integral powers of any root of u. And all the 
values of v near to w = are given by 



V 



= «^a,^[l + ^a,^,t*^P(t*^, v) + \^(^^iy^o>^y^P^{u^, v)+..^ 



and the continued substitution of this value of v in the right hand leads to the value 

of t^ as a power series in u, 

1 
v^ (Ofjii*^ -{- Kwf^my^u^ + ... +higheT ascending powers of u. 

To find the value of K we recall that 

P(t*^, t;) = P(^, V) 
is equal to 



^\/*(f)[i+r-^/. («) + •••]. 
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y./ r 

where AM- t>*--*(l. t^-)*-. 

and <r(*,-i) = --(A,-A)-i»(r,-n) = -+Z, say; 

80 that «^*»~* « <»^ •* "• =s e, say, 

and %(«.a.^) » «.^'^-^^ • a.^.^^ . ^-^^?^ 



(ai-a,F«...(a,-ax)^A 
= /*(7ai^**^»^"^» . Oi* **, say 



J_-^ 1-1 



where C7 has a definite value. 
So we obtain 



« as w^Oi'* + C»^«^^ *^'«2^,u'' + higher ascending powers of t«, 

1 
s power series in a^, 



where r » ilfi, 



f 



and u^sstaf^K 






But in this series the coefficients are in general functions of the a>^ and <oy^ chosen — and 
certainly not alwa}r8 merely in multiplicative powers — see examples [on pp. 424 and 425]. 
From this we are to obtain N^fi values of y. 

These are in fact, arranging them in /a rows e€kch of Ni values, 



1 ._L r t+U] 1 t_ r t+U ] 



(where if we mean coj^,^ as a i-th power we must assume (oy^ was a primitive N^th root 
of unity, etc.). 

Suppose that underneath these fi rows we write down the (X — 1) /& similar rows 
belonging to the other roots Oi, ...ax. It is easy to count the intersections of these fAU 
branches among themselvea 
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The intersections of any row are in number 

giving in all tfi ^N, (N'^ - l)|<r + ^ j , 

while any one of the branches belonging to the first fi rows intersects each of the fin^Ni 
branches, which are not in the same row with it, in <r points, giving then 

1 ^ 

since each branch is thus counted twice. 
Thus on the whole we have 

^niLialN^ - |w2i^i» + \m (ZN^^ - SiVj) + 1«2 (N^ - 1) intersections ; 

that is ^n*fim — -^mn •\- Ktin—X) intersections. 

The first /t rows give either one branch point of order fiNi or Ni branch points of 
order /a, or possibly /i branch points of order — ~- . 

(Thus/, = 1 or jy,), 

and counting then /i {^f"^) ciisps, so that the first fiNi branches give nfjt^'Sfi cusps 

we obtain ^ . 1 , 1 , 1.. ^v 1 ,1^/. 

S+ #c = gW^m/A-gnm + ^^n -X) - ^rifd^Z/^ 

and this is greater than the normal value 

by l^(n-X)-i[n-2/i], 

which, when there is one branch point of order f^N, is 

1(«_1)(„_X), 
and when there are for each JVx, branch points of order /a, is 

The quantity /i above must in fact be equal to S. For, if taking one of the N^fA 
series and thinking of the corresponding Riemann's surface, we allow x to describe a 
closed contour on one of the sheets round w^O, the new value of the series must clearly be 
another of the Nifi series. To see this we have only to notice that the original equation 
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remains completely unaltered, and we may imagine the Niii, series calculated from it in its 
new form. One of these newly calculated series will be the changed value of the series 
first considered. 

Thus the fiN^ series consist of one or more cycles. 

But in b^ty since they are all of them rational in the quantity x^, revolutions of x 
round a? = can only change any given one of the series into iiA - 1 other series. There 

will therefore be ^--j = ^ cycles. 

Substituting then h for /i in the previous formula the excess there found is equal to 

-I 1 r i.=A ^ "1 

|*(«-X)-i[«-2^S(i^»)J. 

Putting ^sjSjbSt, Nj^^Aj^hji, where Aj^y B^g are coprime, this excess is 
^{«2(JV*-l)-2[i\r*-S(^)]} 



2[5tSt(^tS*-l)-^*8* + SJ 



And the qmntity within the square bracket here is eoMy susceptible of a graphical 
representation — thvs, taJce in a plane, whose positive quadramt is ruled with unit lines as 
before, a point on the axis of x at distance =<* from the origin^ and a point on the aais 
of y at distance Nn from the origin, and join these points. 

The number within the square brackets is equal to the number of unit points within Ike 
right-angled triangle so form/ed, plus the number on the hypotenuse, less Pwo. 

As an example of the previous, consider the curve 

y(y\-axy(i/'-bx) + ya^(y\ xy + a^{f, xY^O. 

It can be shewn that the branches of this corresponding to (i^ — axY are of the form 
y^e Ja. x^ + e^a^ a + eo)*a7i8 + emx^ [€7 + o)'S] + ... , 

where € is a square root of unity, and <» is a fourth root of unity, and where a, /S, y, S 
are perfectly definite. 

Giving then to e £tnd a> all their possible values we obtain the eight expansions: 

y= Jax^+ a^a-^-xfi-^ a?*(7 + S) (1), 

y= Jax^" a^OL^-xp" a?*(7 + S) : (2), 
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y= ^/a«* + f«*a-«?/8 + ia?*(7-«) (S), 

y= Ja x^ " ia^ a — aft — ix^ (y — S) (4), 

y^^Jao^- a^a-xfi- x*{-y+B) (5), 

y = -Va«*+ a^a-xfi+ a?* (-7+8) (6), 

y = -^aa?*-ic*a + «:/8 + M?*(7 + S) (7), 

y = -^ir* + iaJ*a + a?/8-M?*(7 + S) (8). 

And if we allow x to make a circuit on the Riemann's surface round ^ = 0, which 
changes a^ into ta^y these series break up into the two cycles 

(1, 7, 2, 8, 1), 

(3, 6, 4, 5, 3). 

In &ct here /*= 2, ^^^^ = 4, < = 2, b^ 

.'. £j = 2, and the excess in the value of S + /e due to the facts that 
N^ is not equal to 1, and t is not equal to 1, is 

|2(4-l)-l(4-2) 




which is the number of unit points within the triangle ABC and upon the hypotenuse 
other than the points A, B. 

The diagram for the curve is as follows: — 

Here the circles round the unit points indicate that 
they are not curve points. In fact f = 2. From this diagram, 
taking count of the correction, we infer that for the origin 
8 + ics27: and that the deficiency is 8. 

We may remark that if in 

we put f = ^, V ^^, 

leading to 









it — ^- 

^r — 'rV 

-- VnA^r 

4h — -''-\ 

V^^V^t 

\ * \ 

^c—^cV — 

\ * \ 

Vnh-VJh 

\ * \ 

■ — 1 1 (I \ 

\ ^ \ 

4,, — J 



we obtain 

^f (1 _6f)+^f(l, f)« + (i_af)'(l. fy = 0. 

which, writing y for 17 and a? for 1 — af is of the form 

where tti, Vi, 1^4, 1*5 are polynomials in x of the degree indicated by the suffixes. 
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The figure for this form is 



which gives 8 for the deficiency — and in- 



dicates that the general finite integral is, in these new coordinates (see Part II.) 

Another example of the theory is the curve represented by 
the diagram — 

The equation of this curve is 

a?y(y»-CM?)*(y*-6a?) + y(y*, «y + «(y», xf^-a^y'iy^ xf 

+y«aj»(y», fl?) + y*«j»«0. 

Here Wi = l, /^=*4f, ni = l 

m^sl, /ii = 2, 7i,=s3 ^ = 2, S, = 2. 
m,= 2, /*, = !, n,= l 

The values of y corresponding to the factor (y* — cm?)* are 
given by 

where 6, {^ are square roots of unity, and a, ^, 7 are definite 
functions of the original coefficients. 

Thus the four values of y are 

y= Vaa?* + a?a + a?*[^ + 7] + 

y= Va«?*-a7a-a?*[^ -7] + 

y =s — Vaa?* — fljtt + a?* [j8-.7]-|- 

y = -Vaa?* + flw-a:*(j8 + 7] + 
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.(2). 

.(3). 
.(4). 



And if we make x describe a contour round a? = 0, so that a?* changes into —a?*, then 
the series (1) changes into the series (4), and the series (4) changes into (1), while also 
the series (2) changes into the series (3), and the series (3) into the series (2). So 
that there are two cycles, as there should be according to our theory. 

Various other examples of the rules of this Part are given below. 
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Part IV. 

Some examples of the foregoing theory. Consideration of the normal form of any curve 

given by Weierstrass. 



1. In the paper by Rowe referred to in Part I., the deficiency of the 



curve 



s; 



ffl 



f4-f(x, l\ + y(x, l\ + (x, 1), = 
is determined. (=*3«) 

The result is immediately obvious on inspection of the figure. 

2. In the Maih. Annal. ix. p. 174, Noether gives as example of his method of re- 
duction the curve 

and obtains that the multiple point at the origin .is equivalent to a quadruple point 
and two double points, that is in all that S + ^ = 8 (beside that k = 2). 

This result is obvious from the figure. 

We shall have further occasion for this Example in Part Y. 

Our diagram gives moreover the deficiency = 2. Hence the curve can 
be transformed to 17* = (1, f)«. Put in fact 




f=' 



v = 



. » » I t ( 
« — * — i— ( — ^ — < 



3. The hyperelliptic curve can always be put in the form 

y»(a?, l)p+»_. = (a;, l)p+^ 
wherein r is arbitrary. 

The number of unit points within its polygon is p. 
The figure is drawn for p = 7, r = 3. 
The figure gives, according to the theory here, developed, the adjoint curves of order 

n— 3, viz. 1, X, ... , «P"^ 

I believe that in all cases in which the deficiency of a hyperelliptic curve is 
accurately given by the number of unit points within its polygon, these unit points will 
be collinear, whatever be the form of the curve polygon. 
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4. An example is quoted by Forsyth {Theory of Functiona, page 366) from Bumside 
(London Math. Society. May 14, 1891). 

The curve y»(a?, l), = [d?, 1], 

has deficiency two. 

This is obvious from the figure. 
We see further, from previous work, that the finite integrals are 

f da? r dx 

5. In a paper (in the Journal de l'£cole Polytechnique) Rafly has given three 
examples of a method there developed by him for determining the deficiency of a curve. 

Two of these are 

y*-a»(a5» + a? + l) = 0, y» + ir»-5a;^ = 0, 
having respectively deficiencies 1 and 2. 

These results are obvious from the figures. 

The other of these examples is 

y»~5y*(ic»+aj + l) + 5y(ic« + a? + l)»-2a?(aj» + a? + l)» = 0. 



s 



m 




for which Rafiy obtains p^O. The equation can indeed, by an obvious transformation, 
be made to take the form of a conic. But the equation is h}rperelliptic and this trans- 
formation not reversible. 



But by putting 



^_ a;»-ffl?-fl _ <p (a? -f 2) (g* -h a? -f 1)« 



leading to 



"' J.. l-«', ^ . 



-«P 



•, where a»' = l. 



V + 17 



(l-6f+6f) + «»? 



(«-«») P 



y = — 



i,+ ^-/'(l-Sf+5g«)] 



V+i7^(l-5f + 6f«) + «P 



we can transform to 

Thus the curve has p == 2. 

This curve forms a good example of the failure of our rule owing to the very ex- 
ceptional forms of the coefficients. (It is treated by these rules in Corollary to Part VL) 
Vol. XV. Part IV. 56 
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^:^^ 








^..."^^K. 




<; ^ 


"-i^^ 


^v 




^^ 


"^^^ 




c 



6. The following example is given by Cayley {Qmrterly Journal, Vol. viL, p. 217) : 

(y»-^)'-3^y(y* + 2a;*) + aji*(3y*-a:») = 0. 

The value of the singularity at the origin is obtain- 
able from the figure with the help of the rule developed 
in Part III. 

Here m = 4, /Lt = 3, f = 7, JV=2, and in addition to 
the 20 given by the first diagram there is to be counted 1, 
given by the second diagram, where 

giving on the whole S + /c = 21. 

(See the expansions given by Cayley.) 

7. The following example is quoted firom Miss Scott by Harkness and Morley 
(Theory of Functions, p. 147), and furnishes another example of 
Part in. 

(y + aB^)(y-aj')»-a?»(y + 2^)+9ajV = 0- 

, Here m = 2, /a = 1, t=^2, N^^l, N2 = 2, and we have a correc- 
tional, given by the second diagram, where 

AB = t^2, AC^N^2; 

.-. S+ic = 7. 

Also the curve has p = 2 and can be transformed to 17* = (f, 1), . 

8. In case the curve be 

(y + 2a?)(y^a?y+9x'y^0, 

the figures are slightly modified. But as in (7) there is a correc- 
tion = 1. The diflference is that in this latter case there is a branch 
point. 

Here N=2, < = 3, 

and $ + /e = 7, as before. (See the expansions in Harkness and 
Morley.) 

9. Of Weiergtrass* normal curve. 

If ga be the algebraic function of lowest order which is only infinite at one point A 
of a plane curve, and gr be the function of next order prime to a, the equation of the 
curve can be transformed to 

F^gr^'+g/^^iga, 1)a, + ... +(s^«, l)r = 0. 

Every algebraic function can be rationally expressed by g^^ and gr. Every expression 

which is integral in ga and gr becomes infinite only at A. But conversely there exist 

in general algebraic functions only becoming infinite at A where ga and gr are infinite, 

which are nevertheless not expressible integrally by ga and gr. We can indeed prove the 




H 
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Proposition, Of algebraic functions which become infinite only at the point A where ga 
and gr become infinite, there exist functions of as many different orders (of infinity at A), 
which are not integrally expressible by ga and gr, as there exist simple double points and 
cusps of the curve F above; in other words, the part of the S + /c of the curve F above 
other than that furnished by the place ga^<x) , gr^<x>^ is equal to this number of different 
orders of existent functions. 

In order to prove this we notice that a function of order z cannot be expressed 
integrally in ga and gr unless we can find positive integers x and y such as to make 

and thence put gz = GgJ^gJf + . . . . 

Si "^ 7*1/ 

And this equation being x = ~ , 

wherein we may suppose y < a, requires, for any value of y, 

z^ry, ry-k-ay ry + 2a, ..., 

and therefore cannot be satisfied by those values of z^ry (mod. a) which are <ry — 
that is, cannot be satisfied by 

z^ry-a, ry-ia, ry-Say..., 
The number of these values is E (—], the greatest integer in — . 



The number of values of z thus excluded is 



:?>(?)• 



which is equal to ^ (r — 1) (a — 1), as we see by noticing that it is equal to the number of 

unit points inside a right-angled triangle having one side ^r and the other equal to a. 
Any value o( z other than these of the form ry^a, can be expressed in the form cuc + ry 
— so that for such values of z a function ^( — (Tgfa^^/ certainly exists, and the most general 
function of this order, infinite only at A, is of the form CgJ^gr^ ^-gg, where / is <^ and 
gg is, possibly, not expressible integrally by g^ and gr. 

Of the not integrally expressible orders, in number ^(r — l)(a — 1), there are, as we 

know, (see note at end of this paper), just p which correspond to actually non-existent 
functions. 

Hence there remain just 

orders, of functions which exist, are infinite only at A, and are not expressible integrally by 
ga and gr. 

56—2 
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Consider now the function x— . It is a function of degree a — 1 in gf^ and therefore of 

order r(a— 1); and vanishes therefore at r(a — 1) points of the original curve. These 
points consist of (1) those at which dga is zero of the second order, namely those which 
become the branch points of the Biemann sur&ce which represents gr bs Sk function of 
ga and are therefore in number = 2a + 2p — 2, of which a — 1 fieJl at A where the a 
values of gr are all infinite, and (2) of those which become multiple points of the curve F 
or of the Biemann surface, the number of these for any multiple point other than those 
already counted among the branch points being 2S + 2k (8, k being Cayley's equivalent 
numbers of double points and cusps for the multiple point). 

Hence S-^k for the whole curve F is 



2{r(a-l)-[2a + 2p-2-a-l]} 

= |(r-l)(a-l)-p. 

The comparison of this number with that previously obtained for the not integrally 
expressible functions, proves our proposition. 



Hence also 



p + 8 + * = i(r-l)(a-l) 



= whole number of unit points with the curve polygon of F, this curve polygon being 
a right-angled triangle of sides r, a, if we do not take count of finite multiple points. 
This verifies the general proposition of Part II. 

Before considering how these exceptional functions are to be expressed we may consider 
as examples the cases p » 3, p = 4. 

For p = 3, we may have 

(1) ass 2, r = 7. The orders of non-existent functions being 1, 3, 5. This is the hyper- 
elliptic case, the number of moduli being 5 : the equation is 

<77"+5^7(flr„ l), + (flr„ 1), = 0. 

(2) a = 3, r = 4. The orders of non-existent functions are 1, 2, 5. This is the case of 
a point of undulation on a plane quartic. The number of moduli is 5. The equation is 

<7/+5^4%., i\+g4(gz. i)a+(flr„ 1)4 = 0, 

reducible to K + K{gt> 1)2 + (5^1, 1)4 = 0, 

or. say, V^^ + vHv. ^ + (1?, f)4-0, 

which for 17 = gives f* = 0. 

(3) a = 3, r = 6. The orders of non-existent functions are 1, 2, 4. There is a function 
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g, not integrally expressible by g^ and g^. The (^„ ^5) curve has therefore a double point. 
Its equation is (c£ Schottky. Crelle, 83) 

F=g^ + g,'(g,, l)i+gt9z{9z, l)2+gz^(gz, 1)«=0 

and depends on six moduli. The double point is at 

In fact by taking for triangle of reference of a plane 
quartic 

^ = any inflexional tangent, 

y = the tangent at the remaining point B where the 
inflexional tangent meets the curve, 

07 = any line through A, 
we may put 

these being infinite at A in the orders indicated, and so reduce the quartic, which 
takes the form 

f^a^y + af'ziy, z\+wz{y, ^)> + 2r(y, z\=:0 




F = tf. 



^ 



immediately to the form above, with 

The diagram for F is 

Notice 7 = (a — l)r — a. 

There is no need to consider cases in which a>3. On every curve for which p«8 
there exist points for which g^ exists. 

Considering next |> = 4, there are five possibilities. 

(1) a = 2, r = 9. The non-existent orders are 1, 3, 5, 7. The equation is 

g^+99(s^, i)4 + (fl^., 1)9 = 0. 

(2) a = 3, r=5. The non-existent orders are 1, 2, 4, 7. Equation is 

g/+gf?(gz» iX+s^-Cs^s^ i)z+(siz, 1)5 = 0. 

Figure is 

(3) a = 3, r = 7. Non-existent orders are 1, 2, 4, 5. There exist functions g^, g^, 
which are not expressible integrally by g^ and g,, so that the (gr,, gj) curve has two double 
points. 



I— I I— I 
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The equation is 

97* +97* fit + 97^t + «.*«• = 0, 

where a,, /?„ 7s, a, represent integral expressions in g^ of the order given by their suffixes 



For this form the figure is 



and the polygon contains jt) + S + «==4+2 = 6 points, as it should. 

But by putting iy=^ we obtain 

i7*a, + if/8, + irys + «• =» 0. 

For this form the polygon contains only p-=^^ points. 
We notice 8 = (a-l)r-2a, ll = (a-l)r-a. 

(4) a = 4, r = 5. Non-existent orders are 1, 2, 8, 6. There exist functions g^, gu 
which are not integrally expressible by g^ and g^, so that the (g^, g^) curve has two 
double points. Its equation is 

g5^+g5*yi+9*fi^-^9Ayt+airf-^0. 



N 



For this the figure is 



H 



UJ 


's 



and polygon has |) + S + #c=s4 + 2 = 6 interior points. 

But if we put 7t = fi7, ^b = 1> the equation becomes 

for which the figure is 

and now the polygon contains only p=:4 points. 

We notice that ll=(a-l)r— a, 7=(a — l)r— 2a. 

(5) a =s 4, r = 7. Here non-existent orders are 1, 2, 3, 5. There exist 

g%9 g; gv^, ^u> 9i7 

which are not integrally expressible by g^ and gj. Thus there are five double points on 
the (g^, gj) curve. We notice that 

17 = (a-.l)r-a, 18«(a-l)r-2a, 9 = (a-l)r-8a, 
10 = (a-2)r-a, 6«(a-2)r-2a. 

Passing fix>m these particular cases to the consideration of the forms of these not 
integrally expressible functions, we see first that we can always build such a function 
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corresponding to a double point. For if denote the point of the original curve at 
which ga and gr are infinite, namely the point which becomes the infinite point on the 
{ffa, gr) curve and di denote the double point supposed to be reached from one branch 
of the double point, the other point being denoted by d,, and Pod^ be the integral of 
the third kind which is once logarithmically infinite at and at the double point on this 
first branch, which is therefore finite on the other branch at this double point, then 

where f{ga, 9r) is the (ga, gr) equation and 

/'i9r) = ^/(ga. 9r). 
dP 

is not infinite at di, for ~^ is once algebraically infinite there and f (gr) is once zero, 

^ga 

and is infinite at to an order r(a— 1) — (a + l) + l=r(a — 1) — a. 

From this remark, recalling the ordinary method of expressing P^d,, we have a rule for 
forming this function as a rational expression in ga and gr. Viz. it is 

Lod 

where Lod represents a linear function in ga and gr which vanishes at and for the 
values which ga, gr bave at the places which become the double point, and fl is for the 
equation f(ga» 9r) &n adjoint curve which touches the branch (2, at the double point and 
passes through the a — 2 finite points other than and d, at which Lod meets the curve /. 
We know that such a curve can be expressed as ^ + Lod4>y ^l^ere fti is a special curve 
of the kind and <^ an integral function in ga and gr such that 

dga 



/• 



is an everywhere finite integral: and one form for [l^ is immediately obvious — viz. let ^ 
be the tangent to the branch d^ at the double point of the curve / and ^ be such an 

integral expression in ga and gr that \'^^P(\ is finite at all the double points of/ other 

than the one under consideration, and such that ^, while not vanishing at this double 
point, vanishes at the a — 2 points other than d and at which Lod meets the curve / 
The multiplicity of such a curve yjr after passing through all the other double points, 
is known to be |> + 1, and to prescribe that it passes through a — 2 points of the line 
Lod leaves it with a multiplicity p + 1 — (a — 2), which is certainly not negative. Hence, 

noticing that since is at ^'^ = oo , ^^=00, we may take Lod = 5^a — A we may write 

ffa 

our function 

^' 9a-D 
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In the same way we obtain another such function 



G.' = 



9a- D' 



h 



and, attaching proper numerical multipliers to them we may write 

This representation is in accord with the prevdous results. If the most general integral 
expression in ga c^d gr formed by such powers as are represented, in accordance with 
Part II. of the present paper, by the points within the polygon of the {ga, gr) curve, be 
represented by gagr^, we know (see for instance Clebsch and Qordan, Abdian Functions, 
page 16), since * is of order JV— 3 (see Part II.), that 

where ^, e^ refer to the (S + ic)th double point, and Vi...Vp are the everywhere finite 
integrals, namely 

^-=C, (0, -(?/)+... + Ci+« (Oa+.- GV«) +* + /*> 

where if> is the general adjoint curve of order JV— 3, or 

^ = C^i^i+ ... +Ci+«^«+, + ^ + /i. 

Of course on the other hand, the form of 0^ can be variously altered. For instance, 
in the example previously considered where |) = 3, a = 3, r = 5, 

V CPU 

the double point of the (g^, g^) curve arises from the points A» A> where the quartic is 
cut by the tangent at B. And we may write 




Digitized by 



Google 



dgt _ U zdy - ydz 



TO THE THEORY OF SINGULAR POINTS OF ALGEBRAIC FUNCTIONS. 435 
where x — Xz ia the line 02)^, and I/' is an ai*bitrary conic through K and L: then^ easily, 

dw 
where 

F^ahi + a^z(y, z\ + az(y, z\ + z,(y,z\, 

and this is in agreement with the remark on page 433. 
The expression — ^ j^ above can be put into the form 

(gr-E)(3r-c,)(g r- o;)-(ffr-c^) ^ ^^^^ exprefflion in g^. g,. 

whence as '^^^ and the integral expression in ga, gr only become infinite when ga and 

gr are infinite, we see that ga^D^ gr — E is the double point and gr^c^^... are the 
values of gr at the points other than the double point in which ga^D^O meets the 
(ffay 9r) curve. We may thence put 

_ (gr-JS)(gr''Oi)'"{gr''Ca^) 

and this is obviously only infinite when ga and gr are infinite. 

We might expect to be able to form thence functions of order (a— l)r— 2a, etc. 'for, 
since ^ui-Dr-a bas an order which is = 2a (mod. r) we might expect to put 

S'*(a-Dr-Hi = integral expression m ga and gr + . lj))i ' 

and thence, putting (ga, l)i = >'(fl^«--D) + /i, to obtain 

fl^(»-i)r-« - >flr(^D^ = integral expression in ga and gr + ^ — ^Sa~^V ' 

and thence be able to infer the existence of a function 

(ga-Df 

only becoming infinite for ga, gr infinite, obviously of order (a — l)r — 2a, which is not 
integraUy expressible by ga and gr. But in tsict this function will sometimes be integrally 
expressible by ga and gr . For instance, when p = 3, a = 3, r = 5, the curve being 

9^*^9fi9t-<^)+9^ti9^» ^\-^9^i9z* 1)» = 0, 

though g^^9A3lZ^ 

is not integrally expressible, yet we can easily verify that 

gr^+g^igty i). =5^5* +5^5 [(s^,, v^-igt, i)«] + (5^» + c)(^„ i),, 

or again, when 1> = 4, a = 3, r=7, 

the curve being S^T'+S^7*A + S^7«*7« + a«*«» = 0, 

and oL.^oigt-k^jigt-h), A = (s^»-*i)/i + 6i = c(:7,-A;^Ai + 6,, 

Vol. XV. Part IV. 57 
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where /,, A, are of the first order in g, and c, &,, 6, are constants, though 

is not integrally expressible, we can easily verify that 
and similarly that 

That such expression as given by these examples should be possible in case of a 
curve having only one double point, is obvious from our proposition that the number 
of orders of existent not-integrally-expressible "integral'' functions is the same as of 

double points — ^for we have shewn how to form a function y (g^D r-a^ f' IT^ corre- 
sponding to that double point. 

But we can form functions of order (a — 1) r — 2a etc. in another way. 

In the case of a curve having two double points and known to have a not- 
int^[rally-expressible function y(a^i)«^-M, we may form the difference 

of the two such functions formed as above for the two double points. This will be at 
most of order (a— l)r — a — 1 or r(a— 1 — -4) + a(iJ — 1), where A, R are integers less 
respectively than a and r such that ilr — iZa=l. Subtracting from, this difference a 
proper multiple of Qa^^gr^^^^ we shall obtain a function of lower order. Proceeding 
thus we may expect to arrive at an equation 

flTto-D.^-fir'to.Dr-a^ integral expression in ^r^, flPr+fl^to-Di 
For instance, in the example just cited, p = 4, a = 3, r = 7, 

SO that we may take, unless k^^k^, 

9» ^ 

of which other forms are, in this case. 
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In the same way for a curve with any number of double points we can, from any X 
of these double points, form a function of order r(a — 1)— Xa, namely 

a) m (A) 

9r(th'i)~a , ffr (a-i) —a , . ffr (a— u —a 

(fe-*,)...(*,-A,)"^(*,-*,)...(*,-A;0"^ ••'"*" (*A--*i)...(&x--*A.i) 
ff^ 



where a ^* ^ <g^r, l)a~i . 

as before explained, and the double points are at 9a = ^i ^> ••• > these ki, k^, ... being 
supposed different. The function thus obtained is necessarily only infinite when ga ^'Ud 
ffr are so, and it is not expressible integrally, since sach integral expression must be of 
the form Pgfy*"* + ..,, where P is integral in g^. 

Thus in the case of a curve with no higher muUiple points than double points of 
which no two have the same value of ga, we can ahvays easpress in this way as many 
not integrally expressible fmctions of orders of the form r (a — 1) - \a, as there are 
double points. Since however every number r(a— 1)-Xa is prime to a, we see that we 

must have r(a— 1)— Xa>r, namely \ >► r- 1 — j&f— J . Hence if (S + zcX be the number 

of the double points 

and this is verified in all the examples considered (pages 430 and 432). For instance when 

|) = 4, a = 4, r = 7, r-l-^(^) = 3, 

and we found that there were functions g^, g^g, g„. The other two g^, g^^ are of orders 

(a - 2)r-a, (a - 2)r- 2a. 

In the case of a curve having double points for which the values of g^ are not all 
diflFerent, we may suppose the previous expression applied only to those double points for 
which the values of ga are different. We obtain thus as many not integrally expressible 
iunctions as the number of these. If then there be a value ga^k, for which there are 
fi separated double points at gr^Ei, gr^^^t* ••.gr^^^-* there exists a function 

(gr-E,)... (gr-E;)(gr, l)a^ 

9a-k 

of order r(a — /a) — a, which is 'integral' and not integrally expressible, the function 
(sir, l)a-%A being determined to vanish at all the points for which ga^k other than the 
double points. The consideration of how we should proceed to obtain functions of other 
/li — 1 orders may be omitted. Especially as the orders of the existent functions do not 
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438 Mr baker, ON EXAMPLES OF THE APPLICATION OP NEWTON'S POLYGON 

neceasarily determine the nature of the curve. For instance the function gio''^ ffia-^r^a 

above might arise as ^— \^ where gr — k is a double tangent touching the 

curve at gr^E^ and g^^E^. In accordance with Kronecker's theory (Crelle, 91) there is 
no need in general to consider the normal curve to have higher singularities than double 
points. The examples here given should be compared with his theory. 

Pabt V. 

On the Oraphical Meaning of Noethers {Cramer's) Resolution of the Mtdtiple Singularity 
at the origin, by means of the Quadratic Transformation. 

We use the same notation as in Part IL save that for <r/, m/, fir' we write 
^r, mr, fir', I being the actual degree (= degree in a? + degree in y) of the lowest terms in 
the equation of the curve. So that if the side of the polygon for which <r = 1 be present, 
/ = distance from the origin of the point in which this side meets the axis of y. And 
if this side be not present, Z = distance of Pq from the origin. Then according to Noether 
the singularity is resoluble into a simple multiple point of order / + an additional number 
of multiple points which happen to be coincident with the multiple point of order I — 
and these latter in their turn are similarly resoluble. This result is arrived at by a 
particular case of a reversible quadratic transformation, as follows — 

Substitute in the equation of the curve a? = fi7, y = fi7i, where 17, 17^ are connected 

by a linear relation pij + qrfi = l. Then in the transformed curve we may either substitute 

for fji in terms of rj and regard f , 17 as the new coordinates, or substitute for 17 in 
terms of tji and regard f, 971 as the new coordinates. The inverse substitution is 

SO that to a point near the origin and on a branch y cc of corresponds a point near the 
axis f = for which 

ai^'^ 1 

when <r < 1 17 = — 7--— — , 171 = — ^— -— — , 

1 af^^ 

when <r > 1 17 = , 171 = 



p + qar-^ ' p + qoT-^ ' 

For <r<l we shall regard f , 17 as the new variables, and for <r>l we shall regard f, 171 
as the new variables. Then the part of our singularity for which <r < 1 becomes a 
singularity at f = 0, 17 = 0, and the part of our singularity for which <r > 1 becomes a 
singularity at f = 0, 171 = 0. The part for which <r = l, say y oc kx, becomes a singularity 
at f = 0, ffi^h). If then there be t branches for which o-^l, we obtain t + 2 singularities 
corresponding to our original singularity. And since the transformation is reversible 
every point on these new singular branches corresponds to a point at the original singu- 
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larity. Noetber uses the substitution in one of the forms in which either p or ^ is zero, 
but when this is chosen to be effective for a branch for which <r < I, it is ineffective for 
a branch for which o* > 1. In the form here no finite point of the original curve (except 
the points other than the origin upon the line px + qi/ = l) becomes represented by an 
infinite point of the new curve. Also there is no multiple point on the new curve 
arising by transformation from a simple point of the original curve. For if 



the equations 



dfi \dx q dyj * 



give 



dx "' 

dy 

We imagine now the polygon constructed for the new curves and each of the ^ + 2 new 
singular points obtained. We proceed first to enquire what the values of the (t's will 
be at these new points. And, defining provisionally the word 'multiplicity/ applied to 
our original singularity, as the number of unit points within and upon the origin-polygon, 
save those upon the axes of coordinates, we shew that this is equal to 

^ Z({ — l) + the sum of the multiplicities arising from the ^ + 2 new pointa 

The reapplication of this theorem to the new singularities obtained, and so on continually, 
enables us to give a geometrical meaning to the number which we call the multiplicity. 

Consider then the effect of a?=fi7, y=fi7i, where i^ is regarded as a linear function 
of 17 (s a + hi)y upon the branches at the original singularity for which <r < 1. The lowest 
terms in the new equation will be of the same dimensions as if we put x^ ^, y^^. 
From a term a/y^ there arises a term f^'*"^i/i7i^, so that the whole equation divides by 
f', and this term becomes effectively f^+^'i/. For instance corresponding to the point 
Pq in the diagram of the original curve, for which / = 0, we obtain in the new curve 
the term ^^, which gives on the representative chart a point Ijring on the axis of x. 
And corresponding to the points (/, g), {fy ^) in the old diagram, wherein f<f, and 
9>^> we obtain in the new diagram the points (f+g-'l,/) and {f -^g —l, f)y wherein 
f -^g' — lKf^-g "l and /'>/ And the tr of the corresponding side in the new figure 
reckoTied away from the aais of ^ is 



f-f »» 



*'~(/+«/)-(/+sO /*- 



m 



where — = r ^^, is the <t of the original figure. 
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If then in the new diagram all the points are marked corresponding to the points 

Po, Pi, ... Pr-i (where Ci, <r„ ... 0-^-1 are each < 1, <rr==l, a-r+i, <rr+i, ... are all >1), 

the point corresponding to P^-i for which the sum of the coordinates »{, that is to 
say in the notation above f+g^l, will be on the axis of 17. We shall not mark in this 
diagram the points corresponding to Pr, Pr+i> •••• We desire only to obtain the number 
of points within and upon the polygon Qo-*- Qr-i which corresponds to the part Po...Pr-i 
of the old. Call this number A and notice that the greatest common measure, say nt, 
of the quantities f—f, ff^ff'-'if'^f)9 is equal to the g.C.m. of f—f and g'^-g. A is 
formed from the quantities iH, mt, fi^ — int in the same way as was our original number 
from the quantities nt, m^ ih — and in the new polygon t varies from 1 to r— 1. Con- 
sidering next the points of the transformed curve corresponding to the rir branches for 
which (T—l on the original curve, the effect of our hypothesis, that in the corresponding 
nr expansions of the form y^Ax-^-... all the coefficients A ... are different, namely that 
the Kir branches have separated tangents, is that on the transformed curve we have n^ 
simple points lying on the axis ^=0, and the multiplicity of these is zero. With 
reference finally to the branches for which ar>l we imagine 17 expressed as a linear 
function of 171, and regard f , % ^ ^^^ ^^^ coordinates. So that so far as regards the 
lowest terms of the new equation, our substitution is equivalent to a?«f, ya^,. The 
effect of this upon a term a/j/^ is to transform it to f^'^ni^, which after division of the 
equation by f becomes f^+^^i^. So that for instance to the term af^r^^r where Xr + yr = l 
corresponds the term fV'- -A-nd to the terms a/^, a/'y^ correspond in the representative 
diagram of the new curve, the points (f+g-l, g\ {f-^^-h gh giving 

c — } — J . — , 

9-ff 9-9 A* 

^^ ^t f 

where — = <r =* -^y • We have to determine the multiplicity B given by the new polygon 

which is formed from the quantities n^, 9nt — /ie, a^, as was our number from the original 
polygon with the quantities tZt, nir, /ir, t having here the values 

r + 1, , k + l. 

It may be noticed that the total number of sides other than the axes in the two polygons 
corresponding to the summations A and B is either equal to, or less by one than the 
number of sides other than the axes in the original polygon. With these explanations, 
and putting 

which, as is easily seen, is another way of writing the number previously obtained of 
the unit points within our original polygon and upon the sides other than upon the Ckxes, 
and writing this in the abbreviated form 

|2a26 "^l/i-^Xb + ^X {ajb, - aA) + g 2n, 
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where Or = nrmry 

the theorem is 

C = |z(Z-l) + il + 5. 

In the same way, making the assumption that in the multiple point at ^^0^^, the 

branches which do not touch either ^ = or 17 = have all simple contact with their 

tangents, we can write 

, 1 



and similarly at ^=0=1/1 
and therefore 



• ^m{m^l)^A'^^B, 



B^\m'{m' -!)•{' A" + B\ 



and so on continually — and it is perfectly obvious geometrically that the polygons corre- 
sponding to A'BA"B' diminish indefinitely as their number increases, and eventually 
correspond to only simple points, in which case the corresponding multiplicities are zero. 
We thus resolve our compound singularity into a coincidence of simple singularities so 
£aT as the ''multiplicity'' is concerned, and are thus able to shew that this multiplicity 
is really to be interpreted as the contribution to 8 + « which is due to the singularity. 
It is immediately obvious that the k of the singularity =2x»i(w- l) + 2an(/A — 1) is the 
sum of the values of the k due to the simple singularities into which it is so resolved 
Thus we again prove Cayley's rules. 

The proof of the equation stated is as follows — the work is quite similar to that 
of Cayley in the addition to Mr Rowe's memoir. Putting Or^rifmr, 6r = ^Mr> denoting 
the number of points on the side for which a^\ by y + 1, and the corresponding values 

of Or, 6r by ax, &a (each of these being in fact » v\ putting also Zi to denote a 

summation extending from r = |> to r = \ — 1, and Zs to denote a summation extending 
firom r=jj to r = & + l, it being understood that when the p is absent the summation 2i 
begins with r^l and the summation 2, begins with r = X+ 1, we have 

2a = 2ia + 22a + v « 2ia + 2, (a — 6) + 2i6 + v 

26 = 2i6 + 2,6 + 1/ = 2i(6- a) + 2^ + 2ia+ v 

2nsas2in + 22n + i/ 

2a = 2a26-2a-26 + 2n+2 {ajb^-ajbr) 

s>r 

2^ =:=2ia2i(6-a)-2ia-2i(6-a) + 2in+2i (0^6,-0^^) 

$>r 

25 = 2s(a-6)2,6-2,(a-6)-2,6 + 2,n+2,(ar6.-a^r). 

8>r 
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For the values of a corresponding in these two cases are 

fA — m' fi * 
the former being reckoned in a particular way. 

And SaS6 — 2a - 26 + 2w — [2ia2i (6 — a) — 2ia — 2i (6 — a) + 2in] 

-[2,(a-6)2^-2,(a-6)-2^ + 2,n] 

= i;» + i/(2ia + 2i6 + 2sa + 2,6) + 2aa2i6 + 2^2,6 + 2ia2^+2x62,a-2a-26 

+ 1/ - 2ia2i6 + (%iay + 2i6 - 2ja2,6 + (S.jby + ^^ 

(i) =i^ + i/(2ia + 2i6+2^ + 2^-l)+(2ia)«+(2a6y + 2,a2^ + 2i62^-2ia-2,6, 

while 

2 S 

lorbg^Oi (2i6 + 1/ + 2,6) + 0, (2i6+ 1/ + 2,6) + ... + ax-i (v + XJ>) + ax^jb + 2, ar6, 

i>r i>r 

= 2i ar6, + V (litt + 2,6) + 2ia2,6 + 2, 0^6,; 
(ii) /. 2 (aA -6ra,)- 2i (aA - 6ra,) - 2, (a^ - bra,) 

9>r 8>r a>r 

= V (2ia + 2j,6 — 2i6 — 2,a) + 2ia2,6 — 2i62,a. 
Adding this to the expression above we obtain 

i;» + 2i/ (2ia + 2,6) - 1/ + {%ay + (2,6)* + 22ia2,6 - 2ia - 2,6 
and I = 2ia + 2,6 + f ; 

.'. this is P — Z; 

.-. a = |z(Z-l) + il+5. 

It would, I imagine, be easy to give a similar interpretation of Noether's work for the 
case in which the v roots of the equation corresponding to the line for which a^l are 
not all different — for instance, to investigate the branches that correspond to a repeated 
fiswtor y — fee we must put y — fcc = fi7, and «? = fi7 where 1;, is a linear function of 17. 

As an example of this method we proceed to determine the S + « of the singularity 
at the origin for the curve 

y" + y"(y, aif+fQ/, a?)" + y*(y, a?y*+y»(y, «)^ + y»(y, «)"+y(y, «)~+(y, a?)" = 0. 

If the polygon be drawn, the angular points nearest the origin are 
(0, 15), (5, 11), (10, 7), (14, 4), (17, 2), (22, 0) 

of which the first three are upon one straight line. The number of points between the 
sides given by these points and the axes, with those upon the sides that are not upon 
the axes, is 130 — so that 

S + /c = 130. 
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Also ^1 = 4' ^i==2; <^5 = g, 'H='l; <^» = 2' ^'^^^ ^^"^2' ^*^^' 

80 that ic = 2w(/i4-l) = 10. 

We proceed to prove that this is in accordance with the results given by Noether's 
method. 

I. All the <r's being greater than unity, we put as explained 
and obtain after division by x^ 

yi"+aayi"(y, ly+^hVCyi* ir+^iV(yi. i)" 

+^V(yi> ir+^iV(yn ir+^'yi(yi, ir+^'(yi, ir = o, 

, . 1113 

wherein ^»^4' ^"'^s' ^'~2' ^***2' 

II. Putting now x^^^, yi = f(^+^)» we shall have three branches at f=:i; = 0, 
and one branch at f = = -ff + 17. At this latter point <r will be 5 , viz. -ff + 17 « f*, that 

is, we have an ordinary contact with f = 0, and the "multiplicity" as defined will be 0. 
Considering then only f = = 17 and putting v for E + ff, we obtain, after division by f, 

fV» + f«y"i7(l, fw)' + pi;V(l, fi;y» + f»7V(l, fry* + i;V(l, ft;^ 

and the values of a- are 0*1 = 3, cr^^% 0-,== 1 (reckoned from the axis of ^). 

III. Putting now f = fii;,, i; = f,V, 

we shall have a simple point corresponding to ^ = = ^ + 17 and -ff+iyxp, 
two branches at fi = — 17/ 

one branch at f 1 = = 17/ — ^17 corresponding to the terms 

17V [ft;" (1, fr;y^ + i7(l, ft^n 
I assume that this is a simple tangent to 17/ — A?i7 and put in consequence, simply 

f = fi (-8^1 + ^1), ^=fi^i- 
Then at these two branches at fi = = 171 (reckoning a from the axis of fi, as in 11.) 

<ri = 2, <r,= l, 
€md putting Vi for -ffi + 171 we obtain, after division by 17/, 
fiVt^»+fi»i7iViV^(l, y+fi^VC r + i7i«t'i( )" 
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IV. PuttiDg now 

we obtain after division by fs' a curve having a double point at f^ssO^i^s. 

V. And thence putting fj = f8(-Ss+i7»), Vi^^iVz we obtain after division by f,* two 
simple points on fs = 0. 

Reckoning now the 8 + ^ as indicated in the general theory given, by the indices 
of the factors that have divided out, we obtain 

S + ic = |[16(15-l) + 6.5 + 4.3 + 3.2 + 2.1] 
= 130, as before. 
The transformations are 

Part VI. 

On a particular monomial tranaforv/uiJtion, 

We give now an identity which is useful in a particular kind of transformation — It 
will be seen that it leads to a resolution of the same kind as Noether's. 

T * ^^11 111 11 



Kt + K,^- ... +K"-{-K' + K+ ... +K^ + Kr„^^ 

be any continued fraction, and let the convergents corresponding to the elements 
K", K', K he 

Then if il, £ be any quantities 

{qA + pB - 1) (((A +p'B - 1) - (5'il +p'B - 1) (c('A +p"B - 1) » (q'A + p'B - 1) (K^A + Kp'b) 

= K[iq'A+p'Br-{g'A+p'B)] 
or, if & = qA -^pB, eta 

(I) (ife-l)(A'-l)~(A'-l)(r-l) = ir(ik'«-&') = ^*'(^-l). 



Take now A, B, so that 4 =Fa + Pb, 5 = Qb - Q'a, 

tual last convergents of our 
a = Q-4+P5, h^QA^FB, 



pi p 

where 7y > n^ ^^ ^^^ ^^^ actual last convergents of our continued fraction, so that 
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so that a is the last, b is the last but one of the quantities V\ V^ k ... and notice 
that if our fraction begin with 

so that k^--A+K^B, kt^K^+(K^K^'\'l)B 

and we put h^B, 

then (ifc,-l)(A?x-l)-(ifci-l)(5-l) = (Jfei-l)iir,(il+iriB) 

and (Jfcx-l)(5-l)-(5-l)(^-l)«(S-l)iri5 

^K,B{B^1) 

= irA(*o-i). 

Therefore adding all the equations of the form (L) and using these initial forms of 
that equation we have 

(a-l)(b-l)-(il-l)(5-l)-irA(A:o-l) + ir^(A:,-l) + ...+ir^+,Aw(A^-l^ 
where in fact b — A^. 

If now a = 2ar = 27vmr, 

and we put Or^Qor' + Phr\ 6r = Q'a/+P'6/ 
leading to a^ ^Por' -PK, W^Qbr-Qor' 

and A^tar\ J5 = 26/, 

and 2 (ajbt - ajbr) = 2 (OrV - a*V). 



$>r i>r 



we obtain the identity in question (wherein tir^nr', since clearly auy divisor common to 
Or, 6r is common to Or', W; and conversely) 



2wm(2n/i* — 1)+ 2 firW»(wir/^— ^if^r) — 2n(/A — 1) 

8>r 

- [2wW (2nV - 1) + 2 n/w; (W/i/ - </Ar') - 2« (/*' - 1)] 
where, as may be recalled, 

P" 1 1 
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= qr {rta - Ptb) + pr (- Qfta + Qlb) 

^{qrP'-PrQf)^-(qrP-prQ)tb. 

If now we make the substitution 

equivalent to 

since P'<2-P<2' = 1, 

this being the result of a combination of such substitutions as 

the terms a/y^, a/y^ of our original equation become 

tfP'+aP /Qf^aQ^ tf^+aTPrijr *^q 

and corresponding to 

we have m' ^fF -^ gP ^{fF '^gP)^mF ^iiP, 

and thus m = Qm' + Pf4,\ fjk^Qfm +Fm\ 

which are in accordance with the equations of the previous page, 

, , m' aF^P . . . .. Q P 

and o- = -7 = -7j 7v » 18 positive if :^ > <r > -^ 

M Q''(rQf ^ Q[ F 

and is negative if %'><r>pf> 
80 that, if <ri<Vt, then o-,'<o'/ if <r„ o', are (both greater or) both less than ^. 



Also pj = JTm^i + 



P rr . _]_ Jl • J_ 

iir«+ +K, + K, 






Noticing now that ^^a^y^ give when y^afy ^occfi^^ 

we see that the points of our branch y ocacf^ that are near the origin will not be 
projected to infinity provided 



Digitized by 



Google 



TO THE THEORY OP SINGULAR POINTS OF ALGEBRAIC FUNCTIONS. 447 



If now for instance there be only one <r f = — j for the emgviarity aJL the origin and 



m 



we put — into a continued fraction 



=* ^SM+1 + ^— 


+ . 


*i 


P 






then the . transformed value m' is equal to 0, 


and corresponding 


y^AjOf, y^AiOMf, .. 


••• 


. y^Arft^^af 


y^A^, y^A^oaf, .. 


.... 


yA^'^^af 


y-=AnP^, y-^A^a>af,. 


• • •• 


.y^A^^^af 


where o» = 6 ** , 






we have points where 






iy^ili+..., iy^^ia) + .,., 


• •4 


... i;=iliw"-» + . 


i;=s-4,+ ..,, i;=iljoiH-... 







that is, n/A branches cutting the axis {»0 at, in general, different points. (When these 

points are not different the transformation can be reapplied.) And the transformed value 

of our expression 

2nmn/;A+ 

is 0, and the original singularity consists of 

Ki j^o-ple points 

with Kt A^-ple points 

etc 

For instance Noether's example (Math^ Annai. ix. p. 174) 

y* + y*(^, y)* + («, y)' + 



Here 



Q""2 ^^1 + r 

Pi^l ^^2 ^^3 
ft 1' ft 1' ft 2" 



> ■ I [ I I 

L I I ( I 

■ " ■ - — *^ I < I ^— — 
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= 6F-4P =-6e'H-4e 

= «8-.6 

= 2; 

.-. A, = 2, Ai=2, &, = 4, 

namely, our singularity is resolvable into two double points and one quadruple point — 
(which gives 8 as the contribution to S + ic; as is obvious from the figure). 

CoroUary. An Application of the preceding transformation. 

If <ri<(r,< <<x*+i 

be the values of <r for a multiple point at the origin, and we make the transformation 

P 

taking care only to choose -jy > (r^+i, 

and therefore ¥?>^t+i 

the branch y^af, leading to f xa?^**^, riocx^'^ becomes always represented by a point at 
infinity on the axis of 17, for all the values a^ax, a-f, ... 0-^+1. Namely on the new curve 
the singularity corresponding to the singularity at the origin on the old curve is entirely at 
f = 0, 7; a X . If the old curve be 

/(*. y)=Afv'*', fv'^^^FiS, n) say, 

where JP(f, 17) is the new curve, the conditions for a singularity on the new curve, viz. 

o-|-{-,-[i'|f-V+p|{'-V] 



(FC-P^lfV-f^-i-'-o. 

and can only be satisfied, unless ^ = and ^ = 0, and excluding infinite values of f and 
ri for the present, by f = or 1; = or both, namely at points arising from a? = = y — at 
which both f- and ^ are by hypothesis zero. So that the new curve has no finite singularity 

that does not arise from a singularity on the old curve. The infinite values of ^ and ^ 
that are possible, can, since 

only have arisen from points a? = x , y = 00 . Now suppose that after the transformation 
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above has been applied to the singularity of the old curve at the origin, we transform the 
axes of f, 17 by writing f=fi + il, i7 = % + -B, to a point (A, B) which is a singular 
point of the curve F(^, 17). By a similar transformation to that just applied, viz. 
writing 

we can transform this singularity to be at X = 0, F=x. The singularity of 

which is at f = 0, i; = oo, 

that is, also, at fi = 0, 7/1 = 00, changes to X=0, F=x — viz. our new curve in X and 
F has the singularities corresponding to the two already considered, both at X = 0, F = qo. 
Let this process of changing axes and subsequent transformation be continued. — Hence* we 
at length obtain a curve whose only singular points are on the line infinity — there being 
a very complex singularity at the infinite end of the axis of zero abscissae and, beside, 
possible singularities at other points of the line infinity which have persisted throughout. 
For instance, Rafiys example previously discussed, « 

becomes by ^^^y y = « + ?»;* 

where c = (» — o»*. 

All the singularity of this curve is on the line infinity of the f, 17 plane. 

Note. We may put farther 17 — -, ? = -; 
and hence obtain 

which we may treat by the rules of Part III. Putting 

we obtain t;(c + t;'y[2((» + t;»)-5t;f] + 5t;f»(o + t;')- p = 

and here, for the branch t; = <y— c+..., we are to count t-5 (see page 419, note) 

while JV=2; the correction is therefore 2; the diagram for the curve (i) 

above gives 102 as the number S + k for the singularity at the origin, with j^~ 



4 interior points. Hence, admitting the correction, we see that, for the origin, ~^ 

5 + ^ — 104 and the deficiency is 2, as previously obtained. The value 104 '— '-^ 



for B + K can be verified by expansions. The curve (i) gives six expansions of the form 



* If, in snob a eorve, y be an integral function of x^ all integral ftinotionB are ezpresBible integrally. 
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where 5» = 1, 

beside three expansions of y in powers of or with different initial coefficients, each series 

beginning with the term ar, and one series for y in integral powers of x, beginning with 
d^. Hence by Oayley's rules the total number of intersections is 

S + |..7 + 7 + 8g4) + 3g4) 
+ 7 



+ 181 



+ 9 



© 



= 104 + | + L 
The first six expansions give xc = 5, and the second three expansions give « « 2. 

•• 2''^~2' 
/. S + /i: = 104. 

The figure for the curve (i) is 




Notwithstanding the crucial nature of this example and that at the end of Part V. as 
tests of the method of this paper, the change of the origin of coordinates used in this 
Corollary may quite well render the coefficients in the resulting equation so mutually 
dependent that the method of counting the deficiency by the number of interior points 
of the curve polygon becomes inoperative. For instance the deficiency of 

(y - a) (y - 6) + cayf + da^f + fxy + ga^^ + hah/^ + ka^ = 

is quite properly given by the diagram as 1. But by putting y^a — ri we obtain a curve 

having eighteen terms, among the coefficients of which there are nine quadratic relations; 

and the polygon of this latter contains seven unit points. 

Re p. 427. Cf. Noether, Crelle, 97, p. 224. Aleo a paper by Hensel, Crelle, 109— whioh I had not seen when 
this paper was written. Hii resoltB are not oniversally true. But they enable ob to write down the integral 
fnnotions when, by some snch method as here, we can write down the finite integrals. Or conversely. 
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